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ABSTRACT 

 

This thesis proposes and analyses an optimal inventory replenishment policy for a 

deteriorating item considering continuous time stochastic process for both demand and 

deterioration rate where shortages are allowed with time-dependent partial backlogging 

rate.  The model is developed based on order quality - reorder point (Q,R) policy with non-

zero lead time over infinite planning horizon. An appropriate cost model, which includes 

ordering cost, holding cost, deterioration cost, shortage cost and lost sale cost, is also 

developed. The main objective of this research is to find the optimal ordering quantity and 

reorder point that would minimize the average total cost per unit. Finally, a numerical 

example is presented and sensitivity analysis is carried out for important parameters. 

 

Keywords: Inventory model, Deteriorating item, Shortages, Stochastic demand, 

Partial backlogging 
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CHAPTER 1 

INTRODUCTION 

 

1.1 Background of the study 

 

The definition of inventory is supplies and materials that business, industries or 

organizations hold not only for the purpose to sale but also to meet with demands of the 

input products or supplies to the manufacturing process. Inventory management is 

important for both manufacturing industry and service business. To produce products, raw 

materials, work in process goods and finished inventories are necessary. In the content of 

service, facilities inventories are need. For example, when running an automobile 

workshop, it requires engine oil, spare parts, lubricants and whole bunch of mechanical 

equipment and tools to provide services to customers. These types of item are called 

facilities inventories.  Therefore, the role of inventory is very significant from the financial 

development part for any business industries or organizations. Keeping an inventory for 

future sales or use is a natural phenomenon in business. Therefore, inventory control 

techniques play a very essential role in the development of the process of reducing costs 

associated with the flows of materials. 

 

Inventory management is the technique to control and practice the shortage, replenishment 

and consuming of components and products by company in the production of the items it 

sells. It can also be defined as the way of forecasting and controlling for selling finished 

goods. A business’s inventory represents as one of the investment for firms and it is also a 

vital asset for the financial point of view. When supplying goods to a market, one of the 

techniques is to store certain amount of stocks which can fulfill customers’ demand without 

affecting the profit of the company. There are costs associated to order, store, maintain and 

insure inventory. Poor inventory management can lead to some serious financial problem 

for company. In addition, it can also allow shortages to occur which can cause lost sale. For 

the reason, a good management plan for inventory is required for organizational survival in 

the competitive market. Profitable inventory management includes planning a ordering 

schedule which is not only useful but also effective and efficient for both customers and 

business firms. In other word, it can create a win-win situation. It can also ensure the 

availability of the products when the customers are needed and always keep track the 

demand. In case of emergency, the plan must be flexible and adaptive to the nature of the 

problems that will be encountered in the future. 

 

Keeping inventories cannot be avoided by either businesses, firms, institutions, companies 

or organizations. They are financially important to manufacturing companies like 

automobile industries. Usually, they show from about 20% to 60% of total assets on the 

balance sheet. The company has a cost for carrying inventories, which causes the operating 

costs to increase and decreases profits. When dealing with thousands of stock keeping 

units, the art of balancing demand with supplies is quite difficult. It becomes even more 

complicated when multiple storage facilities are used. One of the most important 

uncertainties is demand uncertainty. This type of situations can be found in today’s 

competitive market where customers usually have wide variety of choices from multiple 

suppliers. In this environment, firms both desire to satisfy all of their customers’ needs and 
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to keep a minimal inventory level that is sufficient to operate the system effectively with 

low operation cost. Therefore, a successful inventory management is vital for 

organizations’ survival. 

Generally, types of inventory items can be classified into three different groups according 

to their physical properties. These are 

 

1. obsolescence 

2. deterioration  

3. no obsolescence/deterioration 

 

All causes of spoilage, damage, vaporization and damage mean deterioration of the 

products. Food products, meat, vegetables, fruits, photographic film and pharmaceutical 

products having a definite usable lifetime are some examples of perishable products. 

Obsolescence means losing the value of the items through time because of continuous 

development of the new products and technology by other companies. So that, the old 

model products are no longer wanted to buy by customers and they become gradually 

disappear from the global market when a better replacement is introduced. Mobile phones, 

automobile, fashion goods, styled products and seasonal items are some examples for 

obsolescence items. And certain kinds of products can last for a very long duration of time 

and have indefinite product life. These types of items can be distinguished as no 

obsolescence or deterioration products. Having too many idle inventories in the warehouse 

can increase inventory holding cost and it has negative impact upon the financial 

management of the company. However, we cannot avoid inventories as they can prevent 

shortages. If we do not keep enough inventories, we will definitely encounter with the 

problems of delays and shortages. 

 

Fundamental purposes of an inventory control system are therefore to resolve the following 

three issues: 

 

1. How frequent the inventory status should be checked? (e.g., two extreme cases; 

continuous review and periodic review) 

2. When to place a replenishment order? 

3. How much quantity of inventories should be ordered? 

 

Many mathematical models have been developed to answer these three questions. The 

model’s complexity depends on assumptions made on demands, cost structures, and 

physical characteristics of the system. Regarding to demand fluctuation, there are two 

different cases: deterministic demand and stochastic demand. With deterministic cases both 

demand and status of system is known, the answers for both questions when and how large 

the replenishment should be can be calculated easily. In the practical cases, control of 

inventory, however, becomes more complicated with introduction of uncertainties. The 

model becomes more complicated and complex when dealing with demand uncertainty. 

But it can give a good estimated result to the real situation problems. Due to the importance 

of inventory to firm's wealth, it is well worth considering and studying about inventory 

policy that deals with real world problems. This will help managers make right decision at 

right time to advance the company in a world competitive environment. 



3 
 

1.2 Problem statement 

 

This research focuses on inventory policy for deteriorating product. There have some 

significant reasons why this study is especially focused on certain kinds of particular items.  

First of all, the deterioration of goods happens as a natural phenomenon.  We cannot avoid 

the risks and losses due to deterioration. We can only make them to reduce as much as 

possible. The inventory system encounters the problem of shortages and loss of good or 

loss of profit due to the effect of deterioration. And also they have a short natural life cycle 

compared to other items so that the managers must pay a very careful attention to control 

such type of inventory to maximize profits. In addition, not much attention has been given 

to modeling of inventory which is subject to deterioration. For these reasons, the study on 

inventory problems for deteriorating products a new and interesting research area.  

 

Two most important factors in modeling of deterioration item are demand and deterioration 

rate. For demand, it can be further subdivided into two distinct categories known as, 

deterministic and stochastic demands. There has significant difference in between these 

two. Many researches had been done based on deterministic demand while a few focused 

on stochastic demand. When modeling with deterministic demand, most of the researchers 

assume that the parameters are known and constant. However, in practical, most of the 

available information regarding with inventory is not correct or specific; it is quite 

fluctuate, incorrect or insufficient. In this situation, the probability theory can be applied to 

make decisions under conditions of risk and uncertainty. Although modeling in a 

deterministic setting is more straightforward, many researchers suggest a stronger focus on 

stochastic modeling of deteriorating inventory, in order to present an affective inventory 

control in practice and this is also the future trend of the deteriorating inventory model. To 

fulfill this gap, this research will emphasize on stochastic demand. 

 

In case of deterioration rate, researchers also conducted numerous studies with different 

assumptions such as constant deterioration rate, assuming deterioration rate increases 

linearly with time,  deteriorating rate follows a two-parameter Weibull distribution or three-

parameter Weibull distribution. For simplicity but still realistic, this research will only 

consider time proportional deteriorating rate.  

 

1.3 Objectives of the study 

 

The overall objective of this study is to analyze a fixed-order quantity inventory system that 

allows shortages with partial backlogging. More specifically, the following objectives are 

desired.  

 

 To develop a mathematical model for the proposed policy 

 

 To derive a procedure to determine the optimal order quantity and reorder point that 

would minimize the average total cost per unit. 
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1.4 Scope and limitation 

 

 The model deals with single inventory item. 

 

 The planning horizon of the inventory system is infinite and lead time is 

assumed to be constant. 

 

 Demands during shortage period are backlogged partially. 

 

 Replenishment rate is infinite, i.e., replenishment is instantaneous. 

 

 The demand and deterioration rates follow continuous time stochastic 

processes. 

 

 The holding cost, ordering cost, purchase cost, lost sale cost and shortage 

cost remain constant over time. 
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CHAPTER 2 

LITERATURE REVIEW 

 
This chapter presents the overview of modeling deteriorating inventory item. Furthermore, 

several literatures related to the deteriorating inventory problem with deterministic and 

stochastic demand are reviewed. 

