Final Examination Control Theory AT74.02 November 21, 2012

Time: 10:00-12:00 hrs. Open Book
Marks: 100
Attempt all questions.

Consider the system from midterm examination of aball rolling freely in arotating rail as shown in the
below figure.

mg

After linearization, the relation between the input of rotating angle, 4, and the output of ball position, x, is
represented by the following differential equation.

g0 =%
When g = 10 m/s%.

(a) Determine a state-space representation of the system when the state variable x; represents the ball position

and the state variable x, represents the ball velocity. Assume there is a camera used to measure the ball

position. (15)
Solution
x1 =X (1)
x; =% 2
Thus,
X1 = X 3
And
X, = g9 4)
Thus,
X1 _ [0 17[*171, [0 _ [0 11*% 0
[J'Cz] B [0 0] [xz] + [g] 6] = 0 o] [xz] + [10] [6] ©)]
_ X1
=0 o] ©)
(b) If the ball should be controlled to stop at the position x,., remodel the state-space system. (5)
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Solution
With exogenous input, the system is remodeled as,

é=Ae+Bu+ (A—A)x, +Fxy (1)

When
] =[5 —] @
a=a=[5 o=y ol=ls o 3

Thus,
=1 ol + e+ ol[51=15 oIl +[ 5] @
pl=0 o] )

(c) Design the compensator by separation method. Determine the function of rotating angle that makes the
characteristic equation of the regulated system have damping ratio of 0.5 and time constant of 0.25 s.
Determine the reduced-order observer gain that makes the observer pole have the same natural frequency as

the conjugate poles of the regulator and also determine the equations used to estimate all the state variables.

(30)
Solution
Design the regulator,
The required characteristic equation of the regulated system is
s2+8s+64=0 (1)
|51 = Al = IsT — 4+ BG| = || g] - [8 (1)] + [100] (91 g2)| =0 @
IsI — Ac| = |1(;;g1 s +_110g2 =0 (3)
|sI — A.;| = s>+ 10g,s + 10g, = s*> + 8s + 64 (4)
Thus,
g1 =64 (5)
g> =08 (6)
Thus,
[6] = —[6.4 0.8] [2] @
Design the observer,
€, = [1], G, = [0], x1 = [e4], x2 = [e] C)
Ay; = [0], 41, = [1], A2; = [0], A2, = [0], B, = [0], B, = [10] (9)
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X1 =€ (10)

Z,=Ly+z (11)
z=FX,+gy+Hu (12)
F = Ay, — LG Ay, = [0] — [L][1][1] = [-L] (13)
|s —F|=[s+ L] =[s+8] (19)
[L] = [8] (15)
g = (A3 — LG A )CT = ([0] — [8][1][oD[1]~* = [0] (16)
H =B, — LC;B; = [10] — [8][1][0] = [10] (a7)
Substitute all the concerned matrices into (11) and (12),
X, =[8ly+z (18)
z = [-8]%x, + [10]6 (19)

(d) Assume the cost function is expressed by V = f0°°(4(x — x,)? + 6%)dt, determine the function of

rotating angle that minimizes the cost function. Determine also the characteristic equation and the poles of

the regulated system. (25)
Solution
4 0
o-[¢ ) 8
R =1[1] 2
Control signal is determined from
0 = —Ge = —R"1B'Me (3
[0 ma my m; My
— 1 —
6 =117 o] [y mo]=1000 1010 7] (4
When
0=—M=MA+ A'M — MBG + Q (6)

Substitute all the concerned matrices,
lo ol =l mllo ol+[3 ollm, mi
e mellilrone somra [} "

0] | —100mi+4 my; —100m,m,
ol " |my —100m,m; 2m, — 100m?3

—
o o

(8)

Thus,



[m1 mz]_ 1.26 0.2]
m, mzl 102 0.063

G=[2 063]
[01= 12 0.63][,)]

Determine characteristic equation of the regulated system,

IsI—AC|=|sI—A+BG|=|[S 0]—[0 1]+[100][2 0.63]|

sl — A,| = |—s +635+20=0

20 s+6.3
s =-3.15+3.17j

(9)
(10)

(11)

(12)

(13)
14

(e) If the ball is disturbed by Gaussian white noise disturbance, v, with power spectral density of the

disturbance of 0.2 as expressed by the equation, g6 + v = i, and the output reading of the ball position is

contaminated by Gaussian white noise, w, with power spectral density of 0.04, determine Kalman filter gain,

characteristic equation of the optimal observer, and its poles.

Solution
é=Ae+&r+M—AQm+F%
=10 ollerl+ [{plen+[]] v
=101 o]+ wl
K=Pctw™?
K=[g; g;]n 0]¢[0.04]" = [p; ][O] [25]
When

0=P = AP + PAt — KCP + FVF!
Substitute all the concerned matrices,
[0 0 _[0 17 [P1 P2]+[P1 Pz] 0 0]

0 ol (2)5 0llp2  P3 P2 Pp3ll1 0
_ b1 b1 D2 0
25p2] 1 olfp, ]+ [;]10210

[0 0 :[—25pf+2pz P3—25P1P2]
0 0 ps — 25p1p, —25p2 + 0.2
Thus,

P1 Pz]: 0.08 0.09

p> psl 1009 0.8

I 2
| N | K= 25
Determine characteristic equation of the Kalman filter,

|s1 = 4] = Is1 = A+ KCl =[] g]—[g (1)]+[2_225][1 ]|
Y =st+25+225=0

s+2
[s1 = Al =13 55

s=-1+4+1.12i
4

_ [25p,
~ [25p,

|

(25)
1)
2

3)

(4)
()

(6)

()
(8)

(9)
(10)

(11)

(12)
(13)



