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Final Examination            Control Theory AT74.02   November 17, 2015 
  

Time: 10:00-12:00 hrs.       Open Book 
          Marks: 100 

Attempt all questions. 
 

Consider the 1-mass-2-spring system from midterm examination again. Force, ܨ, is applied to control the 

coordinate of a mass, ݉, connected with 2 springs along x and y axes as shown in the below figure. Assume 

the springs are very long compared with the deflections, thus the springs only provide forces along their axes. 

 

 

 

 

 

 

The relation between force and deflection in each axis is expressed by  

௫ܨ െ ݇௫ݔ ൌ ሷݔ݉  

௬ܨ െ ݇௬ݕ ൌ ሷݕ݉  

when 

ܨ ൌ ටܨ௫ଶ ൅  ௬ଶܨ

When the mass, ݉, is 8 kg, the spring stiffness along x axis, ݇௫, is 4000 N/m and the spring stiffness along y 

axis, ݇௬, is 6400 N/m.  

(a) Determine a state-space representation of the system when the state variable x1 represents the mass 

position along x axis, the state variable x2 represents the mass velocity along x axis, x3 represents the mass 

position along y axis, the state variable x4 represents the mass velocity along y axis, the control signals are 

the force along x axis, Fx, and the force along y axis, Fy. Assume a camera is used to measure the mass 

positions along x and y axes.                                 (20) 

Solution 

ଵݔ ൌ  (1)                                    ݔ

ଶݔ ൌ ሶݔ                                     (2) 

Thus, 

ሶଵݔ ൌ  ଶ                        (3)ݔ

And from 

௫ܨ െ ݇௫ݔ ൌ ሷݔ݉                              (4) 

݉ 

 ݔ

 ݕ

 ܨ
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௫ܨ െ ଵݔ4000 ൌ  ሶଶ                                                      (5)ݔ8

ሶଶݔ   ൌ െ500ݔଵ ൅  ௫                                             (6)ܨ0.125

ଷݔ ൌ  (7)                                  ݕ

ସݔ ൌ ሶݕ                                   (8) 

Thus, 

ሶଷݔ ൌ  ସ                       (9)ݔ

And from 

௬ܨ െ ݇௬ݕ ൌ ሷݕ݉                              (10) 

௬ܨ െ ଷݔ6400 ൌ  ሶସ                                                      (11)ݔ8

ሶସݔ   ൌ െ800ݔଷ ൅  ௬                                             (12)ܨ0.125

Thus, 

൦

ሶଵݔ
ሶଶݔ
ሶଷݔ
ሶସݔ

൪ ൌ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ ቎

ଵݔ
ଶݔ
ଷݔ
ସݔ

቏ ൅ ቎

0
0.125

0
0

0
0

0
0.125

቏ ൤
௫ܨ
௬ܨ
൨                            (13) 

ቂ
ଵݕ
ଶݕ
ቃ ൌ ቂ1 0 0 0

0 0 1 0
ቃ ቎

ଵݔ
ଶݔ
ଷݔ
ସݔ

቏             (14) 

 
(b) If the mass is controlled to stop at a coordinate,ሺݔ௥,  ௥ሻ, remodel the state-space system by taking intoݕ

consideration the references.           (20) 

Solution 

With exogenous input, the system is remodeled as, 

ሶ݁ ൌ ݁ܣ ൅ ݑܤ ൅ ሺܣ െ ௥ݔ௥ሻܣ ൅ ௗݔܨ ൌ ݁ܣ ൅ ݑܤ ൅  ଴               (1)ݔܧ

When 

቎

݁ଵ
݁ଶ
݁ଷ
݁ସ

቏ ൌ ቎

ݔ െ ௥ݔ
ሶݔ െ 0
ݕ െ ௥ݕ
ሶݕ െ 0

቏                    (2) 

ܣ െ ௥ܣ ൌ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ െ ቎

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

቏ ൌ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏   (3) 

