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Final Examination            Control Theory AT74.02                 January 3, 2012 
    

Time: 9:00-11:00 hrs.                        Open Book 
          Marks: 100 

Attempt all questions. 
 
Consider the system from midterm examination of flywheel based balancing of inverted pendulum system as 

shown in the below figure. 

 

 

 

 

 

 

 

 

After linearization, the relation between flywheel acceleration, α, and inverted pendulum leaning angle, θ, is 

represented by the following differential equation. 

ߠ݈݃݉ + ߙ௙௪ܫ = ௧௢௧௔௟ܫ  ߠ̈

When m = 10 kg, g = 10 m/s2, l = 50 cm, Ifw = 20 kg·m2, Itotal = 25 kg·m2. 

(a) Determine a state-space representation of the system when the state variable x1 represents the inverted 

pendulum leaning angle and the state variable x2 represents the rate of the inverted pendulum leaning angle. 

Assume there is a gyro sensor used to measure the inverted pendulum leaning angle.   (20) 

Solution 

 

ଵݔ =  (1)                          ߠ

ଶݔ =  (2)                          ߠ̇

Thus, 

ଵݔ̇ =  ଶ                          (3)ݔ

And 

ଵݔ݈݃݉   + ߙ௙௪ܫ = ௧௢௧௔௟ܫ  ଶ                                           (4)ݔ̇

Thus, 

ଶ̇ݔ = ௠௚௟
ூ೟೚೟ೌ೗

ଵݔ + ூ೑ೢ
ூ೟೚೟ೌ೗

ܽ                      (5) 
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൤̇ݔଵ̇ݔଶ
൨ = ቈ

0 1
௠௚௟
ூ೟೚೟ೌ೗

0቉ ቂ
ଵݔ
ଶቃݔ + ቈ

0
ூ೑ೢ
ூ೟೚೟ೌ೗

቉  (6)                                 [ߙ]

[ݕ] = [1 0] ቂ
ଵݔ
 ଶቃ                    (7)ݔ

 
(b) Design the compensator by separation method. Determine the function of flywheel acceleration that 

makes all the roots of the characteristic equation locate at -2. Determine the reduced-order observer gain that 

makes the pole of the reduced-order observer locate at -20 and also determine the equations used to estimate 

all the state variables.                            (30) 

Solution 

Design the regulator, 

The required characteristic equation of the regulated plant is 

ݏ) + 2)ଶ = ଶݏ + ݏ4 + 4 = 0                          (1) 

ܫݏ| − |௖ܣ = ܫݏ| − ܣ + |ܩܤ = ቤቂݏ 0
0 ቃݏ − ቈ

0 1
௠௚௟
ூ೟೚೟ೌ೗

0቉ + ቈ
0
ூ೑ೢ
ூ೟೚೟ೌ೗

቉ [݃ଵ ݃ଶ]ቤ = 0                   (2) 

ܫݏ| − |௖ܣ = ቤ
ݏ −1

ூ೑ೢ௚భ
ூ೟೚೟ೌ೗

− ௠௚௟
ூ೟೚೟ೌ೗

ݏ + ூ೑ೢ௚మ
ூ೟೚೟ೌ೗

ቤ = 0                                                      (3) 

ܫݏ| − |௖ܣ = ଶݏ + ቀூ೑ೢ௚మ
ூ೟೚೟ೌ೗

ቁ ݏ + ூ೑ೢ௚భ
ூ೟೚೟ೌ೗

− ௠௚௟
ூ೟೚೟ೌ೗

= ଶݏ + ݏ4 + 4                                 (4) 

Substitute all the parameters, 

ଶݏ + ቀଶ଴௚మ
ଶହ
ቁ ݏ + ଶ଴௚భ

ଶହ
− ହ଴

ଶହ
= ଶݏ + ݏ4 + 4                                          (5) 

݃ଵ = 7.5                 (6) 

݃ଶ = 5                          (7) 

