Final Examination Control Theory AT74.10 November 22, 2018

Time: 9:00-11:00 hrs. Open Book
Marks: 100

Attempt all questions.

Consider the system given in the midterm examination again. When an external force, f, is applied to a 2-
mass-2-spring-2-damper system as shown in the below figure. x; andx, are the distances of m; and m, from
the fixed points. Both distances are 0 at the steady state when there is no external force applied. Use m; =
0.5 kg, m, = 2 kg, k; = 2000 N/m, k, = 500 N/m, ¢; = 20 Ns/m, ¢, = 4 Ns/m.
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The system is considered in the first-companion form in questions (a)-(c) and considered in the second-
companion form in questions (d)-(f).

(a) Determine a state-space representation of the system in the first-companion form when the state variables
are numbered from right to left with the input, u, of the external force, f, and the output, y, of the distance,
X5, (10)
Solution

Transfer function from the input of the external force, f, to the output of the distance, x,,

X2 c15+kq
G =%_ 1)
F m1m254+(m1(C1+C2)+m2C1)S3+(m1(k1+k2)+m2kl+C1C2)52+(Clk2+C2k1)S+k1k2

Substitute all the parameters,

Xy 20s+2000

? " s4+5253+533052+180005+1000000 (2)
Thus,
X1 0 1 0 0 1% 0
X2 | _ 0 0 1 0 |[x2 0
| = 0 0 0 1 x| T lo| M ©)]
X4 —1000000 —18000 —5330 —5211Llx, 1
X1
1 =12000 20 0 0][y’ (@)
X4

(b) If the output is controlled to a constant reference distance, y,., determine the reference state vector. Then

remodel the state-space system in (a) by taking into consideration the reference. (10)
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Solution

With exogenous input, the system is remodeled as,

¢ =Ae+Bu+(A—-A)x,+Fx; =Ae +Bu+ Ex,

For constant reference distance of the first-companion from,

X1r X1r
Xor|l _ 1O
X3l | O
x4r 0
xlr
y,1=12000 20 0 ol| g
0
Yr A
ilr 2000
r[ _ | 0
x3r O
Xar 0
Yr
€1 17 2000
ez = xZ
e, X,
0 1 0 0 0
A 0 0 1 o | |o
E=A-4r= 0 0 0 1 |7 lo
—1000000 -18000 -5330 -52 0
0 1 0
0 0 1
0 0 0
—1000000 -—-18000 -—-5330
Thus,
él 0 1 0 0 7ré1
el_| o 0 1 0 |lez|
é3 0 0 0 1 €;3
€, —1000000 —18000 —5330 —521le4
0 1 0 0 1
+ 0 0 1 0 0
0 0 0 1 0
—1000000 -18000 —-5330 —521L0

€1

[y]=12000 20 0 0]|g:

€4
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(c) Design the regulator for the system in (b) by placing the dominant poles to have the time constant of 0.25
s with frequency of 25 rad/s and the remaining poles at —25 + 25j. No output steady-state error from the
constant reference distance is required. (20)
Solution

Design the regulator,

|sI —A.| = |sI — A+ BG]|

s 0 0 O 0 1 0 0 0
_110 s 0 O0f_ 0 0 1 0 0
—HO 0 s 0 0 0 0 1 1o [911 912 913 Y14]
0 0 0 s —1000000 -—-18000 -—-5330 -—52 1
s -1 0 0
0 S -1 0
= 0 0 s -1 =0 1)

1000000 + g;; 18000 + g;, 5330+ 913 s+ 52+ gq4
|sI — A;| = s*+ (52 + g14)s3 + (5330 + g43)s% + (18000 + g;,)s + 1000000 + g, =0  (2)
The desired characteristic equations
(s+4+25))(s+4—25))(s+ 25+ 25j )(s + 25 — 25j ) = (s? + 8s + 641)(s? + 50s + 1250)