 

2.1 Inventory policies 

 

Inventory policy can be defined as the standard operation procedure (SOP) for 

implementation an inventory model. Generally, the inventory control system can be 

differentiated into two distinct classes namely fixed-order quantity models (also called as 

the economic order quantity, EOQ, continuous review system and Q-model) and fixed-time 

period models (also referred to variously as the periodic system, periodic review system, 

fixed-order interval system and P-model) . 

 

1. Fixed-order quantity models (Q-model) 

 

An inventory control system can be designed so that the inventory position is monitored 

continuously. As soon as the inventory position falls to a predetermined level called as 

reorder point (R), an order is triggered. The order will be delivered after a certain lead time. 

Inventory position can be calculated by combining the on- hand inventory with ordering 

quantiity and subtact the amount of backordered quantities.  We called this as continuous 

review. Figure 2.1 shows the graphical operation of the (Q, R) policy. Such inventory 

model must have (Q, R) as decision variables. 

 

Since this policy requires that the inventory levels be continuously monitored, it calls for 

keeping a constant watch at stock levels, while in a computerized inventory control, it is 

easy; in manual systems its administrative costs of operation could be more. To ease this 

situation, a very ingenious method of manual monitoring of this policy has been evolved 

and is in practice for long and is called the “two-bin” policy. Under the two-bin policy, 

total stock is kept in two bins. The second bin keeps the stock required during the lead time, 

and the first bin contains the Q minus the stock in the second bin. The consumption is met 

from the first bin until it gets totally consumed. The moment it happens, the reorder point is 

deemed to have been reached, and a replenishment order of size (Q) is placed. During the 

replenishment period, the demand is met from the second bin. 
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2. Fixed-time period model (P-model) 

 

An alternate to continuous review is to consider the inventory position only at certain given 

points in time such as every week or every month. The stock status is periodically reviewed 

under this policy after a fixed time interval (T). When the review period is reached, the 

order is placed which is determined by the following relationship: 

 

Q = order quantity = ( S – X ) 

 

where S = maximum stock level (or order up to level) 

          X = stock on hand at the time of review 

 

Figure 2.2 illustrates the periodic review policy graphically. 

 

Under this policy, S, the maximum stock level and the time interval between two reviews 

(T) are the two decision variables for optimization. Therefore, it is also called as (S, T) 

policy. Operation of this policy is relatively easy because status of inventory is taken only 

after a fixed time interval. However, this policy is quite sensitive to the consumption during 

the review cycle. If stock on hand is high, the order quantity for the next period is low and 

vice versa. However, under this policy, an order has to be mandatorily placed even if the 

stock levels are quite high at the review period due to which the order size is a small 

quantity. 
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Both alternative techniques have advantages as well as disadvantages. Some significant 

differences are presented in the following table. 
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2.2 Overview of modeling deteriorating inventory item 

 

Inventory control problem is one where are faced with a sequence of decisions of how 

much of a commodity to order at each stage and when to order to satisfy demand. Waters 

(1992), Naddor (1966), Johnson and Montgomery (1974) studied classical models for 

inventory systems. The classical inventory models are developed by assuming that the 

physical properties of the inventory are unchanged through time. There were some authors 

who did make an allowance for deterioration of the commodity while being stored, but the 

commodity remained in the store and might be used to satisfy demand, no matter how long 

it has been in the store. Furthermore, the allowance made for deterioration was always a 

function of the total amount of stock left; i.e. it did not take into account the age 

distribution of the stock. It followed that if an item remained in the warehouse for a number 

of periods, we made the same allowance for deterioration at the end of each period with 

respect to this item. It was therefore possible for an item to remain in the store so long that 

the total allowance for deterioration made with respect to this item exceeded the value of 

the item. Yet, according to the models used, this item could still be used to satisfy demand.  

However, the model cannot perform well whenever there is a very rapid deterioration of the 

commodity. 

 

Harris (1913) is the first to develop a mathematical model of inventory policy by adopting 

the classical Economic Order Quantity (EOQ) formula. The author made the assumption 

that the life time of stocked items is infinite. So, many researchers turned their interest on 

deteriorating inventory.  

 

Starting with Whitin (1957) who developed a model by considering that fashion goods 

deteriorate at the end of predetermined stocking period. Later in 1963, Ghare and Schrader 

studied an inventory model with exponential deterioration rate. From the results of their 

research, they concluded that some physical properties of certain products gradually reduce 

through time. And this trend is very similar to a negative exponential function of time. 

They proved that inventory level for deteriorating items can be calculated by following 

formula. 

 

 
 

In the function, θ stands for constant deterioration rate, I(t) refers to the inventory item at 

time t and then f(t) is the demand rate at time t. Many follow-up studies are also developed 

based on that formula. Different mathematical model for decaying inventory system have 

been developed through time by considering numerous possible and realistic assumptions 

and constraints in order to cope with the real situations of the problems.  
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Three categories can be distinguished based on shelf life characteristics: 

 

i. Fixed lifetime, i.e. predetermined deterministic lifetime of e.g. two days 

or one season. 

ii. Age dependent deterioration rate which implies a probabilistic 

distributed lifetime, e.g. Weibull distribution. 

iii. Time or inventory (but not age) dependent deterioration rate. 

 

Demand is the main factor when developing inventory control model. Currently, there are 

two distinct typed of demand known as stochastic demand and deterministic demand. A 

great majority of models assume a deterministic demand. From a real life point of view, 

this makes these models less readily applicable in a business environment because of the 

information related to demand is not always precise and it is difficult to know the exact 

demand rate. Therefore, more researchers start to turn their interest into modeling 

deteriorating inventory problems with dynamic or stochastic conditions. Detail factors 

about type of demand are illustrated in figure 2.4. 

 

 
 

Figure 2.3 Type of demands in modeling deteriorating inventory item 

 

Beside demand and deterioration rate, there exit different conditions need to take into 

account in developing the models. Some of these are price discount, inflation, allowing 

shortages or not, with some allowable delay in payments and time-value of money 

 

Most of the deterioration rates in the models are constant such as Ghare and Schare (1963) 

and Aggarwal (1978). But the relationship between time and deterioration rate have also 

begun to investigate by many researchers recently. In 2007, a new research development is 

conducted by Dye. He considered that the deterioration rate can be assumed as a function of 

time. 
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Goyal and Giri (2001) made an overall review of modeling deterioration inventory between 

three broad categories of inventory, which included 130 references. In their paper, they 

organized the models according to variations of demand and many different assumptions 

and conditions. They are the first to observe a generalized review and analysis of literatures 

and researches for modeling perishable inventory control starting from the beginning of 

1990s. 

 

Later in 2009, Li .R, Lan .H, Maawhinney .J.R provide an overview of some 100 recent 

papers on deterioration inventory management. Their objective is to summarize all the 

researches and papers about the deteriorating inventory studies in respective fields. They 

organize the literatures into two main categories based on an individual firm and on 

logistics network. 

 

2.3 Literature review of deteriorating inventory problem with deterministic 

demand 

 

Majority of the inventory models that had been developed in the past are based on constant 

demand rate for simplicity. There are a significant numbers of papers and research works 

related to this area and many researchers are trying to develop the most reliable and 

realistic models by adopting various factors. 

 

Since the publications of the book on “Inventory control for perishable commodities” by 

Van Zyl (1964), there has come into being an extensive literature on this subject. In that 

book, the problems could be classified into two groups according to the type of perishable 

commodity considered. The first group was where the amount of stock that perished at the 

end of the period was independent of the age distribution of the stock left. The second 

group was where the commodity stayed good for exactly two periods after it has been 

received. Two assumptions were used in his book. It was always assumed that the orders 

were carried out immediately, i.e. there was no lag in the deliveries. The other assumption 

was that all cost functions were linear. 

 

Through the time, a number of researchers tried to solve these cases in some ways or 

others. Misra (1975) developed a perishable inventory model with Weibull deterioration 

rate without shortages so that no backlogging for demand. He calculated the total cost per 

unit time by using Taylor’s series approximation. By using linear approximation, he can 

also decrease the decision space from time spans to one. He also developed a solution 

procedure to determine the final one time-span by applying the first-order necessary 

conditions.. 

 

Cheng (1986) studied a traditional EOQ model in new situations by allowing permissible 

delay in replenishment rate of items which have exponential deterioration rate and have 

tendency to perish through time. On the other hand, Padmanabhan and Vrat (1995) 

developed the EOQ inventory model with selling rate is dependent to the level of stock.    

In order to extend EOQ-type inventory model, Giri and Chaudhuri (1998) developed an 

inventory replenishment control policy for a perishable product where distribution of 

demand rate is directly proportional to the function of the inventory on-hand. Moreover, 
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they also studied the effectiveness of their model with both nonlinear time-dependent and 

stock holding costs.  