Thus, 

൦

ሶ݁ଵ
ሶ݁ଶ
ሶ݁ଷ
ሶ݁ସ

൪ ൌ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ ቎

݁ଵ
݁ଶ
݁ଷ
݁ସ

቏ ൅ ቎

0
0.125

0
0

0
0

0
0.125

቏ ൤
௫ܨ
௬ܨ
൨ ൅ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ ቎

௥ݔ
0
௥ݕ
0

቏   (4) 
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൦

ሶ݁ଵ
ሶ݁ଶ
ሶ݁ଷ
ሶ݁ସ

൪ ൌ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ ቎

݁ଵ
݁ଶ
݁ଷ
݁ସ

቏ ൅ ቎

0
0.125

0
0

0
0

0
0.125

቏ ൤
௫ܨ
௬ܨ
൨ ൅ ቎

0
െ500

0
0

0
0

0
െ800

቏ ቂ
௥ݔ
௥ݕ
ቃ   (5) 

ቂ
ଵݕ
ଶݕ
ቃ ൌ ቂ1 0 0 0

0 0 1 0
ቃ ቎

݁ଵ
݁ଶ
݁ଷ
݁ସ

቏            (6) 

 

(c) If the force which is used to shape the dynamic only (not to regulate the exogenous input) along x axis is 

expressed by ܨ௫ ൌ െ100ሺݔ െ ௥ሻݔ െ 100ሺݔሶ െ  ሶ௥ሻ and the force which is used to shape the dynamic only (notݔ

to regulate the exogenous input) along y axis is expressed by ܨ௬ ൌ െ200ሺݕ െ ௥ሻݕ െ 200ሺݕሶ െ  ሶ௥ሻ. Determineݕ

characteristic equation of the regulated system and the additional forces along x and y axes that make 

position error along x and y axes become 0. Then rewrite the total forces along x and y axes that shape the 

dynamic and handle the exogenous input from the references of the desired mass coordinate.  (30) 

Solution 

Design the regulator, 

ܫݏ| െ |௖ܣ ൌ ܫݏ| െ ܣ ൅               |ܩܤ

                ൌ ቮ቎

ݏ 0
0 ݏ

0 0
0 0

0 0
0 0

ݏ 0
0 ݏ

቏ െ ቎

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

቏ ൅ ቎

0
0.125

0
0

0
0

0
0.125

቏ ൤ ଵ݃ଵ
0

ଵ݃ଶ
0

0
݃ଶଷ

0
݃ଶସ

൨ቮ     

ൌ ተ

ݏ െ1
500 ൅ 0.125 ଵ݃ଵ ݏ ൅ 0.125 ଵ݃ଶ

0 0
0 0

0 0
0 0

ݏ െ1
800 ൅ 0.125݃ଶଷ ݏ ൅ 0.125݃ଶସ

ተ ൌ 0                               (1) 

ܫݏ| െ |௖ܣ ൌ ସݏ ൅ ሺ0.125 ଵ݃ଶ ൅ 0.125݃ଶସሻݏଷ ൅ ሺ0.0156 ଵ݃ଶ݃ଶସ ൅ 0.125 ଵ݃ଵ ൅ 0.125݃ଶଷ ൅ 1300ሻݏଶ                  

                    ൅ሺ100 ଵ݃ଶ ൅ 62.5݃ଶସ ൅ 0.0156 ଵ݃ଶ݃ଶଷ ൅ 0.0156 ଵ݃ଵ݃ଶସሻݏ 

൅400000 ൅ 62.5݃ଶଷ ൅ 100 ଵ݃ଵ ൅ 0.0156 ଵ݃ଵ݃ଶଷ ൌ 0                                                                (2) 

൤ ଵ݃ଵ
0

ଵ݃ଶ
0

0
݃ଶଷ

0
݃ଶସ

൨ ൌ ቂ100
0

100
0

0
200

0
200

ቃ    (3) 

ܫݏ| െ |௖ܣ ൌ ସݏ ൅ ଷݏ37.5 ൅ ଶݏ1649.5 ൅ ݏ23124 ൅ 422812 ൌ 0                                    (4) 

The gain for the reference, 

݃଴ ൌ ሾܥሺܣ െ ܣሺܥሿିଵܤሻିଵܩܤ െ  (5)                              ܧሻିଵܩܤ

                

ܣ െ ܩܤ ൌ ൦

0 1
െ500 െ 0.125 ଵ݃ଵ െ0.125 ଵ݃ଶ

0 0
0 0

0 0
0 0

0 1
െ800 െ 0.125݃ଶଷ െ0.125݃ଶସ

൪ 
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ൌ ቎

0 1
െ512.5 െ12.5

0 0
0 0

0 0
0 0

0 1
െ825 െ25

቏                                                                           (6) 

