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ABSTRACT

Reaction wheel inverted pendulum can be classified as an under actuated mechanical system
which can be used to test the control strategies of unbalanced systems. This stick robot which
is developed here combines two reaction wheel inverted pendulums to balance the robot in
an upright position. The mathematical model for the system is derived using Lagrangian
method and then simulation and actual testing is done to balance the robot using PID and
LQR controllers.

Keywords: reaction wheel pendulum, under actuated systems, state-space modelling,
PID control, LQR control

iii



TABLE OF CONTENTS (Cont’d)

CHAPTER TITLE PAGE

TITLE PAGE i
ACKNOWLEDGEMENTS ii
ABSTRACT iii
TABLE OF CONTENTS iv
LIST OF FIGURES vi
LIST OF TABLES viii

1 INTRODUCTION 1

1.1 Background 1
1.2 Introduction 1
1.3 Problem Statement 2
1.4 Objectives 2
1.5 Limitations 2

2 LITERATURE REVIEW 3

2.1 Types of Pendulum Systems 3
2.2 Control Mechanisms 6
2.3 Stabilizing the System 12
2.4 DC Motor Modelling 14
2.5 Velocity Estimation 14

3 METHODOLOGY 16

3.1 Mathematical modelling of the system 16
3.2 DC Motor Model 18
3.3 State Space Modelling 20
3.4 Friction Estimation 22
3.5 State Space (Numerical Model) 25
3.6 Hardware Model 27
3.7 LQR Controller Design 34
3.8 Simpulation Graphs 36

4 RESULTS AND DISCUSSION 47

4.1 Sensitivity to Parameters 57
4.2 Modelling the Friction 58

5 CONCLUSION AND RECOMMENDATION 59

iv



5.1 Conclusion 59
5.2 Recommendations 59

REFERENCES 60

v



LIST OF FIGURES (Cont’d)

FIGURE TITLE PAGE

Figure 2.1 Inverted Pendulum with a Cart and Pole System 3
Figure 2.2 Double Inverted Pendulum System 4
Figure 2.3 Example of a Furuta Pendulum 5
Figure 2.4 Reaction Wheel Inverted Pendulum 6
Figure 2.5 Modelling Parametes for the Reaction Wheel Pendulum 7
Figure 2.6 Block Diagram of a PID Controller 12
Figure 2.7 Control Block Diagram of LQR Controller 13
Figure 3.1 Variables Used in Modelling the System 16
Figure 3.2 Variable and Names 17
Figure 3.3 Diagram of a DC Motor Model 19
Figure 3.4 Angular Velocity vs Time 23
Figure 3.5 Angular Deceleration vs Angular Velocity 23
Figure 3.6 Angular Velocity vs Time 24
Figure 3.7 Angular Deceleration vs Angular Velocity 24
Figure 3.8 Solidworks Design of the Stick Robot 27
Figure 3.9 CAD Design Top View 28
Figure 3.10 CAD Design Side View 28
Figure 3.11 Actual Model of the Stick Robot 29
Figure 3.12 Side View of the Stick Robot 30
Figure 3.13 Reaction Wheels 30
Figure 3.14 Sensor Holder 31
Figure 3.15 Joint used for Balancing the Robot in a Single Axis 31
Figure 3.16 Ball Joint Used to Balance both Axes Together 32
Figure 3.17 Maxon 24V 90W DC Motor 33
Figure 3.18 Specifications of the Motor 33
Figure 3.19 System Block Diagram 34
Figure 3.20 Open Loop System - Impulse Disturbance in X Direction 37
Figure 3.21 Open Loop System - Impulse Disturbance in Y Direction 38
Figure 3.22 Impulse Disturbance to the Closed Loop System in X Direction 39
Figure 3.23 Impulse Disturbance to the Closed Loop System in Y Direction 40
Figure 3.24 Change of Angle and Angular Velocity with Time in X Direction 41
Figure 3.25 Change of Angle and Motor Speed with Time in X Direction 42
Figure 3.26 Change of Angle and Angular Velocity with Time in Y Direction 43
Figure 3.27 Change of Angle and Motor Speed with Time in Y Direction 44
Figure 3.28 Impulse Disturbance Response with PID Controller, Direction X 45
Figure 3.29 Impulse Disturbance Response with PID Controller, Direction Y 46
Figure 4.1 Variation of States at Equilibrium with PID, Direction X 48

vi



Figure 4.2 Variation of States at Equilibrium with PID, Direction Y 49
Figure 4.3 Variation of States at Equilibrium with LQR, Direction X 50
Figure 4.4 Variation of States at Equilibrium with LQR, Direction Y 51
Figure 4.5 Variation of States with Disturbance Along Direction X with PID 52
Figure 4.6 Variation of States with Disturbance Along Direction Y with PID 53
Figure 4.7 Variation of States with Disturbance Along Direction X with LQR 54
Figure 4.8 Variation of States with Disturbance Along Direction Y with LQR 55
Figure 4.9 Variation of States Along both Axis with PID Controller 56
Figure 4.10 Sensor Error in Roll Value Over Time 57
Figure 4.11 Sensor Error in Pitch Value Over Time 57

vii



LIST OF TABLES

TABLE TITLE PAGE

Table 3.1 Parameter Values for X Direction 25
Table 3.2 Parameter Values 26
Table 4.1 Tuned PID parameter Values 47
Table 4.2 Tuned LQR parameter Values 47
Table 4.3 Mean Square Error of the Error Angle (in Degrees) 51
Table 4.4 Mean Square Error of the Error Angle ( in Degrees) 56

viii



CHAPTER 1

INTRODUCTION

1.1 Background

Control theory could be identified as a field which is rich in opportunities that deals with
methods and disciplines in building automatic decision processes to augment the perfor-
mance of different control systems. The development of control theory is related to the
advancements in technology, linear and non linear controller designing methodologies and
real-time implementation. This thesis is based on inverted pendulum controlled in two axes
utilizing the torque generated by two reaction wheels. Due to its inherently unstable be-
haviour and vastly non-linear characteristics, these systems are widely used for research in
automation, self stabilizing and testing advanced control methodologies.