Thus, 

[ߙ] = −[7.5 5] ቂ
ଵݔ
 ଶቃ                                  (8)ݔ

Design the observer, 

ଵܥ  = ଶܥ,[1] = ଵݔ,[0] = ଶݔ,[ଵݔ] =  (9)                   [ଶݔ]

ଵଵܣ  = ଵଶܣ,[0] = ଶଵܣ,[1] = ଶଶܣ,[2] = ଵܤ,[0] = ଶܤ,[0] = [0.8]        (10) 

ොଵݔ =  ଵ           (11)ݔ

ොଶݔ = ݕܮ +  (12)              ݖ

ݖ̇ = ොଶݔܨ + ݕ̅݃ +  (13)                   ݑܪ

ܨ = ଶଶܣ − ଵଶܣଵܥܮ = [0]− [1][1][ܮ] =  (14)               [ܮ−]

ܫݏ| − |ܨ = ݏ] + [ܮ = ݏ] + 20]                                  (15) 

[ܮ] = [20]                                                                   (16) 
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݃̅ = ଶଵܣ) − ଵିଵܥ(ଵଵܣଵܥܮ = ([2] − [20][1][0])[1]ିଵ = [2]                            (17) 

ܪ = ଶܤ − ଵܤଵܥܮ = [0.8] − [20][1][0] = [0.8]                                (18) 

Substitute all the concerned matrices into (12) and (13), 

ොଶݔ = ݕ[20] +  (19)                     ݖ

ݖ̇ = ොଶݔ[20−] + ݕ[2] +  (20)           ߙ[0.8]

 

(c) Assume the cost function is expressed by ܸ = ∫ ൫10ߠଶ + ଶߠ5̇ + ஶݐଶ൯݀ߙ
଴ , determine the function of 

flywheel acceleration that minimizes the cost function. Determine also the characteristic equation and the 

poles of the regulated system.                          (25) 

Solution 

ܳ = ቂ10 0
0 5ቃ                                                                         (1) 

ܴ = [1]                                                                     (2) 

Control signal is determined from 

ݑ = ݔܩ− = −ܴିଵܤ௧ܯഥ(3)             ݔ 

ܩ = [1]ିଵ ቂ 0
0.8ቃ

௧
ቂ
݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ = [1][0 0.8] ቂ
݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ                             (4) 

ܩ = [0.8݉ଶ 0.8݉ଷ]                              (5) 

When 

0 = ഥ̇ܯ− = ܣഥܯ + ഥܯ௧ܣ ܩܤഥܯ− + ܳ        (6) 

Substitute all the concerned matrices, 

ቂ0 0
0 0ቃ = ቂ

݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ ቂ0 1
2 0ቃ + ቂ0 2

1 0ቃ ቂ
݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ 

− ቂ
݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ ቂ 0
0.8ቃ

[0.8݉ଶ 0.8݉ଷ] + ቂ10 0
0 5ቃ                      (7) 

ቂ0 0
0 0ቃ = ቈ −0.64݉ଶ

ଶ + 4݉ଶ + 10 ݉ଵ + 2݉ଷ − 0.64݉ଶ݉ଷ
݉ଵ + 2݉ଷ − 0.64݉ଶ݉ଷ −0.64݉ଷ

ଶ + 2݉ଶ + 5
቉           (8) 

Thus, 

ቂ
݉ଵ ݉ଶ
݉ଶ ݉ଷ

ቃ = ቂ18.62 8.16
8.16 5.77ቃ                                                    (9) 

ܩ = [6.53 4.62]                         (10) 

Thus, 

[ߙ] = −[6.53 4.62] ቂߠ
ߠ̇
ቃ                       (11) 

 Determine characteristic equation of the regulated system, 
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ܫݏ| − |௖ܣ = ܫݏ| − ܣ + |ܩܤ = ቚቂݏ 0
0 ቃݏ − ቂ0 1

2 0ቃ + ቂ 0
0.8ቃ

[6.53 4.62]ቚ    (12) 

ܫݏ|   − |௖ܣ = ቚ ݏ −1
3.22 ݏ + 3.70ቚ = ଶݏ + ݏ3.70 + 3.22 = 0                        (13) 

ݏ = −1.4,−2.3                   (14) 

