Final Examination Control Theory AT74.02 January 3, 2012

Time: 9:00-11:00 hrs. Open Book
Marks: 100
Attempt all questions.

Consider the system from midterm examination of flywheel based balancing of inverted pendulum system as

shown in the below figure.

After linearization, the relation between flywheel acceleration, a, and inverted pendulum leaning angle, 6, is
represented by the following differential equation.
mglo + g, a = Lioeas 0
When m = 10 kg, g = 10 m/s%, 1 =50 cm, Iy = 20 kg:m?, liotar = 25 kg-m?.
(a) Determine a state-space representation of the system when the state variable x; represents the inverted

pendulum leaning angle and the state variable x, represents the rate of the inverted pendulum leaning angle.

Assume there is a gyro sensor used to measure the inverted pendulum leaning angle. (20)
Solution
X, =0 (1)
x, =6 2
Thus,
Xy = X 3)
And
mglx; + Ip, & = lioeqi X, 4
Thus,
X, :%x +I:£:lla (5)



i = [ o]l e

bl=0 o]

(6)

o)

(b) Design the compensator by separation method. Determine the function of flywheel acceleration that

makes all the roots of the characteristic equation locate at -2. Determine the reduced-order observer gain that

makes the pole of the reduced-order observer locate at -20 and also determine the equations used to estimate

all the state variables.

Solution

Design the regulator,

The required characteristic equation of the regulated plant is
(s+2)2=s2+4s5+4=0

1 0
Is1 = 4cl = Ist - a+ 86l = |[° %] - [mgl 0]+[1fw][gl g:]| =0
Itotal Itotal
S -1
|SI—AC|: Ifwgs  mgl S+1fwgz =0
Itotal Itotal Itotal
Irwg Iryg l
|sI—AC|:sz+(fW 2)s+f"”1—mg =s2+4s+4
Itotal Itotal Itotal

Substitute all the parameters,

20 20 50
52+(—92)s+—91——:sz+4s+4
25 25 25

g1=715
g>=>5
Thus,
[al=-[75 5[]
Design the observer,
= [1], ¢, = [0], x; = [x1], x, = [x,]
A4 = [0], A12 =[1],4,, =[2],4,, =[0],B; =[0], B, =[0.8]
x1 = X1
X, =Ly+z
z=FX,+gy+Hu
F = Ay, — LC A, = [0] — [LI[1][1] = [-L]
|sl —F|=[s+ L] =[s+20]
[L] = [20]

(30)

(1)
()

©)

(4)

()
(6)
(7)

(8)

(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)



g = (45 — LC A Crt = ([2] - [20][2][0D[1]7 = [2] (17)

H =B, — LC;B; = [0.8] — [20][1][0] = [0.8] (18)

Substitute all the concerned matrices into (12) and (13),
%, =[20]y + z (19)
z = [-20]%, + [2]y + [0.8]a (20)

(c) Assume the cost function is expressed by V = f0°°(10492 +502 + a?)dt, determine the function of

flywheel acceleration that minimizes the cost function. Determine also the characteristic equation and the

poles of the regulated system. (25)
Solution
[10 0 (1)
= [1] (2
Control signal is determined from
u=—-Gx =—R'B'Mx (3)
ST o B s m; M,
6 =11 ] [me ] =[00 o0sI[}! 1] (4)
G =[0.8m, 0.8m;] (5)
When
0=—M=MA+ AM — MBG + Q (6)
Substitute all the concerned matrices,
0 Oj_mMma my1[0
[0 0] B [ ] 1 ] [ ]
[ ! ][08][08m2 08m3]+[10 0 )
0] _ —0.64m3 +4m, + 10 m; + 2m; — 0.64m,m, ()
m, +2m; — 0.64m,m;  —0.64m2+2m, +5
Thus,
my 1862 8.16
[ m; ] 816 5.77 ©)
=[6.53 4.62] (10)
Thus,
[e] = —[653 4.62] [g] (12)

Determine characteristic equation of the regulated system,



st =4l =Ist=a+B6l =[5 2= [0 o]+[sgl653 462 (12

|sI AC|:|3S22 S+370|—s +370s+322=0 (13)
s=-14,-23 (14)

(d) If the inverted pendulum is disturbed by Gaussian white noise torque, T, with power spectral density of
25 as expressed by the equation, mglf + I, a +T = Liota:®, and the output reading of pendulum leaning

angle is contaminated by Gaussian white noise, w, with power spectral density of 0.0002, determine Kalman

filter gain, characteristic equation of the optimal observer, and its roots. (25)
Solution
mng + Ifwa +T= Imtalé (¢D)]
G="9 gy 1w gy LT (2)
Itotal Ito;al Itotal
Xy = mIL e+ (3)
Itotal Itotal Itotal
- [ [
Itotal Itotal Itotal
bI=0 ol o]+ [l (5)
K=PCtw1 (6)
_[P1 D2 1 _[P1 D2 [5000}91]
[ ][1 0]¢[0.0002] [ ][0] (50001 = | 2500, (7)
When
0=—-P=AP+PA*—KCP + FVF* (8)
Substitute all the concerned matrices,
0O 01_10 11/P1 P2 1 P21[0 2
o o= 58le2 vl oy plli G
_ P1 b1 D2 0
[5000}92] [1 ol|, |+ |04l (2510 004] )
[0 0] _ [ —5000pf +2p,  ps+2p, — 5000191192] (10)
ps + 2p, — 5000p,p, —5000p2%+4p, + 0.04
Thus,
P1 Pz] _ [0.0011 0.0033 (11)
P2 D3 0.0033 0.0163
| k=[5 (2
Determine characteristic equation of the Kalman filter,
Al ler _1fs 01 _1[0
js1 Al =1s1—a+kcl =[5 V)-[0 o]+ [3>]n o (13)
A _|s+55 -1]_ - _
|sI A|—|14.5 | =s?+55s+145=0 (14)
s =—-275+263i (15)