1.2 Introduction

Controlling mechanical systems using reaction wheels or inertia wheels have become com-
mon due to the fact that it has a simple configuration and it’s recent aerospace applications.
A prominent example being the reaction wheels used in the Hubble Space Telescope for pre-
cise orientation. The concept of conservation of angular momentum is used to change the
direction of the telescope in this case. Since the total angular moment is zero, by placing
reaction wheels in desired positions and accelerating them can cause the telescope to change
it’s orientation in a very accurate manner.(Jepsen, Soborg, Pedersen, & Yang, 2009)

Apart from the space industry, these pendulum systems are used in many other applications.
Some of the major applications could considered as the humanoid robots such as Atlas devel-
oped by Boston Dynamics, the self-balancing motorbike unveiled in the Tokyo motor show
2017, the self balancing unicycles, Segway : the self balancing scooter etc.

Apart from being able to understand the behaviour of unbalanced systems and the use of
control methodologies to stabilize the system , the possible application area for this robot
can be jumping robots. Using the reaction wheels the heading direction of these robots
can be manipulated. Therefore the robot can have the ability to orient itself in a desired
direction. These types of robots can be used in rough terrains where the wheeled robots are
hard to move.
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1.3 Problem Statement

This project is aimed at building a dual axis reaction wheel pendulum system, deriving the
equations of motion, state space modelling of the system and applying different control al-
gorithms such as PID controller and Linear Quadratic Regulator (LQR) to compare the per-
formance.

1.4 Objectives

Balancing the stick robot in the upright position. In order to achieve this main objective, the
following sub objectives have to be achieved.

• Designing the hardware model and transmission system.

• Deriving the mathematical model.

• Comparing the performance between the two control systems (PID and LQR).

1.5 Limitations

• In modelling, upright position is only considered.

• Friction at the pivot point is not considered.

• Gyroscopic precession is not considered for modelling. Hence the yaw effect is ne-
glected.

2



CHAPTER 2

LITERATURE REVIEW

2.1 Types of Pendulum Systems

For more than a century the inverted pendulum systems have been a vital part of the controls
research. They have been extensively used to test, demonstrate and benchmark new control
theories and concepts. Unlike in a conventional pendulum the centre of mass of the inverted
pendulum is located above the pivot location, making it inherently unstable. Therefore the
system should be actively balanced to stay at the upright position. This could be achieved
through horizontal movement of the pivot location, oscillating the system’s pivot position in
a vertical direction and so on. In most cases the degree of freedom of a pendulum is limited
to 1 as indicated in the diagram below. (Jung & Kim, 2008)

Figure 2.1 Inverted Pendulum with a Cart and Pole System

These inverted pendulums are viewed as benchmarks in the field of control and its appli-
cations. Therefore it is quite common to see them as research topics as well as teaching
materials. There are numerous instances of inverted pendulum models which have being
used for these tasks. There is a wide array of pendulums that are based on the same principle
as the inverted pendulum.(Gruber & Hofbaur, 2012)
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Double Pendulum

A double pendulum is a system which has two limbs connected together with a free joint. It
shows quite dynamic conduct and is quite sensitive for its initial conditions. The motion of
this system can be described with coupled differential equations.

Figure 2.2 Double Inverted Pendulum System

https://www.quanser.com/wp-content/uploads/2017/03/

FLEXPEN-graphic-768x595.jpg

These systems can have either equal or unequal lengths of limbs and weights. The motion can
be either in two dimensional or three dimensional. In the case of two dimensional systems,
the motion is restricted in the vertical plane.

Furuta Pendulum

The furuta pendulum was invented by Katsuhisa Furuta and his team in 1992. This is also
called the rotational inverted pendulum. In the horizontal plane it has its driven arm which is
rotated around the vertical plane. A pendulum is connected to a joint at the end of the arm.
This under actuated system is controlled by oscillating the arm in the horizontal plane. This
is an extremely non-linear system due to gravity and the coupling arising from centripetal
and Coriolis forces. Due to these complex behaviour it is a popular system for demonstrating
and studying the linear and non-linear control laws.

4



Figure 2.3 Example of a Furuta Pendulum

https://www.rexcontrols.com/furuta-pendulum

Reaction Wheel Pendulum

Reaction wheel or inertia wheel inverted pendulum is one of the simplest versions of pen-
dulum systems due to its dynamics and controllability. At the same time it exhibits the
properties such as under actuation and non-linearity. Therefore it is an attractive system for
research and study in the control engineering. This was first introduced by Sponge et al in
1999 in his paper called ”Non-linear Control of a Reaction Wheel Pendulum”.
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Figure 2.4 Reaction Wheel Inverted Pendulum

In a mechanical standpoint, this is a simple under actuated system. It is composed of two
parts, the pendulum and the reaction wheel which is attached to a motor. When the motor is
accelerated, it generates a torque. This torque is transferred to the pendulum to balance it at
the upright position.