= s* + 5853 + 229152 + 420505 + 801250 = 0 (3)
[911 912 913 Y1a] = [-198750 24050 —3039 6] (4)
The gain for the reference,
go =[C(A—BG)™'B]"*C(A-BG)™'E (5)
0 1 0 0
0 0 1 0
A-BG = 0 0 0 1
| —1000000 — g;; —18000 — gy, —5330 — g13 —52 — gia
0 1 0 0
_ 0 0 1 0
- 0 0 0 1 (6)
L—-801250 —42050 —2291 -58

—0.0525 -0.0029 -0.0001 O

Ceerio| 1 0 0 0
[A=BGI™ =1 1 0 0 0
0 0 10
~0.0525 —0.0029 —0.0001 0
— -1 _ 1 0 0 0
Cl4-BG]™ =[2000 20 0 o] 1} ) 0 0
0 0 10
= [-84.9610 —57186 —0.1448 —0.0025] ®)



C[A—BG]™'B =[-84.9610 —5.7186 —0.1448 —0.0025] = [-0.0025] 9)

oo O

[C[A — BG]™'B]™" = [~400] (10)

go = [C[A — BG]"*B]"'C[A — BG]"'E
0 1 0 0
= [-400][-84.9610 57186 —0.1448 —0.0025]| ¢ 0 5 )
~1000000 —18000 —5330 —52
= [~1000000 16012 —3034 —6] (1)

Thus,

0

Yr Yr
1 2000 2000
f=u=-[-198750 24050 —3039 6] ;z —[-1000000 16012 —-3034 —6] 8
3
X4 0

= 198750 (x1 y—) — 24050x, + 3039x; — 6x, + 500y, (12)

"~ 2000

(d) Determine a state-space representation of the system in the second-companion form when the state variables
are numbered from right to left with the input, u, of the external force, f, and the output, y, of the distance,
X2 (10)
Solution

Transfer function from the input of the external force, f, to the output of the distance, x,,

G _ é _ Cls+k1 (1)

F - m1m254+(m1(C1+C2)+m2C1)53+(m1(k1+k2)+m2k1+C1C2)Sz+(C1k2+C2k1)S+k1k2

Substitute all the parameters,

Xy 20s+2000

F  s%+5253+533052+180005+1000000 (2)
Thus,
X1 —52 1 0 01 0
X2l _| -5330 0 1 0]]x 0
|~ | =18000 0 0 1”963 | 20 [ (3)
X4 —1000000 0 O O0dLxg 2000
X1
X2
=01 0 0 o[y’ @
X4

(e) If the output is controlled to a constant reference distance, y,, determine the reference state vector. Then
remodel the state-space system in (d) by taking into consideration the reference. (20)

Solution



With exogenous input, the system is remodeled as,

¢ =Ae+Bu+ (A—A)x, +Fx; = Ae + Bu + Ex,

For constant reference distance of the second-companion from,

X1r
l=[1 0 0 o lﬁ;;]wlr]

Xar

From the dynamics of the states,

At steady-state . = 0,

Substitute (11) into (8),

Thus,

X1r
[l =[01=[-52 1 0 o] lﬁ;;

Xar

[x2r] = [52x1r] = [SZyr]
[ip] = [01 = [-5330 0 1 0] |2 |+ [0][u]

[x3r] = [53303617«] = [5330yr]

X1r
Xor
X3r
Xar

[x4-] = [18000x,,] — [20u] = [18000y, — 20u]

[%5,] = [0] =[-18000 0 0 1] + [20][u]

X1r
Xor
X3r
Xar

[1000000x,, ] = [2000u]
[uss] = [Sooxlr] = [SOOyT]

[%4r] = [0] = [-1000000 0 0 0] + [2000][uss]

[x,-] = [18000y, — 20u] = [18000y, — 10000y,] = [8000y,]

X1 Vr

Xor| _ 52y7'

X3r| ~ |5330y;,

Xar 8000y,
e X1 = Yr
=5 X — 52y
93] - Ix3 — 5330y,
€4 x4 — 8000y,

(1)

)

(3)

