Final Examination Control Theory AT74.02 November 18, 2014

Time: 10:00-12:00 hrs. Open Book
Marks: 100
Attempt all questions.

Consider the ball falling from a circular hill system modified from midterm examination again. A tangential
force, F, is used to control angular position, 6, of a ball falling from a circular hill in the environment with
viscosity friction,cld, and aerodynamic disturbance force, F,;, as shown in the below figure. When the ball
position is near the hill top, the relation between the tangential force and the ball position can be linearlized
as expressed by

F—F;—cld + mgh = mlf
When the mass, m, is 5 kg, gravitational acceleration, g, is 10 m/s’, the hill radius, /, is 2 m, and the viscosity

friction coefficient, ¢, is 20 N-s/(m-rad).

cld +F,

(a) Determine a state-space representation of the system when the state variable x| represents the ball angular
position and the state variable x, represents the ball angular velocity, the control signal is the tangential force,

F, the disturbance is the aerodynamics force, ;. Assume a potentiometer is used to measure the ball angular

position. )
Solution
e ()
% =0 @)
Thus,
h= (3)
And from
F — F; — clx, + mgx; = mlx, 4)
F — Fy3 = (20 X 2)x, + (5 X 10)x; = (5 X 2)%;, ()
X, = 5x1 — 4x, + 0.1F — 0.1F, ©)
Thus,
[92] - [g —14] [jccﬂ + [0(.)1] [F] + [_8_1] [F4] )



=0 o] ®)

(b) If the ball is controlled to stop at an angular position, 8,., remodel the state-space system by taking into
consideration the reference. (%)
Solution

With exogenous input, the system is remodeled as,

é =Ae+Bu+ (A—A)x, +Fx; = Ae + Bu + Ex, (1

When
[Z] - [Z__%] (2)
R T

Thus,
al=[5 e+ o+ [3 ZIG]+ g, “@

. 0,

[2] = [(5) _14] [2] + [091] [F]+ [g —14 —8_1] Ifd = [g _14] [2] + [0(.)1] [F]+ [g —8.1] [122] )
pi=0 o] (©)

(c) Design the compensator by separation method. The regulator has to place the poles to have the time

constant of 0.2 second and the damping ratio of 1/v/2. Write the tangential force as a function of the state
errors, the references, and the disturbance from aerodynamics force. The reduced-order observer is designed
to place all the observer poles at -10 when the disturbance is assumed as a step function. Write the equations
that are used to estimate the angular velocity error and the disturbance. The angular position and all the
references are either measured or known. (30)
Solution

Design the regulator,

The desired characteristic equation of the regulated system is

(s+5+5)(s+5—-5)=s2+10s+50=0 (1)

= |¢] — _Ifs 01_10 1 0 _
IsI — A| = |sI A+BG|_|[0 S] [5 _4]+[0_1][91 g2]| =0 )

S -1
|SI_AC|_|—5+O.1g1 s+4+01g, = ° 3)
|sl —A.| =s?+4s+0.1g,s — 5+ 0.1g; = s> + 10s + 50 4)
Thus,

g1 =550 (5)

2



gz =60
The gain for disturbance force,

go =[C(A—BG)'B]"*C(A—-BG)'E

A—BG=[_(;0 1 |

~10
[A-BG ' == [_5100 _01]
ClA-BG'==[1 0] [_5100 _01] =—[-10 ~-1]
Cl[A-BG'B==[-10 —1] [091] — —0.002
[C[A— BG]™'B]™* = =500
go=(=5002[-10 -1][} 7 |=[50 -1]

Thus,

[F]=—[550 60] [5'] - 50 —1][}22]

Remodel into meta-state form,

4] 0 0 1 0 qre7 10
161 _10 o 0 o [|6 0
le,|= |5 5 -4 —o0a]|ez| T]oa|LF]
lF,l oo o o llF 0
-el
1 0 o0 o1]6-
[y]‘[o 10 o] e
F,
Design the reduced-order observer,
1 0 0 0 e _[€2
! _'[0 1]’C2 [0 0l’ [Br]’xz - Fﬁ]