2.2 Control Mechanisms

In the paper written by Boubaker and Olfa in 2012, they talk about the importance of studying
the problem of inverted pendulum. They described the common robotic benchmarks such as
Acrobot, Pendubot, Furuta Pendulum, reaction wheel pendulum etc. Then they talked about
the main control problems in this system. Even though it has a simple structure, they can
be considered as a typical non-linear system. The system is in a stable equilibrium when
it’s at its pending or at the hanging position. When it’s moved to the upright position, the
system has a unstable equilibrium point. When moving the system from a hanging position
to the upright position, the system’s mathematical model is non-linear with the angle of the
pendulum. They then discuss about the methods available today to address this problem such
as PID adaptive control, neural network control, energy based control, optimal control , time
optimal control etc. Finally they illustrate applications and technologies that use this type
of mechanisms. These include control of ”under-actuated robotic systems, design of mobile
inverted pendulums and gait pattern generation for humanoid robots.” (Boubaker, 2012)

Mark Spong, Peter Corke and Rogelio Lozano discuss about a pendulum with a bob in their
paper published in 2001.(Spong, Corke, & Lozano, 2001) They discuss feedback lineari-
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sation as well as passivity based control that is used for balancing and swinging control.
It is first shown that system is linearisable in state space modelling. Then a comparison is
done between pole placement and feedback linearisation methods to balance it at its unsta-
ble equilibrium position. The swinging up is controlled using an energy based controller.A
switching strategy is used to switch between the two controllers they’ve discussed above.

Figure 2.5 Modelling Parametes for the Reaction Wheel Pendulum

The system has two degrees of freedom. Therefore the system has two equations of motion
that explains the dynamics. One explains the movement of the pendulum link while the other
explains the motion of the disk.

d11q̈1 + d12q̈2 + φ((q1)) = 0 (Equation 2.1)

d21q̈1 + d22q̈2 = τ (Equation 2.2)

Here,

d11 = m1l
2
c1 +m2l

2
1 + I1 + I2 (Equation 2.3)

d12 = d21 = d22 = I2 (Equation 2.4)

φ((q1)) = −m̄g sin((q1)) (Equation 2.5)

m̄ = m1lc1 +m2l1 (Equation 2.6)
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Then they have derived reduced order model my eliminating the disk’s angular position q2

The new states are,
x1 = q1 (Equation 2.7)

x2 = q̇1 (Equation 2.8)

x3 = q̇2 (Equation 2.9)

The system has written as,
ẋ = f((x)) + g((x)) τ (Equation 2.10)

f (x) =


x2

− d22

detD
Φ (x1)

d21

detD
Φ (x1)

 (Equation 2.11)

g (x) =


0

− d12

detD

d11

detD

 (Equation 2.12)

Here,

detD = d11d22 − d12d21 (Equation 2.13)

For feedback linearisation they have defined an output equation in the form of,

y = h (x) = d11x2 + d12x3 (Equation 2.14)

Control variable u
u = −k1ζ1 − k2ζ2 − k3ζ3 (Equation 2.15)

Here,
ζ1 = d11d22 − d12d21 (Equation 2.16)

ζ2 = m̄g sin (x1) (Equation 2.17)

ζ3 = m̄g cos (x1)x2 (Equation 2.18)
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For the swingup control , they have derived equation using collocated partial feedback liner-
isation and passivity of the resulting zero dynamics. They first derived output function in the
form of y = x3

the control input u was taken as,

u = d12keE0x2 − kvx3 (Equation 2.19)

Here ,

E0 =
1

2
d11x

2
3 + m̄g (1 − cos (x1)) (Equation 2.20)

In the paper written by Bapiraju, Bonagiri and Srinivas in 2004, they talk about different
control techniques that can be used for a reaction wheel pendulum. They used linearisation
techniques to derive three linear models of the reaction wheel pendulum. In the first model
the non-linear dynamics of the system using Euler Lagrangian formulations is linearised
using Taylors series first order approximation. The second method is using collocated lin-
earisation which converts the system dynamics to two disjoint subsystems having non-linear
and linear dynamics. In the third model the state transformation is used change the system
dynamics from forth order to third order. And later a fuzzy logic controller has also being
used for balancing the reaction wheel pendulum. (Bapiraju, Srinivas, Kumar, & Behera,
2004)

First they had derived the dynamics of the system using Euler Lagrange method.

(
m1l

2
c1 +m2l

2
1 + I1 + I2

)
q̈2 − m̄g sin (q1) = 0 (Equation 2.21)

I2q̈1 + I2q̈2 = τ (Equation 2.22)

This can also be rewritten as,

m11q̈1 +m12q̈2 + g (q1) = 0 (Equation 2.23)

m21q̈1 +m22q̈2 = τ (Equation 2.24)
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q1

q̇1

q2

q̇2


=



0 1 0 0

m22

det(M)
m̄g 0 0 0

0 0 0 1

− m21

det(M)
m̄g 0 0 0





q1

q̇1

q2

q̇2


+



0

− m12

det(M)

0

m11

det(M)


τ (Equation 2.25)

When linearised using the actual model ,

This is in the form of AX +Bτ

Here the
M = m11m22 −m21m12 (Equation 2.26)

Therefore the full state feedback controller is ,

τ = −KTX = −
[
K1 K2 K3 K4

] [
q1 q̇1 q2 q̇2

]T
(Equation 2.27)

In the second method, the dynamics of the system is separated into two subsystems. One has
non linear dynamics and the other has linear dynamics. The non linear system is linearised
and used to design the linear regulator. The transformation used is as follows,

m11q1 +m12q2 = x1 (Equation 2.28)

m11q̇1 +m12q̇2 = x2 (Equation 2.29)

ẋ1 = x2 (Equation 2.30)

ẋ2 = m̄g sin

(
x1 −m12q2

m11

)
(Equation 2.31)

q̇2 = p2 (Equation 2.32)

ṗ2 = u (Equation 2.33)
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the control torque is given by,

τ = m21m
−1
11 m̄g sin (q1) +

(
m21m

−1
11 m12 +m22

)
u (Equation 2.34)

Here u is the virtual input to the system.

