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Final Examination            Control Theory AT74.02   November 30, 2016 
  

Time: 13:00-15:00 hrs.       Open Book 
          Marks: 100 

Attempt all questions. 
 

Consider again the cruise control system of a passenger car when throttle valve angle, , is used to control 

speed of the car, . The relation between throttle valve angle (in degree) and car speed (in km/h) is expressed 

by the following transfer function  

=
2

+ 5.1 + 0.5
 

(a) Determine a state-space representation of the system when the state variable x1 represents the car distance 

( ), the state variable x2 represents the car speed, x3 represents the car acceleration, the control signal is the 

throttle valve angle, . Both car distance and car speed are directly measured from the sensors.                 (25) 

Solution 

= =
. .

∙
(  )

(  )
=

.

. .
          (1) 

=
.

. .
                                                                     (2) 

         =                                  (3) 

=                                      (4) 

         =                                  (5) 

Thus, 

=                         (6) 

=                         (7) 

From (2), 

+ 5.1 + 0.5 = 0.56                                                              (8) 

= −0.5 − 5.1 + 0.56                                                              (9) 

Thus, 

=
0 1 0
0 0 1
0 −0.5 −5.1

+
0
0

0.56
                                         (10) 

= 1 0 0
0 1 0

                                (11) 

 
(b) If the car is controlled to stop at a distance, , remodel the state-space system by taking into 

consideration the references.           (25) 
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Solution 

With exogenous input, the system is remodeled as, 

= + + ( − ) + = + +                (1) 

When 

=
−
− 0
− 0

              (2) 

− =
0 1 0
0 0 1
0 −0.5 −5.1

−
0 0 0
0 0 0
0 0 0

=
0 1 0
0 0 1
0 −0.5 −5.1

   (3) 

Thus, 

=
0 1 0
0 0 1
0 −0.5 −5.1

+
0
0

0.56
+

0 1 0
0 0 1
0 −0.5 −5.1

0
0

           (4) 

=
0 1 0
0 0 1
0 −0.5 −5.1

+
0
0

0.56
                                        (5) 

= 1 0 0
0 1 0

                  (6) 

 

(c) If the cost function is expressed by = (10( − ) + ) , determine the throttle valve angle, , 

as the function of the state errors that minimizes the cost function. What are the optimal characteristic 

equation and its poles?                      (25) 

Solution 

=
10 0 0
0 0 0
0 0 0

                                                                  (1) 

= 1                                                                      (2) 

Control signal is determined from 

= −                                            (3) 

= 1
0
0

0.56
                                       (4) 

= 0.56 0.56 0.56        (5) 

When 

0 = − = + − +                   (6) 

Substitute all the concerned matrices, 
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0 0 0
0 0 0
0 0 0

=
0 1 0
0 0 1
0 −0.5 −5.1

+
0 0 0
1 0 −0.5
0 1 −5.1

 

−
0
0

0.56
0.56 0.56 0.56 +

10 0 0
0 0 0
0 0 0

         (7) 

0 0 0
0 0 0
0 0 0

=
−0.31 + 10 − 0.5 − 0.31 − 5.1 − 0.31

− 0.5 − 0.31 2 − − 0.31 + − 5.1 − 0.5 − 0.31
− 5.1 − 0.31 + − 5.1 − 0.5 − 0.31 2 − 10.2 − 0.31

 (8) 

Thus, 

=
25.85 33.01 5.65
33.01 71.54 13.00
5.65 13.00 2.38

                                (9) 

= 3.16 7.28 1.33         (10) 

= −3.16 − 7.28 − 1.33         (11) 

| − | =
0 0

0 0
0 0

−
0 1 0
0 0 1
0 −0.5 −5.1

+
0
0

0.56
3.16 7.28 1.33 =

−1 0
0 −1

1.77 4.58 + 5.84
       (12) 

| − | = + 5.84 + 4.58 + 1.77 = ( + 5.00)( + 0.42 + 0.42 )( + 0.42 − 0.42 ) = 0            (13) 

 

(d) The reduced-order observer is designed to place the pole at -10. Write the equations that are used to 

determine or estimate all the state errors.         (25) 

Solution 

=
0 1 0
0 0 1
0 −0.5 −5.1

+
0
0

0.56
                                        (1) 

= 1 0 0
0 1 0

                  (2) 

Design the reduced-order observer, 

= , = , = 1 0
0 1

, = 0
0

, 

 = 0 1
0 0

, = 0
1

, = 0 −0.5 , = −5.1 , = 0
0

, = 0.56           (3) 

=            (4) 

= +               (5) 

= + ̅ +                    (6) 

From the reduced order observer gains requirement, 

= − = −5.1 − 1 0
0 1

0
1

= −5.1 −                            (7) 

| − | = | + 5.1 + | = + 10                                                 (8) 
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= 0 4.9                                                           (9) 

= −10                                                            (10) 

̅ = ( − ) = 0 −0.5 − 0 4.9
1 0
0 1

0 1
0 0

1 0
0 1

= 0 −0.5    (11) 

= − = 0.56 − 0 4.9
1 0
0 1

0
0

= 0.56                               (12) 

Substitute all the concerned matrices into (5) and (6), 

̂ = 0 4.9 +                            (13) 

= −10 ̂ + 0 −0.5 + 0.56                               (14) 

 