 

Bhunia and Maiti (1998) studied an inventory replenishment model with rate of 

replenishment is assumed to be finite and dependent upon the level of inventory. In their 

research, the feature of the replenishment rate consists of two parts. The first part is 

constant the next one is directly proportional to the carrying inventory with the demand rate 

of the inventory. They developed two models. The first one is without shortage; where in 

the second, it was allowed. Philip (1974) also studied the model for perishable product by 

using EOQ formula with special distribution function of deterioration: Weibull distribution 

function. He generalized the model for items with this function and gave some useful 

results. On the other hand, Shah (1977) represented an inventory replenishment policy for 

deteriorating products with shortages and backlogging with instantaneous replenishment 

rate.  

   

In the United States blood is perishable in the legal sense since it may not be used for 

transfusion after it has been in the blood bank for more than a certain number of days. Goh 

et al. (1993) built up the model for inventory with a single product, two-stage perishable 

inventory system. The inventory of fresh items that were older but still usable are 

represented during the first stage. Fresh items were not used within a certain period (e.g., 

ten days in the blood application) would be transferred from the first stage to the second 

stage. First stage was a restricted policy. Under this policy, customers’ demand for older 

items could only be fulfilled by the item in the second stage. That was, a reservation was 

made for the fresh products within the first stage even when there was nothing left at the 

second stage of inventory system in order to minimize the shortage of fresh blood. The 

second was an unrestricted policy. 

 

There were some new ways for solving this problem. Vaughan (1994) introduced the 

inventory model, which recognized and incorporated the effects of product expiration. The 

model analyzed about inventory replenishment and conditions of the item after perished 

with arbitrary duration of usable life. The author analyzed the model based on an order-up- 

to inventory policy known as (s,S) inventory control policy. On the other hand, with the 

help of simulation software, Chiu (1995) proved the application of his model under positive 

lead time condition. This model was a continuous review (Q, r) (economic order 

quantity/reorder point) inventory policy with a positive lead-time.  

 

Ghare and Schrader (1963) considered inventory models in which inventory was depleted 

not only by demand but also by decay – such as direct spoilage as in fruit, physical 

depletion as in highly volatile liquids, or deterioration as in electronic components or grain. 

The authors described several models in which depletion over time is the result of the 

combined effect of demand usage and decay. Economic order quantities under conditions 

of constant demand and exponential decay were also determined. On the other hand, Wu 

and Quyang (2000) introduced a new replenishment policy for deteriorating items with 

ramp type demand rate. Sachan (1984) discussed on (T, Si) policy inventory model for 

deteriorating items with time proportional demand.   
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Pin-Shou Ting (1993) develop a mathematical model for controlling inventory 

replenishment policy allowing shortages by assuming that the demand rate is changed 

linearly with time.  The authors find the optimal replenishment values, respective 

replenishment points and the time at which level of inventory reaches zero by solving with 

any iterative method. Moreover, numerical examples are conducted to prove that the 

heuristic and restricted optimal model developed by previous researchers would sometimes 

induce a significant cost penalty. 

 

Kuo (2006) study a finite planning horizon inventory model for deterioration items with 

stock-dependent consumption rate with shortages which are completely backlogged. In this 

study, the author point out that in some supermarkets where a large pile of goods can attract 

the customers. Hence, a retailer should display as much quantities of goods as he can to 

generate demand. In addition,   the author also takes into consideration about the effect of 

inflation and time value of money in the proposed model under instantaneous 

replenishment rate with zero lead time. 

  

Dye et al (2007) research a deterioration inventory model where demand rate is dependent 

upon price by adopting the discount cash flow (DCF) approach. In the model, the 

deterioration rate is a function of time and shortages are allowed. The study proves that for 

any given selling price, the optimal replenishment schedule not only exists but is unique. 

As a result, the proposed model can help to find the optimal selling price and replenishment 

schedule and show that the total profit per unit time is a concave function of price when the 

replenishment schedule is given.  

 

Sakar .T and Ghosh .S.K (2012) developed a inventory model for a deteriorating item with 

time-dependent demand. In this research, they adopted the time-dependent partial 

backlogging rate which is directly proportional to the time during that customers want to 

wait until the next ordering cycle is arrived. They also varied different replenishment cycle 

over a finite planning time horizon. One of the most useful fact of time-dependent quadratic 

demand is that it can accompanies with all three types of decreasing, increasing and 

constant demand rate that depends upon the parameters of the demand function. By 

observing from the numerical results, it can be concluded that optimal total cost and 

replenishment decreases for complete backlogging case than that of partial backlogging.  

 

2.4 Literature review of deteriorating inventory problem with stochastic demand 

 

Another alternative approach to reflect the growing uncertainty in the modern business 

environment is stochastic demand setting. The next development of inventory dealing with 

uncertainties with rigorous analysis of models with explicitly stochastic features began in 

the 1950s (Zipkin, 2000). This inventory control model addresses some of truly basic issues 

of operation management to answer for question of how to control a system whose demand 

is uncertain and what are the effects of such uncertainties on system performance? Due to 

the uncertainties, it is difficult to determine system operation parameters as models with 

assuming deterministic demand at a constant rate where the inventory control policy has 

two properties: the orders are all the same size, and they are placed at equal intervals of 

time; in both quantity and timing orders are regulars and predictable. In the stochastic 

models with random demands, at least one of these regularities must be foregone. For 
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example, it is possible to still place orders at regular intervals, but then the order quantities 

will vary. Or order equal amount of orders, but the time between orders will vary. 

 

Chakravarthy .S.R and Daniel .J.K (2004) develop an (s,S) type inventory model with 

demand rate can be assumed by a Markovian arrival process (MAP). The physical 

properties of products are that it has exponentially limited shelf life with step by step 

replenishing times allowing a finite backlog. The authors prove that a number of random 

variables to be of phase type by applying matrix analytic methods and defined the ordering 

schedule with the help of MAP. This research also illustrated the effect of demand duration 

and the changeability of the cycle times within the inventory system through some 

numerical examples. 

 

Shanthi  .S (2000) solve the inventory problem for perishable products where demands rate 

are estimated by Poisson distribution. The rate of replenishment id random and it is 

completely dependent upon the filling rate of order and supply amount. The author 

considered all three possible cases for shortages i.e, full backlogging, partial backlogging 

and completely lost sales. Numerical results prove that the distribution function can be 

found by using matrix recursion technique. This model can also be applied to solve the 

problems related to Markov process.  

 

Lian .Z, Liu .X and Zhao .N (2009) analyze a continuous review perishable inventory 

system. They assumed the distribution of demand rate as Markovian renewal process. In the 

study, the authors claim that, people usually assume that the inter-demand times are 

separate to each other and equally distributed in the inventory model, but that may not be 

true in reality. For that reason, the authors try to seek a better explanation for this kind of 

inventory models when demand is dependent. The authors derive the transition matrix and 

develop a total cost function by using Markovian renewal theory. 

    

Olsson .F (2010) develop an inventory model with (S-1,S) policy with Poisson demand 

considering only for a single-echelon and single warehouse site. The shelf life and the 

replenishment lead time form external suppliers are assumed to be unchanged. The demand 

during shortage are immediately backlogged with deterioration is assumed to start as soon 

as the order is placed. In this study, the authors consider three different scenarios where the 

service requirements are represented by: (1) service level, (2) shortage costs per unit and 

(3) backorder costs per unit per time. This study shows that the results from inventory 

models which are based on (Q,R) policies  can be compared with the results from an old 

research paper dealing with lost sales problems. 

 

Aggoun .L, Benherouf .L and Tadj .L (1999) develop an optimal replenishment model for 

perishable products with continuous time stochastic process with demand rate for each 

ordering cycle can be assumed by regenerative process. And they also take into 

consideration about the possibility of random lead time with shortages are allowed. The 

main objective of their study is to find the optimal values of replenishment quantity (Q) and 

reorder point (r) to minimize the total cost per unit time (TCU). The optimal policy is found 

by using a NAG library software.  Moreover, they also proved the applicability of their 

model with numerical examples and made a comparison between the optimal schedule and 

an approximation method. 
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When modeling inventory model with deterministic approach, most of the researchers 

assumed that the parameters are known with under some constant constraints. But that kind 

of assumptions is not really appropriate with the real world inventory problems. In practice, 

the information concerning about inventory are not very accurate. It is rather quite 

fluctuate, fuzzy or random in nature. For these reasons, this study follows stochastic 

probability approach to achieve the objective. 
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CHAPTER 3 

METHODOLOGY 

 

3.1 Methodology 

 

There are several techniques as well as model algorithms, which have been developed to 

solve inventory problem with perishable products, as discussed in literature review. The 

mathematical model proposed in this study is an inventory replenishment policy for a 

deteriorating item with both demand and deterioration rates follow continuous time 

stochastic process allowing shortages with partial backlogging. The inventory model is 

developed based on fixed-order quantity model known as Q-model. The detail information 

of the structure of inventory will be explained in the next chapter. The whole structure of 

study methodology can be viewed in the following figure. 

