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Final Examination    AI and Neuro-Fuzzy Theory AT07.24   April 29, 2020 
    

Time: 13:00-15:00 h.                     Open Book 
               Marks: 100 

Attempt all questions. 
 

Q.1  AIT student ID number is expressed by 12ABCD. If A, B, C, and D are fuzzy numbers 

with triangular shape membership function having the center at its value and the span, s, of 0.5 as 

expressed by the following membership function for fuzzy number A. (Membership functions 

for fuzzy numbers B, C, and D are obtained by substation of A in the below equation by B, C, or 

D accordingly) 

𝐴(𝑥) = ൝1 −
|𝑥 − 𝐴|

𝑠

.
, 𝐴 − 𝑠 ≤ 𝑥 ≤ 𝐴 + 𝑠

0 ; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Substitute A, B, C, and D by the numbers of your AIT student ID number. Then determine 

membership function of the result of (𝐴 − 𝐵) × (𝐶 + 𝐷).          (40) 

Solution 

(𝐴)ఈ = [𝐴 − 0.5 + 0.5𝛼 𝐴 + 0.5 − 0.5𝛼] 

(𝐵)ఈ = [𝐵 − 0.5 + 0.5𝛼 𝐵 + 0.5 − 0.5𝛼] 

(𝐶)ఈ = [𝐶 − 0.5 + 0.5𝛼 𝐶 + 0.5 − 0.5𝛼] 

(𝐷)ఈ = [𝐷 − 0.5 + 0.5𝛼 𝐷 + 0.5 − 0.5𝛼] 

(𝐴 − 𝐵)ఈ = [𝐴 − 𝐵 − 1 + 𝛼 𝐴 − 𝐵 + 1 − 𝛼] 

(𝐶 + 𝐷)ఈ = [𝐶 + 𝐷 − 1 + 𝛼 𝐶 + 𝐷 + 1 − 𝛼] 

If 𝐴 > 𝐵, 

[(𝐴 − 𝐵) × (𝐶 + 𝐷)]ఈ

= [(𝐴 − 𝐵 − 1 + 𝛼)(𝐶 + 𝐷 − 1 + 𝛼) (𝐴 − 𝐵 + 1 − 𝛼)(𝐶 + 𝐷 + 1 − 𝛼)] 
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(𝐴 − 𝐵) × (𝐶 + 𝐷) = 𝑀 × 𝑁

=

⎩
⎪
⎨

⎪
⎧2 − (𝑀 + 𝑁) + ඥ(𝑀 + 𝑁)ଶ − 4(𝑀𝑁 − 𝑥)

2

2 + (𝑀 + 𝑁) − ඥ(𝑀 + 𝑁)ଶ − 4(𝑀𝑁 − 𝑥)

2
0

.
,𝑀𝑁 − (𝑀 + 𝑁) + 1 < 𝑥 ≤ 𝑀𝑁
.
, 𝑀𝑁 < 𝑥 ≤ 𝑀𝑁 + (𝑀 + 𝑁) + 1

; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

If 𝐴 < 𝐵, 

[(𝐴 − 𝐵) × (𝐶 + 𝐷)]ఈ

= [(𝐴 − 𝐵 − 1 + 𝛼)(𝐶 + 𝐷 + 1 − 𝛼) (𝐴 − 𝐵 + 1 − 𝛼)(𝐶 + 𝐷 − 1 + 𝛼)] 

(𝐴 − 𝐵) × (𝐶 + 𝐷) = 𝑀 × 𝑁

=

⎩
⎪
⎨

⎪
⎧2 + (𝑁 − 𝑀) − ඥ(𝑁 − 𝑀)ଶ + 4(𝑀𝑁 − 𝑥)

2

2 + (𝑀 − 𝑁) − ඥ(𝑀 − 𝑁)ଶ + 4(𝑀𝑁 − 𝑥)

2
0

.
,𝑀𝑁 + (𝑀 − 𝑁) − 1 < 𝑥 ≤ 𝑀𝑁
.
, 𝑀𝑁 < 𝑥 ≤ 𝑀𝑁 + (𝑁 − 𝑀) − 1

; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

If 𝐴 = 𝐵, 

[(𝐴 − 𝐵) × (𝐶 + 𝐷)]ఈ

= [(𝐴 − 𝐵 − 1 + 𝛼)(𝐶 + 𝐷 + 1 − 𝛼) (𝐴 − 𝐵 + 1 − 𝛼)(𝐶 + 𝐷 + 1 − 𝛼)] 

(𝐴 − 𝐵) × (𝐶 + 𝐷) = 𝑀 × 𝑁 =

⎩
⎪
⎨

⎪
⎧ଶା(ேିெ)ିඥ(ேିெ)మାସ(ெேି௫)

ଶ

ଶା(ெାே)ିඥ(ெାே)మିସ(ெேି௫)