ሾܣ െ ሿିଵܩܤ ൌ ቎

െ0.0244 െ0.0020
1 0

0 0
0 0

0 0
0 0

െ0.0303 െ0.0012
1 0

቏            (7) 

ܣሾܥ െ ሿିଵܩܤ ൌ ቂ1 0 0 0
0 0 1 0

ቃ ቎

െ0.0244 െ0.0020
1 0

0 0
0 0

0 0
0 0

െ0.0303 െ0.0012
1 0

቏          

ൌ ቂെ0.0244 െ0.0020 0 0
0 0 െ0.0303 െ0.0012

ቃ                                                               (8) 

ܣሾܥ െ ܤሿିଵܩܤ ൌ ቂെ0.0244 െ0.0020 0 0
0 0 െ0.0303 െ0.0012

ቃ ቎

0
0.125

0
0

0
0

0
0.125

቏ ൌ ቂെ0.00025 0
0 െ0.00015

ቃ   (9) 

ሾܥሾܣ െ ሿିଵܤሿିଵܩܤ ൌ ቂെ4000 0
0 െ6666.67

ቃ                                  (10) 

݃଴ ൌ ሾܥሾܣ െ ܣሾܥሿିଵܤሿିଵܩܤ െ               ܧሿିଵܩܤ

   ൌ ቂെ4000 0
0 െ6666.67

ቃ ቂെ0.0244 െ0.0020 0 0
0 0 െ0.0303 െ0.0012

ቃ ቎

0
െ500

0
0

0
0

0
െ800

቏ ൌ ቂെ4000 0
0 െ6400

ቃ          (11) 

Thus, 

൤
௫ܨ
௬ܨ
൨ ൌ െ ቂ100 100

200 200
ቃ ቂ
ݔ െ ௥ݔ
ݕ െ ௥ݕ

ቃ ൅ ቂ4000 0
0 6400

ቃ ቂ
௥ݔ
௥ݕ
ቃ                    (12) 

 

(d) The reduced-order observer is designed to place all the observer poles at -20 when the references are step 

functions of the desired positions of the mass. Write the equations that are used to estimate the mass 

velocities along x and y axes. The mass positions and all the references are either measured or known. Since 

there are infinite number solutions, use the solution that the observer gain along x axis is a function of 

position error along x axis only and the observer gain along y axis is a function of position error along y axis 

only.              (30) 

Solution 

Remodel into meta-state form, 

ۏ
ێ
ێ
ێ
ێ
ۍ
ሶ݁ଵ
ሶ݁ଶ
ሶ݁ଷ
ሶ݁ସ
ሶ௥ݔ
ሶ௥ݕ ے
ۑ
ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

0 1
െ500 0

0 0
0 0

0 0
0 0

0 1
െ800 0

0
െ500

0
0

0
0

0
െ800

0 0 0 0
0 0 0 0

0 0
0 0 ے

ۑ
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ێ
ۍ
݁ଵ
݁ଶ
݁ଷ
݁ସ
௥ݔ
ے௥ݕ
ۑ
ۑ
ۑ
ۑ
ې

൅

ۏ
ێ
ێ
ێ
ێ
ۍ

0
0.125

0
0

0
0

0
0.125

0 0
0 0 ے

ۑ
ۑ
ۑ
ۑ
ې

൤
௫ܨ
௬ܨ
൨   (1) 
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቎

ଵݕ
ଶݕ
ଷݕ
ସݕ

቏ ൌ ቎

1 0 0 0
0 0 1 0

0 0
0 0

0 0 0 0
0 0 0 0

1 0
0 1

቏

ۏ
ێ
ێ
ێ
ێ
ۍ
݁ଵ
݁ଶ
݁ଷ
݁ସ
௥ݔ
ے௥ݕ
ۑ
ۑ
ۑ
ۑ
ې

            (2) 