 
1. Review of related literatures 

 Deterministic demand 

 Stochastic demand 

 

 

 

 

2. Analyze the structure of the inventory system 

 

 

 

 

3. Develop the mathematical model for total inventory cost 

 

 

 

 

4. Derive an algorithm to find the optimal decision variables 

 by minimizing the objective cost function. 

 

 

 

 

5. Conduct numerical examples and sensitivity analysis 

 for the input parameters 

 

 

 

 

6. Conclusions and recommendations 
 

Figure 3.1 Overall structure for the methodology of the study 
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For numerical investigation, we built a mathematical model of our problem by using 

MATLAB software package. After model validation, we apply Quasi-Newton method for 

optimization which is available in MATLAB optimization toolbox. 

 

3.2 Quasi-Newton method 

 

Quasi-Newton Methods (QNMs) are generally a class of optimization methods that are 

used in Non-Linear Programming when full Newton’s Methods are either too time 

consuming or difficult to use. More specifically, these methods are used to minimize a 

function f(x) that is twice-differentiable. There are distinct advantages to using Quasi-

Newton Methods over the full Newton's Method for expansive and complex non-linear 

problems. 

 

The procedure is much the same as regular Newton’s Method with a modification to the 

Hessian Matrix step. Again, the modification depends on the specific type of Quasi-Newton 

Method being used. 
 

For a given f(x) that is twice-differentiable:  

 

1. Choose a starting point   

2. Calculate search direction by estimating  (method varies)  

3. Calculate change in  using the following equation:  

                

4. Determine new  value,   

5. Determine if method has converged using convergence criteria (gradient)  

6. Repeat from step 2 if not optimum  

 

So, generally, Quasi-Newton Methods are an efficient way to optimize functions when 

either computation or iteration is costly. While their exact methods vary, they all can 

determine the optimum faster and more efficiently than Newton’s Method when the 

problems are complex. 
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CHAPTER 4 

MATHEMATICAL MODEL  

 

4.1 Summary of notations 

 

In this study, the following symbols and notations are assigned in order to develop a 

mathematical model. 

 

Q = Order quantity 

R = Reorder level 

N = Total number of replenishment cycles 

 j = Replenishment cycle ( j = 1,2,……,N) 

K = Total number of possible scenarios for demand and deterioration rate to occur 

k = Scenario ( k = 1,2,……..,K) 

Dj
k(t) = Demand rate at time t during the j-th replenishment cycle for scenario k  

ɸj
k(t) = Deterioration rate at time t during the j-th replenishment cycle for scenario k 

I(t) = Inventory level at time t , t ≥ 0 

IINVj = Starting inventory level of cycle j 

IINVj+1= Starting inventory level of next cycle ( j+1 ) 

EINVj = Ending inventory level of cycle j 

tj = The time at which inventory level reaches R during the j-th replenishment cycle  

L = Lead time 

Tj = The j-th replenishment time with T0 = 0. 

∆j = The time duration for the inventory to reach level zero starting from level R. 

ƞ = Waiting time of the customer  

δ = Backlogging rate (δ  0) 

B(ƞ) = Backlogged demand during shortage 

Ch = Holding cost per unit per time 

Cr = Replenishment or ordering cost per order 

Cs = Shortage cost per unit per time unit 

Cp = Purchase cost per unit 

Cl = The cost of lost sales per unit per time unit 

TC = Total cost per unit of time 

 

4.2 Basic assumptions 

 

The following assumptions are made for the development of a mathematical model in this 

research: 

 

1. The demand rate 𝐷𝑘(𝑡) and the deterioration rate 𝜙𝑘(𝑡)are distributed with time. 
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2. Each replenishment cycle j may follow one of the k scenarios for demand and 

deterioration {𝐷𝑘(𝑡), 𝜙𝑘(𝑡)} rates to occur, where ∑ 𝑝𝑘 = 1 𝐾
𝑘=1 and K stands for 

total number of scenarios. 

3. At time t = 0, an amount of 𝑄 + 𝑅 units is stored in the system. 

4. The system is reviewed continuously and inventory issuing policy is FIFO.  

5. The holding cost, ordering cost, purchase cost and shortage cost are known and 

remain constant over time. 

6. Lead time is constant. 

7. Shortages are allowed to occur during the cycle. 

8. During shortage period, the customers are impatient to wait and some portion 𝐵(ƞ) 
of the backlogged demand can be saved, where ƞ the waiting time of the customers 

before next replenishment is arrived. The remaining fraction [1 − 𝐵(ƞ)] is lost. 

9. 𝐵(ƞ)can be calculated by 𝐵(ƞ) =  
1

1+𝛿ƞ
 , 𝛿 ˃ 0 is the backlogging rate which is a 

predefined constant. 

 

4.3 Mathematical model 

 

4.3.1 Type of inventory system  

 

The behavior of the inventory system adopts for this research is fixed-order quantity system 

which try to find the specific reorder point (R) to place an order and the exact amount of 

that order (Q) for the next replenishment cycle. Both reorder point and ordering quantity 

are a definite number of units. Whenever the inventory level (current in stock and on order) 

hit the point R, an order size of Q is made. Level of inventory can be easily calculated by 

combining carrying inventory with on-order and subtract the amount of quantities 

backlogged. The event R is dependent upon the distribution of the demand of the products 

and can be anywhere over the planning horizon. For that reason, fixed-order quantity 

system requires continuous monitoring and always keeps track the status of the inventory. 

Thus, the fixed-order quantity model is a perpetual system which requires that every time a 

withdrawal from inventory or an additional to inventory is made, records must be updated 

to determine the reorder point. The reason why this research is based on fixed-order 

quantity model is because it is more suitable for higher-priced, critical or important items 

which need closer monitoring than other type of inventory. So, this type of model is more 

appropriate for deterioration items.  

 

However, it requires more maintenance time than other types of policy because every order 

arrival or consumption must be recorded through times. The system mainly focuses on 

order quantity and reorder points. Basically, when a demand occurs and a unit is reduced 

from the stock, a record is made to track that withdrawal. After that, the record is 

immediately checked with reorder point, R. If the amount of inventory level is higher than 

reorder point, there system remains as an idle state. Otherwise, if the inventory level 
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reduced to reorder point, an order quantity of Q is made and it arrives after some lead 

times. The following figure show what occurs when this type of inventory model is put into 

use and becomes an operating system. 

 

 

 

 

 
 

Figure 4.1 Fixed-Order quantity system 

 

4.3.2 Structure of inventory 

 

The typical behavior of the inventory system at any time during a given cycle is depicted in 

figures 4.2 and 4.3. Replenishment is made at the beginning of any cycle when the 

inventory level reaches to R. From t = 0 to Tj time units, the inventory quantity gradually 

reduces because of demand and deterioration rate. And there are K possible scenarios for 

each demand and deterioration rate to occur. Finally, the inventory level reaches level R at 

which time an order of amount Q is made. After a certain lead time L, the order arrives and 

a new cycle begins. In each cycle, the inventory system has two possible cases called with 

or without shortage. To identify which cases will occur during a cycle j , we need to find Δj 

value and compare that value with lead time. If Δj ≥ L, case 1 i.e. inventory system without 

Idle state

Waiting for demand

Demand occurs 

Units withdrawal from 
inventory or backordered

Compute inventory position

Position = On-hand +             
On-order - Backordered

Is position ≤

Reorder point ?

Issue an order for exactly

Q units

Yes 

No 
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shortage will occur and continue the calculation according to case 1. Otherwise, Δj < L, 

case 2 will occur. 

 

4.3.3 Case 1 : Inventory system without shortage 

 

The level of inventory over between duration [0, 𝑇𝑗] can be formulated by the following 

differential equation. 

 

𝑑𝐼(𝑡)

𝑑𝑡
= −𝐷𝑘(𝑡) − 𝜙𝑘(𝑡)𝐼(𝑡),                  0 ≤ 𝑡 ≤ 𝑇𝑗                          (1) 

 

with boundary condition  𝐼(𝑡𝑗 + 𝛥𝑗) = 0. 