This system can therefore be shown in the same way as AX +Bu.

d

dt



x1

x2

q2

p2


=



0 1 0 0

m̄g
m11

0 −m12

m11
m̄g 0

0 0 0 1

0 0 0 0





x1

x2

q2

p2


+



0

0

0

1


u (Equation 2.35)

For the third method uses reduced order dynamics and is in strict feedback form. The states
were chosen as follows,

z1 = m11q̇1 +m12q̇2 (Equation 2.36)

z2 = q1 (Equation 2.37)

z3 = q̇2 (Equation 2.38)

The model is then linearised,

d

dt


z1

z2

z3

 =


0 m̄g 0

1
m11

0 −m12

m11

0 0 0



z1

z2

z3

+


0

0

1

u (Equation 2.39)

This is also in the form of Ax+Bu

In the paper by Marvin Bugeja in 2003, they control a cart and pendulum system using a PI
controller (Proportional and Integral controller). The motor dynamics has been taken into
consideration when designing this controller. Current feedback has been used to model the
motor and control the torque given to the system. The total system consist of two sub systems
namely the motor model and the pendulum model. (Grasser, D’Arrigo, Colombi, & Rufer,
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2002)

2.3 Stabilizing the System

Stabilising the system in its unstable equilibrium position can be done in many ways using
numerous control approaches. θ value between the vertical axis and the pendulum axis near
the upright position are close to zero, the system’s equations of motion can be linearised
assuming that the sin θ is equal to the θ value. Then different control algorithms such as PD,
PID, LQR etc. can be implemented in the system to stabilize it about the upright position.
Here PID and LQR controllers have been implemented and compared. PID controller is a
widely used control method to balance linear systems in control problems. The LQR is used
because it optimizes the control gain. It also gives the control over the states of the system.

2.3.1 PID Control

PID stands for ”Proportional,Integral and Derivative” Controller. The 3 correction terms
determines the output value of the controller. kp or the proportional term is multiplied by the
difference between the reference input and the output of the process value. This difference is
called the error of the system. The ki or the integral term. It is multiplied by the accumulation
of the error over time. This is used to minimize the steady state error. The derivative term kd
is multiplied by the rate of change of error. This is used to decrease the control output value
when the output is close to the reference value. The control output u(t) can be written as,

u(t) = kp(e) + ki

∫
(e)dt+ kd

d(e)

dt
(Equation 2.40)

Figure 2.6 Block Diagram of a PID Controller

Here, M stands for the plant model.
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2.3.2 Linear Quadratic Regulator

LQR or Linear Quadratic Regulator is a type of optimal controller which is used to min-
imize the cost, hence the control input of the system to obtain a desired output from the
system.(Katsuhiko, 2010)

The cost function is given by,

J =
1

2

∫ T

0

(xTQx+ uTRu)dt+
1

2
xT (T )P1x(T ) (Equation 2.41)

Here, Q ≥ 0, R ≥ 0, P1 ≥ 0 are symmetric, positive semi-definite matrices.

The control input is given by,
u = −kx (Equation 2.42)

u = −R−1BTPx (Equation 2.43)

Which is a time varying feedback control. It shows how to move from any state to the origin.
The value of P can be found by,

0 = PA+ ATP − PBR−1BTP +Q (Equation 2.44)

The above equation is known as the algebraic Riccati equation.

Figure 2.7 Control Block Diagram of LQR Controller

13



2.4 DC Motor Modelling

There are different mathematical models that can be used to model the DC motor. In the
paper by Hyun-Woo Kim (Kim, An, Yoo, & Lee, 2013) on balancing control of a bicycle
robot he explain about converting the Torque to PWM (pulse width modulation) signal. Since
most of the time, a voltage driven motor driver is used with the micro-controller unit, the
input to the system should change from torque to a desired voltage.

τ = nKti+ fm(θ̇2 − θ̇1) (Equation 2.45)

Li̇+Rmi = v +Kb(θ̇2 − θ̇1) (Equation 2.46)

HereKt is torque constant, fm is the friction coefficient of the motor, L andR are inductance
and resistance of the motor respectively. Kb is the back EMF constant. From these two
equations,

τ =
nKt

Rm

v − (
nKt

Rm

Kb + fm)(θ̇2 − θ̇1) (Equation 2.47)

This can be substituted to the Lagrange equation and then the robot can be controlled using
PWM signals.

2.5 Velocity Estimation

The reaction wheel pendulum has two degrees of freedom. As a result this system has two
generalized coordinate systems. They are θp, the angular displacement of the pendulum
from its vertical position and θr , the rotor angular displacement with respect to the upright
position. In order to control the system it is important to sense the states of these generalized
coordinates as well as the derivatives of them which are being used. Here the first derivative
of the pendulum angle is used in the mathematical modelling.

There are two sensors used to measure these states in this system. A gyro/accelerometer
based sensor for measuring the pendulum angle from its vertical position and an encoder
attached to the motor.

To derive the angular velocity of the pendulum and motor angular velocity two methods can
be used. They are either using ∆pos method or ∆time approach. In the ∆pos method the
time is measured between a constant count number. In the ∆time approach the number of
counts between a certain time period is measured. (Block, Astrom, & Spong, 2007)

ω(i) = θ(i)−θ(i−1)
T

constant ∆time method

ω(i) = θ
t(i)−t(i−1)

constant ∆pos method

14



In the experiments regarding this system the ∆time method is used due to the ease of imple-
mentation using a micro-controller, less processing power of the micro-controller is needed
even when the frequency of the input pulses of the encoder are increased with higher speeds
and the needed timer frequency is comparably low.