(4)
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_52 100 000 0
a1 =533 0 1 0| _lo 0o 0 o
E=A-A-=| _1g000 0 0 1/ |0 0 0 o0
1000000 0 0 ol lo o o o
—52 1.0 0
] =5330 0 1 o0
=| 18000 o0 o0 1 (15)
1000000 0 0 O
Thus,
&4] 1 -52 1 0 0yre 0
el | —5330 0 1 ofle: 0
el =| =18000 0 o 1|les|t| 20 [
¢e,] 1-1000000 0 o ollesd L2000
52 1 0 07w
5330 0 1 0f]xzr
| 18000 0 0 1][¥sr (16)
|-1000000 0 0 ol Lxg
€11
e
yI=[1 0 0 of; (a7
64_

(f) Design the regulator of the system in (e) by placing the dominant poles to have the time constant of 0.25 s
with frequency of 25 rad/s and the remaining poles at —25 + 25j. No output steady-state error from the
constant reference distance is required. (30)
Solution

Design the regulator,

|sI —A.| = |sI — A + BG|

s 0 0 0 52 1.0 0 0
_{lo s o ol | -5330 0 1 0 0
=llo 0 s 0] l—18000 0 0 1|T| 20 911 91z 913 Gud]

o 0 0 si L-1000000 0 0o ol L2000

s+ 52 1 0 0

_ 5330 s 1 0 _o .
=l 18000 + 20g,, 209, s+20g;s —1+20g.,]||= (1)

1000000 + 2000g;,, 2000g;, 2000g;s s +2000g;,

|sI — A.| = s*+ (52 + 20g,3 + 2000g,4)s3 + (5330 + 20g,, + 3040g;5 + 104000g,,)s>
+ (18000 + 20g,; + 3040g,, + 210600g,5 + 10660000g;,)s
+1000000 + 2000g;, + 104000g,, + 10660000g,5 + 16000000g,, = 0 (2)
The desired characteristic equations
(s+4+25)(s+4—25))(s+ 25+ 25j )(s + 25 — 25j ) = (s? + 8s + 641)(s? + 50s + 1250)
= s* 4+ 58s3 + 229152 + 420505 + 801250 = 0 (3)
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[911 912 Y913 Y14] =[8671.2 —-3.6 —-1.6 0] (4)
The gain for the reference,
go =[C(A—BG)™'B]"*Cc(A-BG)™'E (5)
—52 1 0 0
4 Be - —5330 0 1 0
=| —-18000 — 20g,, —20g,,  —20gys 1—20g4,
| 1000000 — 2000g,; —2000g;, —2000g;s —2000g;,
—52 1 0 0
_| -5330 0 1 0 )
—191424 71.02 32.80 0.61
L—18342000 7102.5 3280 —-38.80
0.0089 0.0041 —-0.0000 -—0.0000
_ -1 _ | 1.4609 0.2129 —0.0025 —-0.0000
[A=BGI™ = 1479465 228187 —02581 —00041 (7)
709141 32.7486 0.6126 —0.0161
0.0089 0.0041 —-0.0000 -—0.0000
_ -1 _ 1.4609 0.2129 —-0.0025 —-0.0000
ClA=BGI =01 0 0 0ll475465 228187 —02581 —0.0041
70.9141 32.7486 0.6126 —0.0161
=[0.0089 0.0041 —0.0000 —0.0000] (8)
0
C[A—BG]_IB=[O.0089 0.0041 —-0.0000 —0.0000] 200 = [-0.0025] 9)
2000
[C[A — BG]'B]* = [~400] (10)
go = [C[A — BG]™'B]"'C[A — BG]'E
—52 1 0 O
_ _ _ ~5330 0 1 0
= [—400][0.0089 0.0041 0.0000 0.0000] —18000 0 0 1
—1000000 0 O O
=[8257.7 —-3.5 —1.6 0] (11
Thus,
61 yT
— € 52y,
f—u——[8671.2 -3.6 —-1.6 0] es —[8257.7 —-35 —-1.6 0] 5330y,
ey 8000y,
= —8671.2e; + 3.6e, + 1.6e; — 0e, + 500y, 12)