 

 
 

Figure 4.2 The realization of the inventory system without shortage 

 

Let 𝑦 = 𝐼(𝑡), so we have (1) becomes 

 

𝑦′ + 𝜙𝑘(𝑡)𝑦 = −𝐷𝑘(𝑡)                                                                      (2) 

 

 

First consider the special case of eq (2) in which 𝐷𝑘(𝑡) = 0. 
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𝑦′ + 𝜙𝑘(𝑡)𝑦 = 0                                                                               (3) 

 

In eq (3), we can separate the variables and solve as follows; 

 
𝑦′

𝑦
= −𝜙𝑘(𝑡)                                                           , 𝑜𝑟             𝑦 = 0 

 

𝑙𝑛|𝑦| = −∫𝜙𝑘(𝑡)𝑑𝑡 + ln 𝑐       (𝑐 > 0)             , 𝑜𝑟              𝑦 = 0 

 

𝑦 = 𝑐 ∗  𝑒−∫𝜙𝑘(𝑡)𝑑𝑡                                                  (𝑐 𝑎𝑟𝑏𝑖𝑡𝑎𝑟𝑦) 

 

If we write the solution in the form, 

 

𝑦 ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 = 𝑐 
 

Now multiply eq (2) with 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 , we have 

 

𝑦′ ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 + 𝜙𝑘(𝑡) ∗ 𝑦 ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 = −𝐷𝑗
𝑘(𝑡) ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 

 
𝑑

𝑑𝑡
(𝑦′ + ɸ𝑗

𝑘(𝑡)) = −𝐷𝑗
𝑘(𝑡) ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 

So, 

 

𝑦 ∗ 𝑒∫𝜙𝑘(𝑡)𝑑𝑡 = ∫𝑒∫𝜙𝑘(𝑡)𝑑𝑡𝐷𝑘(𝑢)𝑑𝑢 

 

Therefore, 

 

𝐼(𝑡) = 𝑒−∫𝜙𝑘(𝑡)𝑑𝑡 ∫ 𝑒𝑒∫𝜙𝑘(𝑢)𝑑𝑢
𝐷𝑘(𝑢)𝑑𝑢

𝑡𝑗+𝛥𝑗

𝑡

                                                             

 

Since ∫𝜙𝑘(𝑡)𝑑𝑡 =𝜙𝑘𝑡   if   𝜙𝑘(𝑡) = 𝜙𝑘 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 , then 

 

𝐼(𝑡) = 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

          (0 ≤ 𝑡 ≤ 𝑇𝑗)                               (4) 

 

It is also noted that at time t = 0, 

 

𝐼(0) = ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢 =  𝐼𝐼𝑁𝑉𝑗 

𝑡𝑗+𝛥𝑗

0

                                                      (5) 

 

And at time 𝑡 = 𝑡𝑗, 
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𝐼(𝑡𝑗) = 𝑒−𝜙𝑘𝑡𝑗 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢 = 𝑅                                                  (6)
𝑡𝑗+𝛥𝑗

𝑡𝑗

 

 

So, if we know IINVj and R, we can find tj and Δj respectively.  

 

After that check for the following conditions; 

 

 If  Δj  ≥  L : Case 1 occurs. In such a case , the order arrives after lead time before 

the level of inventory goes over zero. So, there will be no shortages for this cycle 

but we must take into consideration about deterioration rate. 

 

 If  Δj  < L  : Case 2 occurs. In such a case the order arrives after inventory level goes 

over zero and starting to accumulate shortages. For this cycle, the deterioration rate 

should be considered only for on-hand inventory. 

 

Cost calculation for case 1 

 

 Ordering cost per cycle = 𝐶𝑟 

 

 Holding cost per cycle 

 

= 𝐶ℎ ∗ ∫ 𝐼(𝑡)𝑑𝑡
𝑡𝑗+𝐿

0

 

= 𝐶ℎ ∗ ∫ 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

𝑑𝑡
𝑡𝑗+𝐿

0

 

 

 Deterioration cost per cycle 

 

= 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) 𝐼(𝑡) 𝑑𝑡
𝑡𝑗+𝐿

0

 

= 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) (𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

)  𝑑𝑡
𝑡𝑗+𝐿

0

 

 

 Shortage cost per cycle = 0 

 

 Lost sale cost per cycle = 0 

 

Therefore, the total cost per unit of time can be calculated by  

 

𝑇𝐶𝑗 =
1

𝑡𝑗 + 𝐿
[𝐶𝑟 + 𝐶ℎ ∗ ∫ 𝐼(𝑡)𝑑𝑡

𝑡𝑗+𝐿

0

+ 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) 𝐼(𝑡)𝑑𝑡
𝑡𝑗+𝐿

0

] 
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𝑇𝐶𝑗 =
1

𝑡𝑗 + 𝐿

[
 
 
 
 𝐶𝑟 + 𝐶ℎ ∗ ∫ 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢

𝑡𝑗+𝛥𝑗

𝑡

𝑑𝑡
𝑡𝑗+𝐿

0

+𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) (𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

)𝑑𝑡
𝑡𝑗+𝐿

0 ]
 
 
 
 

                   (7) 

 

4.3.4 Case 2 : Inventory system with shortage 

 

The total number of inventory at time t over period [0, 𝑡𝑗 + 𝐿] can be calculated from the  

differential equation presented below. 

 
𝑑𝐼(𝑡)

𝑑𝑡
= −𝐷𝑘(𝑡) − 𝜙𝑘(𝑡)𝐼(𝑡),                  0 ≤ 𝑡 ≤ 𝑡𝑗 + 𝛥𝑗                           

 

with boundary condition 𝐼(𝑡𝑗 + 𝛥𝑗) = 0. Since no deterioration occurs in the interval  

[𝑡𝑗 + 𝛥𝑗 , 𝑡𝑗 + 𝐿].  So, the level of inventory starting from time 𝑡𝑗 + 𝛥𝑗   and up to 𝑡𝑗 + 𝐿 can 

be found from the following differential equation. 

 

𝑑𝐼(𝑡)

𝑑𝑡
= −𝐷𝑘(𝑡)𝐵(𝑡) =

−𝐷𝑘(𝑡)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑡)
 ,         𝑡𝑗 + 𝛥𝑗 ≤ 𝑡 ≤ 𝑡𝑗 + 𝐿 

 

 
 

Figure 4.3 The realization of the inventory system with shortage 
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And the direct calculation from the above equations gives 

 

𝐼(𝑡) = 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

        𝑖𝑓  (0 ≤ 𝑡 ≤ 𝑡𝑗 + 𝛥𝑗)                               (8) 

And 

𝐼(𝑡) = ∫
−𝐷𝑘(𝑢)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑢)
𝑑𝑢           𝑖𝑓    (𝑡𝑗 + 𝛥𝑗 < 𝑡 ≤ 𝑡𝑗 + 𝐿) 

𝑡

𝑡𝑗+𝛥𝑗

                     (9) 

 

Calculation for case 2  

 

 Ordering cost per cycle = 𝐶𝑟 

 

 Holding cost per cycle  

 

= 𝐶ℎ ∗ ∫ 𝐼(𝑡)𝑑𝑡
𝑡𝑗+𝛥𝑗

0

 

= 𝐶ℎ ∗ ∫ 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

𝑑𝑡
𝑡𝑗+𝛥𝑗

0

 

 

 Deterioration cost per cycle  

 

= 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) 𝐼(𝑡) 𝑑𝑡
𝑡𝑗+𝛥𝑗

0

 

= 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) 𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

 𝑑𝑡
𝑡𝑗+𝛥𝑗

0

 

 

 Shortage cost per cycle 

 

= 𝐶𝑠 ∗ ∫ 𝐼(𝑡)𝑑𝑡
𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

 

= 𝐶𝑠 ∗ ∫ (∫
−𝐷𝑘(𝑢)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑢)
𝑑𝑢

𝑡

𝑡𝑗+𝛥𝑗

)𝑑𝑡
𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

 

                                 

 Lost sale cost per cycle  

 

= 𝐶𝑙 ∗ ∫ [𝐷𝑘(𝑡) −
𝐷𝑘(𝑡)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑡)
] 𝑑𝑡

𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

 

       

Therefore, an equation to find the total cost per unit time is 
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𝑇𝐶𝑗 =
1

𝑡𝑗 + 𝐿

[
 
 
 
 𝐶𝑟 + 𝐶ℎ ∗ ∫ 𝐼(𝑡)𝑑𝑡

𝑡𝑗+𝛥𝑗

0

+ 𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) 𝐼(𝑡) 𝑑𝑡
𝑡𝑗+𝛥𝑗

0

+ 𝐶𝑠 ∗ ∫ 𝐼(𝑡)𝑑𝑡
𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

+𝐶𝑙 ∗ ∫ [𝐷𝑘(𝑡) −
𝐷𝑘(𝑡)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑡)
] 𝑑𝑡

𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗 ]
 
 
 
 

 

 

𝑇𝐶𝑗 =
1

𝑡𝑗 + 𝐿

[
 
 
 
 
 
 
 
 
 
 𝐶𝑟 + 𝐶ℎ ∗ ∫ (𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢

𝑡𝑗+𝛥𝑗

𝑡

)𝑑𝑡
𝑡𝑗+𝛥𝑗

0

+𝐶𝑝 ∗ ∫ 𝜙𝑘(𝑡) (𝑒−𝜙𝑘𝑡 ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡

)  𝑑𝑡
𝑡𝑗+𝛥𝑗

0

+𝐶𝑠 ∗ ∫ (∫
−𝐷𝑘(𝑢)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑢)
𝑑𝑢

𝑡

𝑡𝑗+𝛥𝑗

)𝑑𝑡
𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

+𝐶𝑙 ∗ ∫ [𝛿
(𝑡𝑗 + 𝐿 − 𝑡)𝐷𝑘(𝑡)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑡)
] 𝑑𝑡

𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗 ]
 
 
 
 
 
 
 
 
 
 

                          (10) 

 

 

 

For the next cycle (i.e., cycle j+1), we have to find EINVj of cycle j first. 