The encoder used in this system has 300 pulses per revolution. When it is combined with the
quadrature behaviour of the encoder it gives 1200 pulses per revolution. Which means it has
0.3 degree sensitivity . Since the importance of controlling the speed of the motor is lesser,
this is an acceptable value. The gyro/accelerometer sensor has a 0.01 degree sensitivity. This
is also acceptable since controlling the upright position of the pendulum to an accuracy of
0.01 is not possible.
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CHAPTER 3

METHODOLOGY

3.1 Mathematical modelling of the system

The stick robot is in total has 4 degrees of freedom. It is decoupled and considers as two
subsystems. Each is considers as a separate reaction wheel pendulum. The two subsystems
are for the X and Y direction. In this section the dynamic model of the system, hardware
design and electronics design are discussed thoroughly.

A schematic diagram to describe the variables used to derive the pendulum system’s equa-
tions is shown below. θp denotes the measured clockwise angle between the pendulum and
the vertical direction. θr represents the clockwise angle between the reaction wheel and the
vertical direction.

Figure 3.1 Variables Used in Modelling the System

The robot is equipped with a gryo/accelerometer sensor and an optical encoder for measure-
ments. The gyro/accelerometer sensor measure the Pitch and Roll angle of the pendulum rod.
In the same way the optical encoder attached to the motor measure the rotation of the wheel
with respect to a fixed frame. If we consider qp as the frame of reference for the pendulum,
it is the same as the earth’s frame hence it is equal to θp. The wheel angle is measured in the
pendulum’s frame. The relationship between generalised form and the measured form,

16



θp = qp (Equation 3.1)

θr = qp + qr (Equation 3.2)

The following variables are also used in the mathematical modelling of the system.

Figure 3.2 Variable and Names

3.1.1 System Model for a Single Axis

Kinetic energy of the system is given below. This includes the kinetic energy from the
pendulum as well as from the reaction wheel.

T1 + T2 =
1

2
(Ip +mpl

2
p +m1l

2
1 +m2l

2
2)q̇p

2 +
1

2
Ir(q̇p + q̇r)

2 (Equation 3.3)

T =
1

2
(Ip +mpl

2
p +m1l

2
1 +m2l

2
2)Θ̇p

2
+

1

2
IrΘ̇r

2
(Equation 3.4)

Potential energy of the system is calculated below. The stable equilibrium position is the
position where the potential energy is considered to be zero. It has been chosen as in the
below equation.

V = mgl cos θp (Equation 3.5)

The Lagrangian equation L of the system is given by,

L = T − V

L =
1

2
IΘ̇p

2
+

1

2
IrΘ̇r

2 −mgl cos θp (Equation 3.6)

Here, I = Ip +mpl
2
p +m1l

2
1 +m2l

2
2

17



The partial derivations of the Lagrangian is taken as below,

∂L

∂Θ̇p

= IΘ̇p (Equation 3.7)

∂L

∂Θp

= −mgl sin Θp (Equation 3.8)

∂L

∂Θ̇r

= IrΘ̇r (Equation 3.9)

∂L

∂Θr

= 0 (Equation 3.10)

When a torque is applied to the DC motor, it produces a torque τm on the reaction wheel, and
−τm on the pendulum. Friction force is also acts on the rotational axis. Both dynamic friction
as well as static friction acts on the shaft. However dynamic friction is only considered in
the calculations. It is proportional to the speed of the motor. Therefore the torque τ acting in
the directions of θr and θp can be written as follows,

τr = τm − krq̇r (Equation 3.11)

τr = −τm + krq̇r (Equation 3.12)

After substituting Lagrangian derivatives and generalized forces to the Lagrangian equation,
the following equations can be written.

IΘ̈p −mgl sin Θp = −τm + krq̇r (Equation 3.13)

IrΘ̈r = τm − krq̇r (Equation 3.14)

3.2 DC Motor Model

Since the reaction wheel is driven by a DC motor, it is necessary to model the DC motor in
the mathematical calculations. Motor current is proportional to the motor torque. However
here a voltage driven motor driver is used instead of a current driver. So modelling the torque
in the form of voltage is necessary to control the system dynamics.

18



Figure 3.3 Diagram of a DC Motor Model

The motor can be modelled using the following equations. First equation describe the re-
lationship between the torque and the current of the motor. kt is the torque constant. The
second equation is taken after applying the Kirchhoff’s law to the circuit. In that equation kb
is the back EMF constant, L inductance and R resistance of the motor.

τm = kti (Equation 3.15)

L
δi

δt
+ iR = V − kb(Θ̇r − Θ̇p) (Equation 3.16)

From the above two equations, the torque τm can be written in the voltage form as below,

τm =
kt
R
V − ktkb

R
(Θ̇r − Θ̇p) (Equation 3.17)

After substituting the τm with the above equation in the Lagrangian equation, the below
equations can be written.

IΘ̈p = mgl sin Θp −
kt
R
V + (Θ̇r − Θ̇p)(kr +

kbkt
R

) (Equation 3.18)

IrΘ̈r =
kt
R
V − (Θ̇r − Θ̇p)(kr +

kbkt
R

) (Equation 3.19)

Rearranging them gives the following equation.

