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ABSTRACT 
 
This thesis studies the influence of pendulum motion on an orbital maneuver of a 
microsatellite with a single elastic tether system at Low Earth Orbit using Lyapunov based 
MIMO-MRAC algorithm. Two cube microsatellites together with a cable typed tether 
joining between them form a Tethered satellite system (TSS). Due to the presence of tether 
disturbances, it causes pendulum motion which perturbs the orbital position of microsatellite. 
An analysis on the microsatellite dynamics using classical Keplerian orbital elements 
(CKOE) given by Gauss variational Equations (GVE) and modified Equinoctial Orbital 
Elements (EOE) using Lagrange Perturbation equations (LPE) is made to verify the 
microsatellite dynamics. For this case, non-spherical harmonic gravitational perturbation 
term given by the potential function of Earth’s gravitational field is applied as a disturbance. 
To validate the tether dynamics, an analysis on cable dynamics is made by the combination 
of Finite Element Method (FEM) to obtain first-order discretized ordinary differential 
equations (ODE) and 14th order Runge-Kutta method (RK14) is used. For both the validation 
models, linear and nonlinear control of the proposed algorithm are applied and the results 
are almost the same. A linear analysis on the orbit deviation of TSS due to the influence of 
the  pendulum motion is been made using GVEs and RK 14. A linear control of proposed 
algorithm is established to maintain the orbital position of the TSS and to control of the 
pendulum motion of the tether simultaneously. A simulation result shows the good orbital 
tracking convergence of the TSS in which its perturbed orbit follows a predicted reference 
orbit precisely by reducing the disturbances.   
 
Keywords: Classical Keplerian Orbital elements, Equinoctial Orbital Elements, Gauss 
variational Equations, Lagrange Perturbation equations, Tethered microsatellite 
system, FEM, MIMO, MRAC, 14th order explicit Runge-Kutta method, Direction 
Cosine Matrices. 
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CHAPTER 1  

INTRODUCTION 
 

1.1 Overview  
 
Tethered Satellite System (TSS) is a two-body system connected by a long cable known as 
a “tether” which uses earth’s magnetic field, current in the tether to produce drag or thrust 
forces for propellant-less maneuvering. In the past years, there is a large body of history for 
TSS in which the researches have been quickly expanded in last two decades having 
numerous space applications like elastic tethers especially in control of orbital maneuvering 
of TSS, momentum exchange, Spinning Tethers, for propellant-less orbital maneuvering. 
The emerging topics like Tether Space Elevators, removal of Space Debris using tether had 
made a challenging era for researchers to study the working model of the tether which will 
be a few hundreds of kilometers. Furthermore, there are several theoretical studies has been 
performed on TSS operations which aimed for many aerospace and Nano Technology 
applications to build the strongest possible Space Tether. 
 
There are many TSS mission that has been conducted in the past and descriptions of all the 
TSS mission history and Tether concept was presented by (Chen, Huang, Ren, He, & He, 
2013). However, there are many TSS missions portrayed over the time, it has been difficult 
for application in propulsion less transportation, removal of space debris and in space 
explorations which become a challenge in building and controlling a strongest and longest 
possible tether. 
 
There is a vast study done in tether concept still, there are many to address mainly the 
strength, tension, and sensitivity of the cable for building a tether. Williams (Williams, 2009) 
studied the dynamics of the space tether which are divided into a finite number of masses 
and connected by viscoelastic springs. A rigid rod type of tether is used to model the TSS, 
which is not flexible under any tension is applied in (Larsen, 2010). Ellis (Ellis, 2010) 
considered the string with the elastic property which has stretching along its axis. The 
compression, bending and torsional stiffness were negligible. In (Kim, Park, Song, Kim, & 
Parnichkun, 2018), the literature provides the pros of an elastic cable and studied the cable 
parameters and oscillations of a cable suspended under the impact of resonances in three 
directions of the cable in which the spectral analysis in time domain and phase plane showed 
the stability of nonlinear cable oscillations. However, to overcome the difficulties, an elastic 
cable type tether is used for studying the tether dynamics of TSS. 
 
The CKOE are considered to know the position of the satellite which propagates an orbit. 
The analysis on CKOE was made and compared with EOE using the (LPE) for studying the 
satellite dynamics in LEO by Direct integration method and numerical analysis (RK 4) (Jo, 
Park, Choe, & Choi, 2011). A numerical analysis is shown to study the satellite dynamics 
due to perturbation effects Earths non-spherical mass distribution, atmospheric drag, solar 
radiation pressure, etc. with Gauss Variational equations (GVE) using System Tool Kit 
(STK) software (Dong, Hu, Long, & Li, 2016). 
 