 

 If case 1 occur in cycle j , then 

 

𝐸𝐼𝑁𝑉𝑗 = 𝐼(𝑡𝑗 + 𝐿) = 𝑒−𝜙𝑘( 𝑡𝑗+𝐿) ∫ 𝑒𝜙𝑘𝑢𝐷𝑘(𝑢)𝑑𝑢
𝑡𝑗+𝛥𝑗

𝑡𝑗+𝐿

                         (11) 

 If case 2 occur in cycle j , then 

 

𝐸𝐼𝑁𝑉𝑗 = 𝐼(𝑡𝑗 + 𝐿) = ∫
𝐷𝑘(𝑢)

1 + 𝛿(𝑡𝑗 + 𝐿 − 𝑢)
𝑑𝑢                                   

𝑡𝑗+𝐿

𝑡𝑗+𝛥𝑗

(12) 

 

Then, the starting inventory level of cycle j+1 will be 

 

𝐼𝐼𝑁𝑉𝑗+1 = 𝐸𝐼𝑁𝑉𝑗 + 𝑄                                                                         (13) 

 

When the total cost per unit time for each cycle is found, we now need to find the average 

total cost per unit time. So that, parameters Q and R are the decision variables and the 

average cost function is our objective variable. Average total cost function can be 

calculated by the following formula. 

 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑡𝑖𝑚𝑒 (𝐴𝑇𝐶) =
∑ 𝑇𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑡𝑖𝑚𝑒(𝑇𝐶)𝑁

𝑗=1

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒𝑠 (𝑁)
    (14) 
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CHAPTER 5 

NUMERICAL EXPERIMENTS 

 

Numerical experiments are conducted in this chapter. Optimal ordering quality and reorder 

point are found by using MATLAB software program. A sensitivity analysis is conducted 

to prove the practical applicability of the developed model. 

 

5.1 Numerical example 

 

In the following section, an example is conducted numerically to find out the effectiveness 

of model.  And we also made an assumption that demand rates can be approximated by 

time-dependent quadratic function. The reason is that it can accompany with all three 

different types of demand distribution i.e. increasing, decreasing and constant demand rate 

depends upon the variables of the demand function. The following parameter values are 

taken into consideration for calculation. 

 

𝐷𝑘(𝑡) = 𝑎𝑘 + 𝑏𝑘𝑡 + 𝑐𝑘𝑡2 

 

𝑁 = 40, 𝛿 = 4, 𝐶ℎ = 5, 𝐶𝑟 = 60, 𝐶𝑙 = 10 

 

 𝐾 = 3, 𝐿 = 2, 𝐶𝑠 = 7, 𝐶𝑝 = 30 

 

Table 5.1 Probability for demand and deterioration rate 

 

First we need to define which scenario will occur in each cycle. Let X = random number 

starting from 0 to 1. And then check 

 

 If     0 ≤ X ≤ 0.2 , scenario 1 with p1 = 0.2 will occur. 

 If  0.2 < X ≤ 0.7 , scenario 2 with p2 = 0.5 will occur. 

 If  0.7 < X ≤ 1    , scenario 3 with p3 = 0.3 will occur. 

 

The following figure represents the distribution of random numbers that we generate from 

MATLAB software by using ‘rand’ command which generate a random number between 

(0,1) which is uniformly distributed. 

Parameter 1 2 3 

a 250 90 150 

b 40 30 100 

c 20 50 70 

ϕ 0.001 0.2 0.05 

p 0.2 0.5 0.3 
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Figure 5.1 Distribution of random numbers 

 

The optimal ordering quantity and reorder point is calculated by the Quasi-Newton method 

with the starting values as Q = 1000 and R = 200. In calculation for average total cost, we 

only consider for last thirty cycles because the first ten cycles are warm-up periods. After 

running the optimization program, the optimal policy gave Q* = 589 and R* = 144 with the 

objective cost function equals to 19910.1642. The simulation results are presented in the 

Appendix. The following table represents the ending inventory values, respective cycle 

times and total cost for all cycles with optimal parameter value of Q* and R*. 

 

Table 5.2 Total cost for different replenishment cycles (Cont’l) 

0.0000

0.2000

0.4000

0.6000

0.8000

1.0000

1.2000

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

Random Numbers

Cycle index X Scenario EINV t Δ TC 

1 0.4170 2 -415.6189 2.0649 0.3411 49958.42784 

2 0.7203 3 -247.0167 0.1755 0.6445 39337.43074 

3 0.0001 1 -215.7701 0.7371 0.4674 20135.11751 

4 0.3023 2 -263.9141 1.2281 0.5456 26204.79929 

5 0.1468 1 -211.8181 0.6785 0.4739 20133.18237 

6 0.0923 1 -224.0599 0.8564 0.4539 20391.17416 

7 0.1863 1 -221.1690 0.8153 0.4586 20269.66384 

8 0.3456 2 -261.0008 1.2097 0.5513 25861.88149 

9 0.3968 2 -238.5923 1.0639 0.5989 23376.26172 

10 0.5388 2 -251.4031 1.1482 0.5710 24763.74312 
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Cycle index X Scenario EINV t Δ TC 

11 0.4192 2 -244.1462 1.1007 0.5865 23966.47221 

12 0.6852 2 -248.2784 1.1278 0.5776 24416.90051 

13 0.2045 2 -245.9324 1.1125 0.5826 24160.00908 

14 0.8781 3 -389.0608 0.8843 0.4146 30732.78532 

15 0.0274 1 -183.4345 0.2195 0.5247 29331.06926 

16 0.6705 2 -280.8046 1.3327 0.5140 28278.43973 

17 0.4173 2 -226.7971 0.9840 0.6265 22183.47658 

18 0.5587 2 -257.9337 1.1902 0.5575 25505.64491 

19 0.1404 1 -213.2145 0.6993 0.4716 20122.93975 

20 0.1981 1 -223.7298 0.8517 0.4545 20375.78591 

21 0.8007 3 -404.8726 0.9531 0.3971 31743.89515 

22 0.9683 3 -257.3749 0.2344 0.6221 33941.36655 

23 0.3134 2 -240.7026 1.0780 0.5942 23598.43918 

24 0.6923 2 -250.2196 1.1405 0.5735 24631.75158 

25 0.8764 3 -385.9485 0.8705 0.4182 30544.97516 

26 0.8946 3 -275.1174 0.3319 0.5861 29843.36948 

27 0.0850 1 -209.2096 0.6393 0.4784 20189.39340 

28 0.0391 1 -224.6769 0.8651 0.4530 20420.91725 

29 0.1698 1 -221.0235 0.8132 0.4588 20264.37566 

30 0.8781 3 -406.7661 0.9612 0.3950 31870.91016 

31 0.0983 1 -179.5948 0.1509 0.5320 37215.81067 

32 0.4211 2 -282.7501 1.3445 0.5106 28526.51204 

33 0.9579 3 -361.6610 0.7611 0.4480 29230.57741 

34 0.5332 2 -173.3074 0.5874 0.7789 18216.71347 

35 0.6919 2 -285.9097 1.3636 0.5051 28933.41368 

36 0.3155 2 -223.6800 0.9625 0.6341 21882.84798 

37 0.6865 2 -259.6362 1.2010 0.5541 25702.77881 

38 0.8346 3 -379.0425 0.8398 0.4263 30142.75181 

39 0.0183 1 -185.6308 0.2579 0.5206 26844.37847 

40 0.7501 3 -430.9031 1.0631 0.3707 33587.86674 
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We now discuss about the sensitivity analysis by changing various parameters values 

associated with the system. The sensitivity analysis is performed with respect to lead time, 

backlogging rate, holding cost, replenishment cost, purchase cost, shortage cost and lost 

sale cost. 