A = [8 8]’1412 = [(1) 8]:A21 = [(5) (5)]'1422 = [_04 _8'1]’31 = [8]'32

~ _ [€1
1= [er]
X,=Ly+z
z=FX,+gy+Hu
_ —_ —O 1 lll llz] 1 0 _ [_4 - l11 _0.1
= de = lhde = 10 i o | R R A
|SI_F| =|S+;l-+l11 0;‘1| =SZ+(4‘+I11)S_0.1l21
21

The desired characteristic equation of the reduced-order observer is

(s +10)(s+10) =s?2+20s+100=0
3
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L llz]z[ 16 ) 25)

Iy 1y —-1000 O
F= [1000 _0.1] (26)
S O S [ | B < I
A o B9 | RS o

Substitute all the concerned matrices into (20) and (21),

7= Livno ollerl+ 09)

._[—20 —-0.1 5 51161 0.1

2= 1000 0]1’:;]+0 oll,] + [ 1 L
(d) Assume the cost function is expressed by V = f0°°((0 —6,)% + f2)dt, when F = f + f and f is the
tangential force that keeps the ball angular position at the reference angular position even with a step
aerodynamics disturbance force. Determine the tangential force, F, as a function of the state errors, the

references, and the disturbance from aerodynamics force that minimizes the cost function. What are the

optimal characteristic equation and its poles? (25)
Solution
1 o
2=lp o O
R = [1] )
Control signal is determined from
F = —R™'B*M;e — R"'B'M,F, 3)
- = [0 my m;
1pti; — 1
ROBH, = (7 )] [ ] =100 01[5 7] 4)
R™IB*M; = [0.1m, 0.1m;3] (5)
When
0=—M = MA+ A*M — MBR™'B'/M, + Q (6)

Substitute all the concerned matrices,

[8 8:[772 mg][ —4] [ _54”712 zﬂ

my 2 1 0
_ [mz m3] [0'1] [0.1m, 0.1ms] + [0 0] 7
0 0l |m; —4m, +5m; — 0.01m,ums 2m, — 8my — 0.01m3

Thus,



[m1 mz]: 5000.65 1000.1 ©)
m 1000.1  200.01
R™'B'M; = [100.01 20.00] (10)
-1
= -1z o ([0 17 10 Y7 15000.65 1000.11[0 0
My =—Ac ME = ([5 —4] [0.1][100'01 20'00]) 1000.1 200.01”5 —0.1] (Ih
—  [4999.35 —99.99
Mz =1999.90 —20] (12)
Lot 4999.35 —99.99 4999.35 —99.99
RT'B'M; = [1]° [01] 999.90 —20] (1110 01][999.90 —20] (13)
R7'BtM, =[99.99 —2] (14)
e [7)
F =-[100.01 20.00] ||~ [99.99 —2][{] (15)
_|[s 01_[0 1 0
st=ad =[5 -2 _]+[,,]m0001 20000 =[5 7 S+6 (16)
sl —A. ] =s?+6s+5=(s+5)(s+1)=0 a7

(e) If the aerodynamic disturbance force, F,;, is Gaussian white noise with power spectral density of 5, and
the output reading of the ball angular position is contaminated by Gaussian white noise, w, with power

spectral density of 0.1, determine Kalman filter gain, characteristic equation of the optimal observer, and its

poles. 25)

Solution
[ ] [5 - H ] [001] F]+[(5) _14] [QOT]+[_8_1] [Fal (1)
=01 o]+ wl )
K=PC'w™ 3)
= o peli oot =3 B[]0l = |17 @

When

0 =P = AP + PA* — KCP + FVF* (5)

Substitute all the concerned matrices,

O o [ e A

1851] 1ol 2+ [_ 04)Bl0 —0.1] 6)
[0 0] _ [ —10pf + 2p; 5p1 +p3 — 4p2 — 10p1p; 7)
00 5p, + p; — 4p, — 10p;p, —10p5 + 10p, — 8p; + 0.05
Thus,
2 Pz] _ [0.2008 0.2017] ®)
p. psl ~ 102017 0.2075

k=20 ©

Determine characteristic equation of the Kalman filter,



|s1 - 4] = Is1 = A+ Kcl = |[3 g]—[g _14]+[§:g§] [1 ol (10)
js1— 4] = "R T =52+ 60154506 = (s+ 500+ 10D =0 (D)