Θ̈p =
mgl

I
sin Θp − Θ̇p(

kr + kbkt
R

I
) + Θ̇r(

kr + kbkt
R

I
) − V

kt
RI

(Equation 3.20)
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Θ̈r = Θ̇p(
kr + kbkt

R

Ir
) − Θ̇r(

kr + kbkt
R

Ir
) + V

kt
RIr

(Equation 3.21)

The above equations describe the motion of the system. This is a non linear system because
one of the equations has a sin term. This system can be linearised by substituting sin θp with
θp. When the angle is very small sinθp value can be close to the θp . The linearised equations
are,

Θ̈p =
mgl

I
Θp − Θ̇p(

kr + kbkt
R

I
) + Θ̇r(

kr + kbkt
R

I
) − V

kt
RI

(Equation 3.22)

Θ̈r = Θ̇p(
kr + kbkt

R

Ir
) − Θ̇r(

kr + kbkt
R

Ir
) + V

kt
RIr

(Equation 3.23)

3.3 State Space Modelling

Θ̇p = ωp (Equation 3.24)

ω̇p =
mgl

I
Θp − (

kr + kbkt
R

I
)ωp + (

kr + kbkt
R

I
)ωr −

kt
RI

V (Equation 3.25)

ω̇r = (
kr + kbkt

R

Ir
)ωp − (

kr + kbkt
R

Ir
)ωr −

kt
RIr

V (Equation 3.26)

Here ω shows the derivative of θ . Below shows the derived matrices of the system.

X =


θp

ωp

ωr

 (Equation 3.27)

A =


0 1 0

mgl
I

−(
kf+

kb+kt
R

I
) (

kf+
kb+kt

R

I
)

0 (
kf+

kb+kt
R

Ir
) −(

kf+
kb+kt

R

Ir
)

 (Equation 3.28)
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B =


0

− kt
IR

kt
RIr

 (Equation 3.29)

U = V (Equation 3.30)

All three states of the system (θp ,θ̇p and θr ) are measured using sensors. So the C matrix is
written as below. Since there is no feed forward gain in the system, the D matrix is zero.

C =


1 0 0

0 1 0

0 0 1

 (Equation 3.31)

D = 0 (Equation 3.32)

Getting the transfer function of the system between the input and output pendulum angle for
the PID controller is shown below.

IΘ̈p −mgl sin Θp = −IrΘ̈r (Equation 3.33)

After changing this to the Laplace domain, we can write

Is2θp(s) −mglθp(s) = −Irs2θr(s) (Equation 3.34)

θ̇r(s)

θp(s)
=
Is2 −mgl

−Irs
(Equation 3.35)

Changing the motor equation to Laplace domain,

Irsθ̇r(s) =
kt
R
V (s) − (

ktkb
R

+ kf )(θ̇r(s) − sθp(s)) (Equation 3.36)

θp(s)

V (s)
=

ktIrs

R[Irs+ (ktkb
R

+ kf )][mgl − Is2] −Rs(ktkb
R

+ kf )Irs
(Equation 3.37)
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3.4 Friction Estimation

Friction acts on both pendulum and motor axes. The friction of the pendulum axis is assumed
negligible and only the friction acting on the motor axis is found using experiments. Both
static and dynamic friction acts on the motor axis. Only the dynamic friction has been
found using the experiments. The dynamic friction acts on both the motor axis and on the
pendulum. Dynamic friction is proportional to the relative angular velocity of the motor
shaft.

τf = −kfω (Equation 3.38)

Here,
τf torque generated from the friction
kf coefficient of friction
ω motor’s angular velocity

When a torque is applied to a motor, it’s proportional to the angular acceleration of the motor.

τ = Irα (Equation 3.39)

Here,
τ is the applied torque
Ir is the inertia of the motor and reaction wheel
α is the angular acceleration

The motor is given an initial speed and let it come to a stop. So the only force acting on the
system is friction. Hence the friction coefficient can be calculated using the gradient of the
graph between angular deceleration vs angular speed of the motor.
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3.4.1 For X Direction

Figure 3.4 Angular Velocity vs Time

Figure 3.5 Angular Deceleration vs Angular Velocity

Friction coefficient of the motor kf = 0.0221Nm/rads−1
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3.4.2 For Y Direction

Figure 3.6 Angular Velocity vs Time

Figure 3.7 Angular Deceleration vs Angular Velocity

Friction coefficient of the motor kf = 0.0293Nm/rads−1
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3.5 State Space (Numerical Model)

After substituting numerical values for the parameters, the numerical model of the state space
model can be written as below.

3.5.1 For X Direction

Table 3.1 Parameter Values for X Direction

m 1.950 kg

g 9.81 ms−2

l .1135m

I 0.0309 kgm2

Ir 0.00115892 kgm2

R 2.4 ohm

kt 0.0292 Nm/A

kb 0.029109

kf 0.0221 Nm/rads−1

L .085 ∗ 10−3

After substituting the above values for the parameters in the A and B matrices, they can be
written as follows.

A =


0 1 0

70.2653 −0.7267 0.7267

0 19.3751 −19.3751

 (Equation 3.40)

B =


0

−0.3980

9.7243

 (Equation 3.41)
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C =


1 0 0

0 1 0

0 0 1

 (Equation 3.42)

D = 0 (Equation 3.43)

3.5.2 For Y Direction

Table 3.2 Parameter Values

m 1.950 kg

g 9.81 ms−2

l .1135m

I 0.0309 kgm2

Ir 0.00120112 kgm2

R 2.5 ohm

kt 0.0292 Nm/A

kb 0.029109

kf 0.0293 Nm/rads−1

L .085 ∗ 10−3

A =


0 1 0

70.2653 −0.9592 0.9592

0 24.6770 −24.6770

 (Equation 3.44)

B =


0

−0.3937

10.4983

 (Equation 3.45)
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C =


1 0 0

0 1 0

0 0 1

 (Equation 3.46)

D = 0 (Equation 3.47)

3.6 Hardware Model

3.6.1 System Design

The Solidworks design of the system is shown below. The actual model is made of alu-
minium and steel.