 

5.2 Sensitivity analysis with respect to lead time (L) 

In this section, lead time (L) is varied from 1 to 3. The optimal solutions are presented in 

Table 5.3 and illustrated in Figures 5.2 and 5.3. It can be seen from the Figure 5.2 that 

when L increases, order quantity (Q) also increases in order to prevent shortages. But the 

reorder point slightly increase as lead time varies from 1 to 1.5 and after that it remains 

constant for the rest of the values. Therefore, we can conclude that the changes in the 

values of L have no noticeable effect on reorder point.  

Table 5.3 Optimal solutions with various values of L 

 

 

Figure 5.2 Order quantity and reorder point with various values of L 
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We can also observe from Figure 5.3 that in the case of increasing lead time, the average 

total cost (ATC) also increases significantly which is a natural phenomenon. 

 

Figure 5.3 Average total cost with various values of L 

5.3 Sensitivity analysis with respect to backlogging rate (δ) 

We will now check the effect of variation backlogging rate (δ) varied from 2 to 6. From 

Figure 5.4, it is obvious that increasing value of δ accompanies with a decrease in order 

quantity. It is because very low backlogging value means customers are impatient to wait 

so that we lost many demand during shortage period. In order to prevent this scenario, the 

firm needs to increase the amount of order quantity (Q). As for the reorder point (R), it 

shows a slight increase in values as the backlogging rate increases but not very significant. 

So, we can observe the Q is quite sensitive to changes in the value of δ. Figure 5.5 shows 

that with an increase in backlogging rate, the average total cost decreases. It is because 

decreasing numbers of order quantity causes the total cost to decrease too. Therefore, we 

can conclude the increasing backlogging rate is favorable in order to reduce cost and make 

profits.  

 

Table 5.4 Optimal solutions with various values of δ 

δ 2 3 4 5 6 

Q* 843 676 589 538 503 

R* 129 139 144 148 151 

ATC 22093.8795 20507.2204 19910.1642 19676.0305 19587.9348 
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Figure 5.4 Order quantity and reorder point with various values of δ 

 

 

Figure 5.5 Average total cost with various values of δ 
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5.4 Sensitivity analysis with respect to holding cost  (Ch) 

Sensitivity analysis is carried out in this section by varying the holding cost from 2.5 to 7.5. 

It can be seen from Figure 5.6 that both order quantity and reorder point decrease when 

holding cost increases. This outcome is natural because having so many on-hand inventory 

increases holding cost. So, the firm has to reduce the amount on both parameters (Q and R).  

And also the average total cost increases with an increase of Ch, as can be observed from 

Figure 5.7. In summary, all three parameters Q, R and ATC are very sensitive to changes in 

the values of Ch . 

 

Table 5.5 Optimal solutions with various values of Ch 

 

 

Figure 5.6 Order quantity and reorder point with various values of Ch 
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Figure 5.7 Average total cost with various values of Ch 

5.5 Sensitivity analysis with respect to replenishment cost  (Cr) 

We investigate the effect of the different replenishing cost changing from 30 to 90. It can 

be observed from Figure 5.8 that both order quantity and reorder point do not change when 

replenishment cost varies. In practical, replenishment cost does not have effect on these 

parameters. It is only dependent on replenishment cycles. Therefore, changes in 

replenishment cost does not effect on Q and R. But average total cost rises as the value of 

replenishment cost increases. It can be concluded that increasing replenishment cost can 

only increase the average total cost and does not effect upon other parameters. 

 

Table 5.6 Optimal solutions with various values of Cr 

Cr 30 45 60 75 90 

Q* 589 589 589 589 589 

R* 144 144 144 144 143 

ATC 19828.5158 19869.3400 19910.1642 19950.9884 19991.6677 
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Figure 5.8 Order quantity and reorder point with various values of Cr 

 

 

Figure 5.9 Average total cost with various values of Cr 
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5.6 Sensitivity analysis with respect to shortage cost  (Cs) 

Next, we observed the situation when shortage cost changes from 3.5 to 10.5. It can be seen 

from Figure 5.10 that when Cs  increases, the order quantity and reorder point also 

increases. The reason is that when unit shortage cost goes up, we need to increase both Q 

and R in order to prevent from backlogging. The simultaneous increase of the quantity 

stocked also leads to the increase of the average cost function. This can be seen in Figure 

5.11. 

Table 5.7 Optimal solutions with various values of Cs 

 

 

Figure 5.10 Order quantity and reorder point with various values of Cs 
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Figure 5.11 Average total cost with various values of Cs 

5.7 Sensitivity analysis with respect to purchase cost  (Cp) 

In this section, we analyze the effect when purchase cost varies from 15 to 45. The impact 

of the purchase cost to both order quantity and reorder point is quite significant. Both Q and 

R decrease remarkably when Cp  increases. It is a natural phenomenon because of higher 

purchase cost, the firm is not profitable to order many products. Therefore, we need to 

reduce the amount of inventories in order to cope with increasing costs. And also from 

Figure 5.13, increasing purchase cost causes the average total cost to increase.  

 

Table 5.8 Optimal solutions with various values of Cp 

Cp 15 22.5 30 37.5 45 

Q* 659 622 589 562 539 

R* 229 183 144 110 81 

ATC 18630.7723 19330.0888 19910.1642 20395.7638 20806.0899 
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Figure 5.12 Order quantity and reorder point with various values of Cp 

 

 

Figure 5.13 Average total cost with various values of Cp  
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5.8 Sensitivity analysis with respect to lost sale cost  (Cl) 

To find out the effect of lost sale, we change the values from 5 to 15. As we can see from 

Figure 5.14 that both parameters Q and R values varies noticeably to changes in the value 

of Cl . Both parameters increase significantly when lost sale cost goes up. With an increase 

in lost sale cost, the firm has to order many amount of quantity to reduce shortages. The 

simultaneous increase of the order quantity also causes the average total cost to increase 

significantly. 

 

Table 5.9 Optimal solutions with various values of Cl 

 

 

Figure 5.14 Order quantity and reorder point with various values of Cl 
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Figure 5.15 Average total cost with various values of Cl 

In summary, the following conclusions can be made on the results from the sensitivity 

analysis: 

1. Both Q and R are quite sensitive when there are changes in the values of holding 

cost (Ch), shortage cost (Cs), purchase cost (Cp) and lost sale cost (Cl). In case of 

increase in holding cost (Ch) and  purchase cost (Cp), the optimal ordering quantity 

and reorder point decrease significantly. And increase in shortage cost (Cs) and lost 

sale cost (Cl) causes both Q and R to increase also.  

 

2. Changes in the values of replenishment cost (Cr) do not have effect on both Q and 

R. 

 

3. The increase of L value causes the optimal order quantity to increase but does not 

make huge impact on reorder point. 

 

4. In case of increasing backlogging rate (δ) , optimal order quantity decreases 

gradually. But it does not show any significant effect on optimal reorder point. 

 

5. Average total cost (ATC) is highly sensitive to changes in the values of all of the 

parameters. Changes in the ATC are directly proportional to the changes in the 

values of all parameters except for the backlogging rate where an increase in δ value 

causes the ATC to decrease. 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

 

This research studies an inventory replenishment model for deteriorating item in which 

partial backlogging is allowed. Lead time is also taken into consideration. In order to 

illustrate the applicability of the proposed policy, numerical experiments are also carried 

out. Sensitivity analysis has also been done to examine the effect of various input 

parameters on the optimal inventory policy. It can be confirmed from the research’s results 

that the proposed policy can be applied for real world problems with deterioration rates are 

considered. 

 

For future research, the study here can be expended to deal with other deterioration patterns 

and other distributions of demand. 
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APPENDIX 

 