ଶ

0

.
,𝑀𝑁 + (𝑀 − 𝑁) − 1 < 𝑥 ≤ 𝑀𝑁
.
, 𝑀𝑁 < 𝑥 ≤ 𝑀𝑁 + (𝑀 + 𝑁) + 1

; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

To show the concept, I use my AIT ID number (6347),  

(6 − 3) × (4 + 7) = 3 × 11 =

⎩
⎪
⎨

⎪
⎧−12 + ඥ(14)ଶ − 4(33 − 𝑥)

2

16 − ඥ(14)ଶ − 4(33 − 𝑥)

2
0

.
,20 < 𝑥 ≤ 33
.
, 33 < 𝑥 ≤ 48

; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

         

Q.2  Particle Swarm Optimization (PSO) is applied to determine the minimum point of a 

polynomial function  𝑓(𝑥) = 1𝑥ହ − 2𝑥ସ + 𝐴𝑥ଷ − 𝐵𝑥ଶ + 𝐶𝑥 − 𝐷  in the range −999 ≤ 𝑥 ≤

999, when A, B, C, and D are the numbers obtained from your AIT student ID number as 
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expressed by 12ABCD. Show all the particle positions after 2 generations by applying the 

following conditions to PSO.              (30) 

 Population size = 5. 

 Particle position is represented by 𝑥௜ = (𝑥௜ଵ). Particle velocity is represented by 𝑣௜ =

(𝑣௜ଵ). 

 The initial particles are obtained by evoking 5 random numbers with uniform 

distribution. (Use [rand] command in matlab or [RND] key from calculator.net/scientific-

calculator.html) Limit the number to the first three digits after dot. If the evoked random 

number is 0. 𝑚𝑛𝑝𝑥𝑥𝑥, the particle initial position locates at ±𝑚𝑛𝑝. If 𝑝 is odd number, 

use negative value for the particle initial position. If 𝑝 is even number, use positive value 

for the particle initial position.  

 All the particle initial velocities are 0.   

 The objective function is the function 𝑓(𝑥) = 1𝑥ହ − 2𝑥ସ + 𝐴𝑥ଷ − 𝐵𝑥ଶ + 𝐶𝑥 − 𝐷, when 

smaller value is better. 

 The particle velocity is calculated from 𝑣௜(𝑘 + 1) = 0.4𝑣௜(𝑘) + 0.3𝑟ଵ(𝑃௜(𝑘) − 𝑥௜(𝑘)) +

0.3𝑟ଶ(𝐺(𝑘) − 𝑥௜(𝑘)). When 𝑟ଵ and 𝑟ଶ are random numbers in between 0.000 and 0.999 

obtained by evoking random numbers similar to the random numbers obtained in the 

initial particles but use only positive value. The velocity is limited to the range −999 ≤

𝑣௜ ≤ 999 and rounded off to the nearest integer. 

 The particle position is updated by using 𝑥௜(𝑘 + 1) = 𝑥௜(𝑘) + 𝑣௜(𝑘 + 1) and also limited 

to the range −999 ≤ 𝑥௜ ≤ 999. 

Solution 

To show the concept, I use my AIT ID number,  

𝑓(𝑥) = 1𝑥ହ − 2𝑥ସ + 6𝑥ଷ − 3𝑥ଶ + 4𝑥 − 7 

Generation 0, 
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Particle Positions are initialized at 