Figure 3.8 Solidworks Design of the Stick Robot
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Figure 3.9 CAD Design Top View

Figure 3.10 CAD Design Side View
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The final hardware model is in the below diagram.

Figure 3.11 Actual Model of the Stick Robot
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Figure 3.12 Side View of the Stick Robot

The reaction wheels used are shown below. They are made of aluminium to keep the weight
low. They have 14cm diameter with 2cm thickness at the outer ring.

Figure 3.13 Reaction Wheels
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The gyro/accelerometer sensor is mounted at the top of the rod as shown below.

Figure 3.14 Sensor Holder

The joints used for balancing the robot is shown below. The first one is used to balance
the robot in a single axis. Then second one is used to balance the robot in both directions
simultaneously.

Figure 3.15 Joint used for Balancing the Robot in a Single Axis
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Figure 3.16 Ball Joint Used to Balance both Axes Together

3.6.2 Electronic Circuitry and Sensors

The ARM Cortex M3 processor based Arduino Due board is used as the micro-controller. 10
ms sampling time has been used for all control implementations. Since serial communication
is used to log the data.

Two identical 90W Maxon DC motors are used in the system. The general characteristics of
the motors are given below. These are equipped with HEDS-5540 encoders which have 300
counts per revolution.
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Figure 3.17 Maxon 24V 90W DC Motor

Figure 3.18 Specifications of the Motor

Two ST Microelectronic VNH5019 IC based DC motor drivers are used to control the mo-
tors. It can power upto 150 W with 10A continuous current supply. It has opto-isolators to
prevent motor interference and other protection systems for safety.
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The GY-521 breakout board is used to get the Roll and Pitch values of the stick robot. This
board is based on MPU-6050 sensor from InvenSense company. It contains a MEMS gy-
roscope and an accelerometer. The data is transmitted to the Arduino board through I2C
communication.

A 24V power supply with 15A maximum current has been used to power the motors. It
has 350W maximum power. The encoders, motor driver and gyro/accelerometer sensor have
been powered separately from a battery to isolate it from the motor power supply.

The system overview,

Figure 3.19 System Block Diagram

3.7 LQR Controller Design

To implement a control algorithm, the system should be controllable. To check the control-
lability, rank of some matrices should be checked. If the rank of the system and the rank of
the controllability matrix are equal, then the system is controllable. Hence that the states of
the system which are controlling could go to zero with time. The rank of the system for both
X direction and Y direction are 3. The rank of the controllability matrix is also 3. Therefore
the system is controllable.

A controller can be implemented to stabilize the system. Linear Quadratic Regulator or LQR
controller is a type of optimal controller which can be used to control such systems. It is a
state feedback controller which means that it measures the states of the system and then
generates a response which leads the current states of the system to zero.
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The goal in designing a LQR controller is to find suitable state feedback gains for the system.
This can be done by the use of mathematical algorithms such as algebraic Riccati equation
etc. It reduces the value of the cost function.

The Q matrix consists weighting values of the states while the R matrix consists the weight-
ing values of the input matix.

The Q and R matrices for the LQR controller has been chosen as follows for both systems.
The main objective is to vertically stabilize the pendulum where θp and θ̇p are zero. Therefore
higher weights are given to them respectively. The weight value for θ̇r has been chosen as
zero since the controlling the speed isn’t much important.

R = 1

Q =


100 0 0

0 10 0

0 0 0


The poles of the open loop system and the poles of the closed loop system for each directions
are calculated below. In the open loop system one pole is in the right half of the complex
plane which means that the system is unstable. The closed loop poles are on all in the left
half of the complex plane which means that the system is stable with the controller used.

3.7.1 For X direction

Open loop poles =


8.2744

−8.1242

−20.2520

 Close loop poles =


−20.3052 + 0.0000i

−8.1846 + 0.2420i

−8.1846 − 0.2420i


The gain vector K is given by,

K =

[
−1192.9 −140.5 −3.7

]
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3.7.2 For Y direction

Open loop poles =


8.2630

−8.1493

−25.7499

 Close loop poles =


−25.7837 + 0.0000i

−8.1987 + 0.1761i

−8.1987 − 0.1761i


The gain vector K is given by,

K =

[
−1482.3 −174.3 −5.1

]

3.8 Simpulation Graphs

3.8.1 LQR Controller

The open loop response of the system for an impulse disturbance in X and Y direction are as
follows.
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Figure 3.20 Open Loop System - Impulse Disturbance in X Direction
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Figure 3.21 Open Loop System - Impulse Disturbance in Y Direction
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Response of the closed loop system for an impulse disturbance with the LQR controller.

Figure 3.22 Impulse Disturbance to the Closed Loop System in X Direction
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Figure 3.23 Impulse Disturbance to the Closed Loop System in Y Direction
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The simulated system response with a given initial conditions is as follows. The initial
conditions for the system are,

X0 =

[
0.07 0 0

]

Figure 3.24 Change of Angle and Angular Velocity with Time in X Direction
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Figure 3.25 Change of Angle and Motor Speed with Time in X Direction
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Figure 3.26 Change of Angle and Angular Velocity with Time in Y Direction
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Figure 3.27 Change of Angle and Motor Speed with Time in Y Direction

3.8.2 PID Controller

Response of the system to an impulse disturbance with the PID controllers are shown in the
below diagrams. The gains used for the PID controller are as follows,

The PID gains used here are,

kp ki kd

1500 4550 180

44



Figure 3.28 Impulse Disturbance Response with PID Controller, Direction X
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Figure 3.29 Impulse Disturbance Response with PID Controller, Direction Y
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CHAPTER 4

RESULTS AND DISCUSSION

From figure 4.1 to figure 4.1, they show the variation of pendulum angle, pendulum angular
velocity , wheel speed and voltage when the system is balancing at the upright position
without any disturbances with the PID controller and the LQR controller. Due to the subtle
variation of sensor value at the balanced position at the upright position where the moment
of the system becomes zero it is not possible to make the error exactly zero and hence there
is always some moment in either of the direction. As a result making the error zero and the
rotor speed zero is not possible.