MATLAB code  

 
function f = objfun(v) 
Q = v(1)    %Ordering quantity 
R = v(2)    %Reorder point 
syms X %Random number 
nrows = 40; 
ncols = 1; 
D = zeros(nrows,ncols);     %Demand rate 
P = zeros(nrows,ncols);     %Deterioration rate 
rng (1) 
X = rand(nrows,ncols);       
for c = 1:ncols 
    for r = 1:nrows 

         
        if ( X(r,c) >= 0 && X(r,c) <= 0.2) 
            D(r,c) = 1; 
        elseif ( X(r,c) > 0.2 && X(r,c) <= 0.7) 
            D(r,c) = 2; 
        else 
            D(r,c) = 3; 
        end 
    end 
end 
D; 
for c = 1:ncols 
    for r = 1:nrows 

         
        if ( X(r,c) >= 0 && X(r,c) <= 0.2) 
            P(r,c) = 0.001; 
        elseif ( X(r,c) > 0.2 && X(r,c) <= 0.7) 
            P(r,c) = 0.2; 
        else 
            P(r,c) = 0.05; 
        end 
    end 
end 
P; 
syms x 
syms y 
syms t      %The time at which inventory level to reach R          
syms z      %The time at which inventory level to reach level zero  

 starting from level R 

syms EINV   %Ending inventory level 
syms u 
syms g 
g = 4;      %Backlogging rate 
L = 2;      %Lead time 
D1 = 250+40*u+20*u^2; 
D2 = 90+30*u+50*u^2; 
D3 = 150+100*u+70*u^2; 
t = zeros(nrows,ncols); 
z = zeros(nrows,ncols); 
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EINV = zeros(nrows,ncols); 
for c = 1:ncols 
    for r = 1  
        if ( D(r,c) == 1) 
            eqn1 = int(exp(P(r,c)*u)*(D1),0,x+y) == Q+R; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D1),x,x+y) == R; 
            sol = solve([eqn1,eqn2]); 
            t1 = sol.x; 
            z1 = sol.y; 
        elseif ( D(r,c) == 2) 
            eqn1 = int(exp(P(r,c)*u)*(D2),0,x+y) == Q+R; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D2),x,x+y) == R; 
            sol = solve([eqn1,eqn2]); 
            t1 = sol.x; 
            z1 = sol.y; 
        else 
            eqn1 = int(exp(P(r,c)*u)*(D3),0,x+y) == Q+R; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D3),x,x+y) == R; 
            sol = solve([eqn1,eqn2]); 
            t1 = sol.x; 
            z1 = sol.y; 
        end 
    end  
    if (z1 >= L && D(r,c) == 1) 
            EINV1 = exp(-P(r,c)*(t1+L))*int(exp(P(r,c))*(D1),t1+L,t1+z1); 
        elseif (z1 >= L && D(r,c) == 2) 
            EINV1 = exp(-P(r,c)*(t1+L))*int(exp(P(r,c))*(D2),t1+L,t1+z1); 
        elseif (z1 >= L && D(r,c) == 3) 
            EINV1 = exp(-P(r,c)*(t1+L))*int(exp(P(r,c))*(D3),t1+L,t1+z1); 
        elseif (z1 < L && D(r,c) == 1) 
            EINV1 = int(-(D1)/(1+g*(t1+L-u)),t1+z1,t1+L); 
        elseif (z1 < L && D(r,c) == 2) 
            EINV1 = int(-(D2)/(1+g*(t1+L-u)),t1+z1,t1+L); 
        else 
            EINV1 = int(-(D3)/(1+g*(t1+L-u)),t1+z1,t1+L); 
    end  
end 
t (1,1)= t1; 
z (1,1)= z1; 
EINV (1,1) = EINV1; 
for c = 1:ncols 
    for r = 2:nrows 
        if ( D(r,c) == 1) 
            eqn1 = int(exp(P(r,c)*u)*(D1),0,x+y) == EINV(r-1,c)+Q; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D1),x,x+y) == R; 
            sol = solve([eqn1,eqn2]); 
            t(r,c) = sol.x; 
            z(r,c) = sol.y; 
        elseif ( D(r,c) == 2) 
            eqn1 = int(exp(P(r,c)*u)*(D2),0,x+y) == EINV(r-1,c)+Q; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D2),x,x+y) == R; 
            sol = solve([eqn1,eqn2]); 
            t(r,c) = sol.x; 
            z(r,c) = sol.y; 
        else 
            eqn1 = int(exp(P(r,c)*u)*(D3),0,x+y) == EINV(r-1,c)+Q; 
            eqn2 = exp(-P(r,c)*x)*int(exp(P(r,c)*u)*(D3),x,x+y) == R; 
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            sol = solve([eqn1,eqn2]); 
            t(r,c) = sol.x; 
            z(r,c) = sol.y; 
        end 
        if t(r,c) < 0 || z(r,c) < 0 
            t(r,c) = Inf; 
            z(r,c) = Inf; 
            break 
        end 
        if (z(r,c) >= L && D(r,c) == 1) 
            EINV(r,c) = exp(-

P(r,c)*(t(r,c)+L))*int(exp(P(r,c))*(D1),t(r,c)+L,t(r,c)+z(r,c)); 
        elseif (z(r,c) >= L && D(r,c) == 2) 
            EINV(r,c) = exp(-

P(r,c)*(t(r,c)+L))*int(exp(P(r,c))*(D2),t(r,c)+L,t(r,c)+z(r,c)); 
        elseif (z(r,c) >= L && D(r,c) == 3) 
            EINV(r,c) = exp(-

P(r,c)*(t(r,c)+L))*int(exp(P(r,c))*(D3),t(r,c)+L,t(r,c)+z(r,c)); 
        elseif (z(r,c) < L && D(r,c) == 1) 
            EINV(r,c) = int(-(D1)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),t(r,c)+L); 
        elseif (z(r,c) < L && D(r,c) == 2) 
            EINV(r,c) = int(-(D2)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),t(r,c)+L); 
        else 
            EINV(r,c) = int(-(D3)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),t(r,c)+L); 
        end  
    end 
end 
t        
z        
EINV     
syms v 
syms Cr     %Ordering cost 
syms Ch     %Holding cost 
syms Cp     %Purchase cost 
syms Cl     %Lost sale cost 
syms Cs     %Shortage cost 
syms TC     %Total cost per unit time 
Ch = 5; 
Cr = 60; 
Cs = 7; 
Cp = 30; 
Cl = 10; 
TC = zeros(nrows,ncols); 
for c = 1:ncols 
    for r = 1:nrows 
        if (z(r,c) >= L && D(r,c) == 1) 
            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D1),u,t(r,c)+z(r,c)),0,t(r,c)+L)+Cp*int(P(r,

c)*exp(-P(r,c)*u)*int(exp(P(r,c)*u)*(D1),u,t(r,c)+z(r,c)),0,t(r,c)+L)); 
        elseif (z(r,c) >= L && D(r,c) == 2) 
            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D2),u,t(r,c)+z(r,c)),0,t(r,c)+L)+Cp*int(P(r,

c)*exp(-P(r,c)*u)*int(exp(P(r,c)*u)*(D2),u,t(r,c)+z(r,c)),0,t(r,c)+L)); 
        elseif (z(r,c) >= L && D(r,c) == 3) 
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            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D3),u,t(r,c)+z(r,c)),0,t(r,c)+L)+Cp*int(P(r,

c)*exp(-P(r,c)*u)*int(exp(P(r,c)*u)*(D3),u,t(r,c)+z(r,c)),0,t(r,c)+L));    
        elseif (z(r,c) < L && D(r,c) == 1) 
            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D1),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cp*int

(P(r,c)*exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D1),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cs*abs

(int(int(-(D1)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),v),t(r,c)+z(r,c),t(r,c)+L))+Cl*int((g*(t(r,c)+L-

u)*(D1))/(1+g*(t(r,c)+L-u)),t(r,c)+z(r,c),t(r,c)+L));   
        elseif (z(r,c) < L && D(r,c) == 2) 
            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D2),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cp*int

(P(r,c)*exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D2),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cs*abs

(int(int(-(D2)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),v),t(r,c)+z(r,c),t(r,c)+L))+Cl*int((g*(t(r,c)+L-

u)*(D2))/(1+g*(t(r,c)+L-u)),t(r,c)+z(r,c),t(r,c)+L));   
        else 
            TC(r,c) = (1/t(r,c)+L)*(Cr+Ch*int(exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D3),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cp*int

(P(r,c)*exp(-

P(r,c)*u)*int(exp(P(r,c)*u)*(D3),u,t(r,c)+z(r,c)),0,t(r,c)+z(r,c))+Cs*abs

(int(int(-(D3)/(1+g*(t(r,c)+L-

u)),t(r,c)+z(r,c),v),t(r,c)+z(r,c),t(r,c)+L))+Cl*int((g*(t(r,c)+L-

u)*(D3))/(1+g*(t(r,c)+L-u)),t(r,c)+z(r,c),t(r,c)+L));        
        end 
        if TC(r,c) < 0 
            break 
        end 
    end 
end 
TC 
f = sum(TC(11:nrows,ncols))/nrows   %Average total cost 
end 

 

MATLAB code to find optimal order quantity and reorder point by minimizing function f. 

 
v0 = [1500,500]; % Starting guess 
options = optimset('Display','iter','LargeScale','off'); 
[v,fval,exitflag,output] = fminunc(@objfun,v0,options); 
v 
fval 
exitflag 
output 
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MATLAB optimization results from finding optimal solution of the proposed model 

 

 

 

 

 

Iteration Function count f(x) Step-size First-order 

optimality 

0 3 28193.9  28.7 

1 17 24665.3 3.54956 26.4 

2 26 20612.5 0.151453 6.42 

3 32 20042.3 0.5 9.95 

4 38 19911.8 0.277363 1.18 

5 41 19910.2 1 0.171 

6 44 19910.1 1 0.00652 

7 47 19910.1 1 8.48e-06 
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