 

(d) If the inverted pendulum is disturbed by Gaussian white noise torque, T, with power spectral density of 

25 as expressed by the equation, ݈݉݃ߠ + ߙ௙௪ܫ + ܶ =  and the output reading of pendulum leaning ,ߠ௧௢௧௔௟̈ܫ

angle is contaminated by Gaussian white noise, w, with power spectral density of 0.0002, determine Kalman 

filter gain, characteristic equation of the optimal observer, and its roots.                 (25) 

Solution 
ߠ݈݃݉ + ߙ௙௪ܫ + ܶ = ௧௢௧௔௟ܫ  (1)                          ߠ̈
ߠ̈ = ௠௚௟

ூ೟೚೟ೌ೗
ߠ + ூ೑ೢ

ூ೟೚೟ೌ೗
ܽ + ଵ

ூ೟೚೟ೌ೗
ܶ                                                            (2) 

ଶ̇ݔ = ௠௚௟
ூ೟೚೟ೌ೗

ଵݔ + ூ೑ೢ
ூ೟೚೟ೌ೗

ܽ + ଵ
ூ೟೚೟ೌ೗

ܶ                 (3) 

൤̇ݔଵ̇ݔଶ
൨ = ቈ

0 1
௠௚௟
ூ೟೚೟ೌ೗

0቉ ቂ
ଵݔ
ଶቃݔ + ቈ

0
ூ೑ೢ
ூ೟೚೟ೌ೗

቉ [ߙ] + ቈ
0
ଵ

ூ೟೚೟ೌ೗
቉ [ܶ]               (4) 

[ݕ]  = [1 0] ቂ
ଵݔ
ଶቃݔ +  (5)              [ݓ]

ܭ = തܲܥ௧ܹିଵ                            (6) 

ܭ = ቂ
ଵ݌ ଶ݌
ଶ݌ ଷቃ݌

[1 0]௧[0.0002]ିଵ = ቂ
ଵ݌ ଶ݌
ଶ݌ ଷቃ݌ ቂ

1
0ቃ

[5000] = ൤5000݌ଵ
ଶ݌5000

൨                 (7) 

When 
0 = − ത̇ܲ = ܣ തܲ + തܲܣ௧ ܥܭ− തܲ +  ௧                  (8)ܨܸܨ

Substitute all the concerned matrices, 
ቂ0 0
0 0ቃ = ቂ0 1

2 0ቃ ቂ
ଵ݌ ଶ݌
ଶ݌ ଷቃ݌ + ቂ

ଵ݌ ଶ݌
ଶ݌ ଷቃ݌ ቂ

0 2
1 0ቃ 

− ൤5000݌ଵ
ଶ݌5000

൨ [1 0] ቂ
ଵ݌ ଶ݌
ଶ݌ ଷቃ݌ + ቂ 0

0.04ቃ
[25][0 0.04]         (9) 

ቂ0 0
0 0ቃ = ൤ ଵଶ݌5000− + ଶ݌2 ଷ݌ + ଶ݌2 − ଶ݌ଵ݌5000

ଷ݌ + ଶ݌2 − ଶ݌ଵ݌5000 ଶ݌ଶଶ+4݌5000− + 0.04
൨                (10) 

Thus, 
ቂ
ଵ݌ ଶ݌
ଶ݌ ଷቃ݌ = ቂ0.0011 0.0033

0.0033 0.0163ቃ                                                    (11) 

ܭ = ቂ 5.5
16.5ቃ                          (12) 

Determine characteristic equation of the Kalman filter, 
หܫݏ − መหܣ = ܫݏ| − ܣ + |ܥܭ = ቚቂݏ 0

0 ቃݏ − ቂ0 1
2 0ቃ + ቂ 5.5

16.5ቃ
[1 0]ቚ                 (13) 

  หܫݏ − መหܣ = ቚݏ + 5.5 −1
14.5 ݏ ቚ = ଶݏ + ݏ5.5 + 14.5 = 0                        (14) 

ݏ = −2.75 ± 2.63݅                                 (15) 
 


