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Final Examination            Control Theory AT74.02                 November 21, 2012 
    

Time: 10:00-12:00 hrs.                        Open Book 
          Marks: 100 

Attempt all questions. 
 
Consider the system from midterm examination of a ball rolling freely in a rotating rail as shown in the 

below figure. 

 

 

 

 

 

 

 

After linearization, the relation between the input of rotating angle, θ, and the output of ball position, x, is 

represented by the following differential equation. ݃ߠ = ሷݔ  
When g = 10 m/s2. 

(a) Determine a state-space representation of the system when the state variable x1 represents the ball position 

and the state variable x2 represents the ball velocity. Assume there is a camera used to measure the ball 

position.             (15) 

Solution ݔଵ = ଶݔ (1)                          ݔ = ሶݔ                           (2) 

Thus, ݔሶଵ =  ଶ                          (3)ݔ

And 

ሶଶݔ   =  (4)                                                          ߠ݃

Thus, ൤ݔሶଵݔሶଶ൨ = ቂ0 10 0ቃ ቂݔଵݔଶቃ + ൤0݃൨ ሾߠሿ = ቂ0 10 0ቃ ቂݔଵݔଶቃ + ቂ 010ቃ ሾߠሿ       (5) ሾݕሿ = ሾ1 0ሿ ቂݔଵݔଶቃ                    (6) 

 
(b) If the ball should be controlled to stop at the position ݔ௥, remodel the state-space system.    (5) 
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Solution 

With exogenous input, the system is remodeled as, ሶ݁ = ݁ܣ + ݑܤ + ܣ) − ௥ݔ(௥ܣ +  ௗ                  (1)ݔܨ

When ቂ݁ଵ݁ଶቃ = ቂݔ − ሶݔ௥ݔ − 0 ቃ                  (2) ܣ − ௥ܣ = ቂ0 10 0ቃ − ቂ0 00 0ቃ = ቂ0 10 0ቃ     (3) 

Thus, ൤ ሶ݁ଵሶ݁ଶ൨ = ቂ0 10 0ቃ ቂ݁ଵ݁ଶቃ + ቂ 010ቃ ሾߠሿ + ቂ0 10 0ቃ ቂݔ௥0 ቃ = ቂ0 10 0ቃ ቂ݁ଵ݁ଶቃ + ቂ 010ቃ ሾߠሿ          (4) ሾݕሿ = ሾ1 0ሿ ቂ݁ଵ݁ଶቃ                    (5) 

 

(c) Design the compensator by separation method. Determine the function of rotating angle that makes the 

characteristic equation of the regulated system have damping ratio of 0.5 and time constant of 0.25 s. 

Determine the reduced-order observer gain that makes the observer pole have the same natural frequency as 

the conjugate poles of the regulator and also determine the equations used to estimate all the state variables.

                              (30) 

Solution 

Design the regulator, 

The required characteristic equation of the regulated system is ݏଶ + ݏ8 + 64 = ܫݏ| (1)                          0 − |௖ܣ = ܫݏ| − ܣ + |ܩܤ = ቚቂݏ 00 ቃݏ − ቂ0 10 0ቃ + ቂ 010ቃ ሾ݃ଵ ݃ଶሿቚ = ܫݏ| (2)                   0 − |௖ܣ = ฬ ݏ −110݃ଵ ݏ + 10݃ଶฬ = ܫݏ| (3)                                                      0 − |௖ܣ = ଶݏ + 10݃ଶݏ + 10݃ଵ = ଶݏ + ݏ8 + 64                                 (4) 

Thus, ݃ଵ = 6.4          (5) ݃ଶ = 0.8                     (6) 

Thus, ሾߠሿ = −ሾ6.4 0.8ሿ ቂ݁ଵ݁ଶቃ                  (7) 

Design the observer, 

ଵܥ  = ሾ1ሿ, ଶܥ = ሾ0ሿ, ଵݔ = ሾ݁ଵሿ, ଶݔ = ሾ݁ଶሿ                   (8) 

ଵଵܣ  = ሾ0ሿ, ଵଶܣ = ሾ1ሿ, ଶଵܣ = ሾ0ሿ, ଶଶܣ = ሾ0ሿ, ଵܤ = ሾ0ሿ, ଶܤ = ሾ10ሿ           (9) 
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ොଵݔ = ݁ଵ           (10) ݔොଶ = ݕܮ + ሶݖ (11)              ݖ = ොଶݔܨ + ݕ̅݃ + ܨ (12)                   ݑܪ = ଶଶܣ − ଵଶܣଵܥܮ = ሾ0ሿ − ሾܮሿሾ1ሿሾ1ሿ = ሾ−ܮሿ                       (13) |ܫݏ − |ܨ = ሾݏ + ሿܮ = ሾݏ + 8ሿ                                                         (14) ሾܮሿ = ሾ8ሿ                                                                   (15) ݃̅ = ଶଵܣ) − ଵିܥ(ଵଵܣଵܥܮ ଵ = (ሾ0ሿ − ሾ8ሿሾ1ሿሾ0ሿ)ሾ1ሿିଵ = ሾ0ሿ                               (16) ܪ = ଶܤ − ଵܤଵܥܮ = ሾ10ሿ − ሾ8ሿሾ1ሿሾ0ሿ = ሾ10ሿ                                  (17) 