𝑥ଵ(0) = 632, 𝑥ଶ(0) = −97, 𝑥ଷ(0) = 278, 𝑥ସ(0) = 546, 𝑥ହ(0) = −957 

Objective function values are determined 

𝑓(𝑥ଵ) = 1.0 × 10ଵସ, 𝑓(𝑥ଶ) = −8.8 × 10ଽ, 𝑓(𝑥ଷ) = 1.6 × 10ଵଶ, 

𝑓(𝑥ସ) = 4.8 × 10ଵଷ, 𝑓(𝑥ହ) = −8.0 × 10ଵସ 

𝑃ଵ(0) = 632, 𝑃ଶ(0) = −97, 𝑃ଷ(0) = 278, 𝑃ସ(0) = 546, 𝑃ହ(0) = −957, 𝐺(0) = −957 

Generation 1, 

𝑣ଵ(1) = 0.4(0) + 0.3(0.965)(632 − 632) + 0.3(0.158)(−957 − 632) = −75 

𝑣ଶ(1) = 0.4(0) + 0.3(0.970)(−97 + 97) + 0.3(0.957)(−957 + 97) = −247 

𝑣ଷ(1) = 0.4(0) + 0.3(0.485)(278 − 278) + 0.3(0.800)(−957 − 278) = −333 

𝑣ସ(1) = 0.4(0) + 0.3(0.142)(546 − 546) + 0.3(0.422)(−957 − 546) = −190 

𝑣ହ(1) = 0.4(0) + 0.3(0.916)(−957 + 957) + 0.3(0.792)(−957 + 957) = 0 

𝑥ଵ(1) = 632 − 75 = 557 

𝑥ଶ(1) = −97 − 247 = −344 

𝑥ଷ(1) = 278 − 333 = −55 

𝑥ସ(1) = 546 − 190 = 356 

𝑥ହ(1) = −957 + 0 = −957 

𝑓(𝑥ଵ) = 5.3 × 10ଵଷ, 𝑓(𝑥ଶ) = −4.8 × 10ଵଶ, 𝑓(𝑥ଷ) = −5.2 × 10଼, 

𝑓(𝑥ସ) = 5.7 × 10ଵଶ, 𝑓(𝑥ହ) = −8.0 × 10ଵସ 

𝑃ଵ(1) = 557, 𝑃ଶ(0) = −344, 𝑃ଷ(0) = −55, 𝑃ସ(0) = 356, 𝑃ହ(0) = −957, 𝐺(0) = −957 

Generation 2, 

𝑣ଵ(2) = 0.4(−75) + 0.3(0.960)(557 − 557) + 0.3(0.656)(−957 − 557) = −328 

𝑣ଶ(2) = 0.4(−247) + 0.3(0.036)(−344 + 344) + 0.3(0.849)(−957 + 344) = −255 

𝑣ଷ(2) = 0.4(−333) + 0.3(0.934)(−55 + 55) + 0.3(0.679)(−957 + 55) = −317 

𝑣ସ(2) = 0.4(−190) + 0.3(0.758)(356 − 356) + 0.3(0.743)(−957 − 356) = −369 
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𝑣ହ(2) = 0.4(0) + 0.3(0.392)(−957 + 957) + 0.3(0.656)(−957 + 957) = 0 

𝑥ଵ(2) = 557 − 328 = 229 

𝑥ଶ(2) = −344 − 255 = −599 

𝑥ଷ(2) = −55 − 317 = −372 

𝑥ସ(2) = 356 − 369 = −13 

𝑥ହ(2) = −957 + 0 = −957 

 

Q.3  Consider the missionaries-cannibals problem from the class exercise represented in the 

state space representation as shown in the figure below when (m, n) shows m missionaries and n 

cannibals on the west bank of a river. Initially, there are 3 missionaries and 3 cannibals on the 

west bank of the river. A small boat can carry at most of 2 persons. If the number of cannibals is 

larger than the number of missionaries either on the west bank or on the east bank of the river, 

the missionaries will be eaten by the cannibals. The boat without passenger cannot move. Draw 

the whole search tree and show the step of all solutions. Use regular font (m, n) for the result of 

west-east trip and use bold font (m, n) for the result of east-west trip.                   (30) 

 
 

 

 

 

 

 

 

 

Solution 

Label the safe nodes, 

  0                          1                       2                          3     
                  Number of Cannibals on West Bank                                    

                            
 
                            
 
Number of          3 
Missionaries  
on West Bank     2 
 
                           1 
 
                           0 

Start 

Goal 
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                                                                              (3,3) 

                         (3,2)                                             (3,1)                                          (2,2) 

                                                                              (3,2)                                          (3,2) 

                                                   (3,0)                    (2,2)                    (3,0)              (3,1) 

                                                   (3,1)                                                (3,1) 

                                                   (1,1)                                                (1,1) 

                                                   (2,2)                                                (2,2) 

                                                   (0,2)                                                (0,2) 

                                                   (0,3)                                                (0,3) 

                                                   (0,1)                                                (0,1) 

                            (1,1)                (0,2)                        (1,1)               (0,2) 

                            (0,0)                (0,0)                        (0,0)               (0,0) 

Solution 1: (3,3) - (3,1) - (3,2) - (3,0) - (3,1) - (1,1) - (2,2) - (0,2) - (0,3) - (0,1) - (1,1) - (0,0) 

Solution 2: (3,3) - (3,1) - (3,2) - (3,0) - (3,1) - (1,1) - (2,2) - (0,2) - (0,3) - (0,1) - (0,2) - (0,0) 

Solution 3: (3,3) - (2,2) - (3,2) - (3,0) - (3,1) - (1,1) - (2,2) - (0,2) - (0,3) - (0,1) - (1,1) - (0,0) 

Solution 4: (3,3) - (2,2) - (3,2) - (3,0) - (3,1) - (1,1) - (2,2) - (0,2) - (0,3) - (0,1) - (0,2) - (0,0) 

 

 

 

  0                          1                       2                          3     
                  Number of Cannibals on West Bank                                    

                            
 
                            
 
Number of          3 
Missionaries  
on West Bank     2 
 
                           1 
 
                           0 

Start 

Goal 