The tuned parameter values used in the systems are below.

Table 4.1 Tuned PID parameter Values

Direction kp ki kd

X 1890 916 229

Y 1833 975 229

Table 4.2 Tuned LQR parameter Values

Direction k1 k2 k3

X 1661 316 15

Y 2005 387 8
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Figure 4.1 Variation of States at Equilibrium with PID, Direction X
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Figure 4.2 Variation of States at Equilibrium with PID, Direction Y
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Figure 4.3 Variation of States at Equilibrium with LQR, Direction X
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Figure 4.4 Variation of States at Equilibrium with LQR, Direction Y

Mean Square Error of the error angle with both PID and LQR controllers.

Table 4.3 Mean Square Error of the Error Angle (in Degrees)

Drection X Direction Y

PID 0.275238 0.160165

LQR 0.055731 0.030757
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From figure 4.5 to figure 4.8 shows the variation of pendulum angle, pendulum angular
velocity, rotor speed and voltage to the motor with disturbances with both LQR controller
and PID controller in both directions. The sudden changes in the error (first graph of each
figure) is due to the disturbances added. When a disturbance is added the system is moved
from it’s upright position and then the controller reacts to the sudden change of the pendulum
and accelerate or decelerate the motor to compensate the disturbance.

Figure 4.5 Variation of States with Disturbance Along Direction X with PID
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Figure 4.6 Variation of States with Disturbance Along Direction Y with PID
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Figure 4.7 Variation of States with Disturbance Along Direction X with LQR
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Figure 4.8 Variation of States with Disturbance Along Direction Y with LQR
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The below diagram shows the variation of states when both axis are controlled simultane-
ously with PID Controller.

Figure 4.9 Variation of States Along both Axis with PID Controller

Table 4.4 Mean Square Error of the Error Angle ( in Degrees)

Drection X Direction Y

PID 0.234177681 0.381811303
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The sensor errors are shown in the below diagrams. The Roll angle and Pitch angle are taken
from the sensor for error calculations. The sensor is kept at a steady position and then data
is collected to see the drift of the reading from it’s steady position. The steady state error
becomes even more when the sensor is moved around or when disturbances are applied. As
a result the sensor value of the zero moment position changes slightly each time it is moved.
Therefore it is difficult to keep the pendulum at a perfectly vertical position because the
actual equilibrium position and the given equilibrium position from the sensor always have
a difference.

Figure 4.10 Sensor Error in Roll Value Over Time

Figure 4.11 Sensor Error in Pitch Value Over Time

4.1 Sensitivity to Parameters

One main reason why the system does not behave according to the mathematical model is
the sensitivity to the system parameters. This can vary from hardware parameters to elec-
tronic/electrical parameters.

Even though it is assumed that the motor’s rotational axis lies on the pendulum axis , in the
real setup there is some distance between the two axes. Therefore the calculated torque may
actually vary from the real torque needed.
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The motor constants values which have been taken from data sheets may also deviate from
the actual values. This affect the system a lot since torque control is achieved through voltage
driver. kt torque constant as well as kb back EMF constant, motor time constant has a greater
impact on the response of the system.

4.2 Modelling the Friction

Friction modelling for both the motor shaft as well and pendulum angle is needed to be done
in order to accurately model the dynamics of the system.

The total friction is generally the combination of the static friction and the viscus friction. It
can be written in the simplest from as below,

ftotalfriction = fstaticfriction + fviscusfriction (Equation 4.1)

The total friction should be found using experimentations.

To calculate the static friction, an increasing voltage should be given to the motor until the
shaft start to rotate. By using a current feedback the static friction can then be calculated.

To find the viscus friction the motor should run at a constant speed and measure the current
drain. Different speeds can be given to the system and then measure the torque required in
each occasion to compensate the friction can be observed. Then the average value of the
friction can be taken from plotting the graph.
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CHAPTER 5

CONCLUSION AND RECOMMENDATION

5.1 Conclusion

Two axis stick robot using two reaction wheels was developed and the physical model was
created. The differential equations of motion has been developed and mathematical model
for the system has been derived using them. The system is then linearised around the upright
position and then PID and LQR controllers has been implemented to balance the system.
Disturbances have been given to the system to test the stability. First each axis is balanced
separately and then both axis have been controlled together. However the total system is not
been able to balance while giving disturbances due to the moment on the yaw direction. Due
to sensor error and nature of the hardware design it is difficult to keep the stick robot at the
vertical equilibrium position and drive the system states to zero. (error, differentiation of
error as well as the rotor speed)

5.2 Recommendations

Reduce the weight of the hardware model to lower the system’s overall weight to balance it
with less torque.

Instead of using a voltage controller, a current control driver to directly control the torque
given to the system.

Current feedback and a feed-forward gain to increase the states of the system for more precise
and accurate balancing effect.

PID controller performance can be augmented by adding a separate PID to the motor control
setup.

To improve the robustness, the stabilising area can be divided in to two sections and imple-
menting different gains to balance it in those ranges.

Modelling the friction of the pivot point of the pendulum for calculations. This could en-
hance the balancing effect.
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