Design the reduced-order observer, 

ଵݔ ൌ ቎

݁ଵ
݁ଷ
௥ݔ
௥ݕ

቏ , ଶݔ ൌ ቂ
݁ଶ
݁ସ
ቃ , ଵܥ ൌ ቎

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

቏ , ଶܥ ൌ ቎

0 0
0 0
0 0
0 0

቏, 

ଵଵܣ  ൌ ቎

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

቏ , ଵଶܣ ൌ ቎

1 0
0 1
0 0
0 0

቏ , ଶଵܣ ൌ ቂെ500 0
0 െ800

െ500 0
0 െ800

ቃ , ଶଶܣ ൌ ቂ0 0
0 0

ቃ,  

ଵܤ ൌ ቎

0 0
0 0
0 0
0 0

቏ , ଶܤ ൌ ቂ0.125 0
0 0.125

ቃ                                                   (3) 

ොଵݔ ൌ ቎

݁ଵ
݁ଷ
௥ݔ
௥ݕ

቏           (4) 

ොଶݔ ൌ ݕܮ ൅  (5)              ݖ

ሶݖ ൌ ොଶݔܨ ൅ ݕ̅݃ ൅  (6)                   ݑܪ

From the reduced order observer gains requirement, 

൤
݈ଵଵ ݈ଵଶ
݈ଶଵ ݈ଶଶ

݈ଵଷ ݈ଵସ
݈ଶଷ ݈ଶସ

൨ ൌ ൤
݈ଵଵ 0
0 ݈ଶଶ

0 0
0 0

൨                                 (7) 

ܨ ൌ ଶଶܣ െ ଵଶܣଵܥܮ ൌ ቂ0 0
0 0

ቃ െ ൤
݈ଵଵ 0
0 ݈ଶଶ

0 0
0 0

൨ ቎

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

቏ ቎

1 0
0 1
0 0
0 0

቏ ൌ ൤
െ݈ଵଵ 0
0 െ݈ଶଶ

൨    (8) 

ܫݏ| െ |ܨ ൌ ฬ
ݏ ൅ ݈ଵଵ ݈ଵଶ
݈ଶଵ ݏ ൅ ݈ଶଶ

ฬ ൌ ଶݏ ൅ ሺ݈ଵଵ ൅ ݈ଶଶሻݏ ൅ ݈ଵଵ݈ଶଶ                           (9) 

The desired characteristic equation of the reduced-order observer is 

ሺݏ ൅ 20ሻሺݏ ൅ 20ሻ ൌ ଶݏ ൅ ݏ40 ൅ 400 ൌ 0                               (10) 

൤
݈ଵଵ 0
0 ݈ଶଶ

0 0
0 0

൨ ൌ ቂ20 0
0 20

0 0
0 0

ቃ                              (11) 

ܨ ൌ ቂെ20 0
0 െ20

ቃ                                                      (12) 

݃̅ ൌ ሺܣଶଵ െ ଵܥଵଵሻܣଵܥܮ
ିଵ        
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ൌ ቌቂെ500 0
0 െ800

െ500 0
0 െ800

ቃ െ ቂ20 0
0 20

0 0
0 0

ቃ ቎

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

቏ ቎

0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

቏ቍ ቎

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

቏

ିଵ

 

ൌ ቂെ500 0
0 െ800

െ500 0
0 െ800

ቃ                                               (13) 

ܪ ൌ ଶܤ െ ଵܤଵܥܮ ൌ ቂ0.125 0
0 0.125

ቃ െ ቂ20 0
0 20

0 0
0 0

ቃ ቎

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

቏ ቎

0 0
0 0
0 0
0 0

቏ ൌ ቂ0.125 0
0 0.125

ቃ (14) 

Substitute all the concerned matrices into (5) and (6), 

൤
݁̂ଶ
݁̂ସ
൨ ൌ ቂ20 0

0 20
0 0
0 0

ቃ ቎

ଵݕ
ଶݕ
ଷݕ
ସݕ

቏ ൅  (14)                           ݖ

ሶݖ ൌ ቂെ20 0
0 െ20

ቃ ൤
݁̂ଶ
݁̂ସ
൨ ൅ ቂെ500 0

0 െ800
െ500 0
0 െ800

ቃ ቎

ଵݕ
ଶݕ
ଷݕ
ସݕ

቏ ൅ ቂ0.125 0
0 0.125

ቃ ൤
௫ܨ
௬ܨ
൨             (15) 

 