Substitute all the concerned matrices into (11) and (12), ݔොଶ = ሾ8ሿݕ + ሶݖ (18)                                     ݖ = ሾ−8ሿݔොଶ + ሾ10ሿ(19)                             ߠ 

 

(d) Assume the cost function is expressed by ܸ = ׬ ݔ)4) − ௥)ଶݔ + ஶ଴ݐ݀(ଶߠ , determine the function of 

rotating angle that minimizes the cost function. Determine also the characteristic equation and the poles of 

the regulated system.                           (25) 

Solution ܳ = ቂ4 00 0ቃ                                                                         (1) ܴ = ሾ1ሿ                                                                     (2) 

Control signal is determined from ߠ = ݁ܩ− = −ܴିଵܤ௧ܯഥ݁             (3) ܩ = ሾ1ሿିଵ ቂ 010ቃ௧ ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ = ሾ1ሿሾ0 10ሿ ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ                             (4) ܩ = ሾ10݉ଶ 10݉ଷሿ                               (5) 

When 0 = ഥሶܯ− = ܣഥܯ + ഥܯ௧ܣ ܩܤഥܯ− + ܳ        (6) 

Substitute all the concerned matrices, ቂ0 00 0ቃ = ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ ቂ0 10 0ቃ + ቂ0 01 0ቃ ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ − ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ ቂ 010ቃ ሾ10݉ଶ 10݉ଷሿ + ቂ4 00 0ቃ                                        (7) 

ቂ0 00 0ቃ = ቈ −100݉ଶଶ + 4 ݉ଵ − 100݉ଶ݉ଷ݉ଵ − 100݉ଶ݉ଷ 2݉ଶ − 100݉ଷଶ ቉                                    (8) 

Thus, 
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ቂ݉ଵ ݉ଶ݉ଶ ݉ଷቃ = ቂ1.26 0.20.2 0.063ቃ                                                        (9) ܩ = ሾ2 0.63ሿ                          (10) ሾߠሿ = −ሾ2 0.63ሿ ቂ݁ଵ݁ଶቃ                     (11) 

 Determine characteristic equation of the regulated system, |ܫݏ − |௖ܣ = ܫݏ| − ܣ + |ܩܤ = ቚቂݏ 00 ቃݏ − ቂ0 10 0ቃ + ቂ 010ቃ ሾ2 0.63ሿቚ                   (12) 

ܫݏ|   − |௖ܣ = ቚ ݏ −120 ݏ + 6.3ቚ = ଶݏ + ݏ6.3 + 20 = ݏ (13)                                            0 = −3.15 ± 3.17݆                                   (14) 

 

(e) If the ball is disturbed by Gaussian white noise disturbance, v,  with power spectral density of the 

disturbance of 0.2 as expressed by the equation, ݃ߠ + ݒ = ሷݔ , and the output reading of the ball position is 

contaminated by Gaussian white noise, w, with power spectral density of 0.04, determine Kalman filter gain, 

characteristic equation of the optimal observer, and its poles.                    (25) 

Solution ሶ݁ = ݁ܣ + ݑܤ + ܣ) − ௥ݔ(௥ܣ + ௗ                  (1) ൤ݔܨ ሶ݁ଵሶ݁ଶ൨ = ቂ0 10 0ቃ ቂ݁ଵ݁ଶቃ + ቂ 010ቃ ሾߠሿ + ቂ01ቃ ሾݒሿ                                         (2) ሾݕሿ = ሾ1 0ሿ ቂ݁ଵ݁ଶቃ + ሾݓሿ                   (3) ܭ = തܲܥ௧ܹିଵ                            (4) ܭ = ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ ሾ1 0ሿ௧ሾ0.04ሿିଵ = ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ ቂ10ቃ ሾ25ሿ = ൤25݌ଵ25݌ଶ൨                 (5) 

When 0 = തܲሶ = ܣ തܲ + തܲܣ௧ − ܥܭ തܲ +  ௧                             (6)ܨܸܨ
Substitute all the concerned matrices, ቂ0 00 0ቃ = ቂ0 10 0ቃ ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ + ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ ቂ0 01 0ቃ −൤25݌ଵ25݌ଶ൨ ሾ1 0ሿ ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ + ቂ01ቃ ሾ0.2ሿሾ0 1ሿ                         (7) ቂ0 00 0ቃ = ൤−25݌ଵଶ + ଶ݌2 ଷ݌ − ଷ݌ଶ݌ଵ݌25 − ଶ݌ଵ݌25 ଶଶ݌25− + 0.2൨                                          (8) 

Thus, ቂ݌ଵ ଶ݌ଶ݌ ଷቃ݌ = ቂ0.08 0.090.09 0.18ቃ                                                  (9) ܭ = ቂ 22.25ቃ                                  (10) 
Determine characteristic equation of the Kalman filter, หܫݏ − መหܣ = ܫݏ| − ܣ + |ܥܭ = ቚቂݏ 00 ቃݏ − ቂ0 10 0ቃ + ቂ 22.25ቃ ሾ1 0ሿቚ                 (11) 

  หܫݏ − መหܣ = ቚݏ + 2 −12.25 ݏ ቚ = ଶݏ + ݏ2 + 2.25 = ݏ (12)                                  0 = −1 ± 1.12݅                                              (13) 