To confirm the TSS stability, it must be controlled. There is huge literature showing the 
control strategies on TSS over the years (Misra A.K Modi V. J., 1986; Misra, 2008). Planar 
H Tracking, sliding mode controllers (SMC) and adaptive SMC were used for controlling 
the swing motion of TSS (Ellis, 2010). A feedback controller based on Mission Function 
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control is used to reduce the pendulum motion of TSS due to tether climbing and verified 
using numerical methods (Fujii & Ishijima, 1989). The Pitch angle of TSS due to external 
disturbances are controlled using Fractional order sliding mode control (Kang, Zhu, Wang, 
Li, & Wang, 2017). An adaptive second order SMC is used for controlling the 
“maneuverable tether space net” for removal of space debris also a sliding mode controller 
for attitude control performance was compared with LQR (Kang et al., 2017). Although there 
are many control strategies implemented over the past years there are still unclear in many 
research areas for tracking the satellite to reference orbit or any orbit. A Lyapunov based 
MIMO MRAC algorithm, (Pankaj & Kumar, 2002; Hashemi, Akella, & Pak, 2015; Rao & 
Hassan, 2004) drawn the attention of many researchers. In (El-samahy & Shamseldin, 2018), 
showing the effectiveness of the controller about how they track the reference model. 
 
1.2 Problem Statement 
 
Though there are numerous numbers of research works have been done to date, on the control 
of the TSS still, there are vast problems that are to be addressed. The strongest tether which 
is flexible, with bending and torsional stiffness must be built to study the influence of tether 
disturbances. Hence the instability in the TSS occurs due the pendulum motion of the tether 
which is internal disturbance but also by external disturbances (like  Lorentz force, 
Gravitational force and drag force, satellite mechanical vibration, solar radiation pressure, 
solar wind, aerodynamic forces) resulting in deorbiting  of the TSS. Hence to bring back the 
satellite to reference orbit and to suppress the pendulum motion, a unique control method 
must be implemented. 
 
1.3 Objectives of the Study 
 

 Analysis of orbit deviation of the microsatellite with an elastic tether system due to 
the pendulum motion of the tether. 

 Controlling the pendulum motion of an elastic tether on orbital maneuvering of TSS 
based on orbit deviation using Lyapunov based MIMO-MRAC algorithm. 

1.4 Limitations of the Study 
 

 The earth is of spherical in shape and the mass is distributed uniformly and hence it 
acts as a point mass. 

 The Earths magnetic dipole is at a fixed value 11.5 degrees with the center as the 
earth. 

 The dynamics of the TSS are only due to the static tension forces and the gravitational 
field of the earth. The external disturbances like an atmospheric drag, solar radiation 
pressure, etc. are relaxed. 

 The microsatellite with the mass of the primary (0.5×0.5×0.5 𝑚 ) and secondary 
(0.1×0.1×0.1 𝑚 ) bodies, respectively, of 12.5 Kg and 1.0 Kg. The length of the 
tether is 1.0 Km. 

 The change in orbital maneuvering of TSS is only due to the motion of tether attitude 
angles. 

 The rotational motion for TSS is not considered. 
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1.5 Scope of the Study 

 Analysis of the influence of pendulum motion of the tether (in-plane and out-of-
plane)on the orbit deviation of the microsatellite with an elastic tether system. 

 The analysis of orbital maneuvering of the given TSS is implemented. 
 The Lyapunov based MIMO MRAC algorithm is established to maneuver the TSS.  

 
1.6 Thesis Outline 

The outline of this thesis is as follows. 
Chapter 2 presents the literature review which is prerequisite for this study. 
The methodology followed in this research is depicted in Chapter 3. 
The simulation results for the validated and proposed models are presented in Chapter 4. 
In Chapter 5, the conclusion and scope of further study are stated. 
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CHAPTER 2 
LITERATURE REVIEW 

 
The literature can be divided into a few fundamental parts. The first is the history of TSS 
mission and the concept of the tether. Then comes the history of TSS which gives us the 
basic idea of its dynamics, disturbances, and the orbital motion. Thirdly, literature for the 
numerical methods is described which are used in their research to trace and control an TSS. 
The next will be the history of TSS control following is the history of the MRAC algorithm 
is described in this literature. 
 
2.1 TSS Mission History and Tether Concept 
 
The first functional usage of TSS was in Gemini Program by NASA (David Darling, 2003;  
Chen et al., 2013). The Gemini XI Space Flight was attached to Gemini Agena by a 15 m 
long Tether. Its mission was to conduct eight experiments mainly for satellite docking, 
studying space atmosphere and impact of zero gravity and radiation on white blood cells. 
Later in the following year, Gemini xii with 30 m long Tether was launched to perform a 
similar kind of experiments. 
 
It has been almost decennium in the applications of TSS after Gemini Missions. In the 1980s 
a US-Japan joint program, many experiments were conducted to prove the working tethered 
subsatellite by three missions Tethered Payload Experiments. It deployed 38 meters in 1980, 
65 meters in 1981 and 418 meters in 1983 (Klinkrad Heiner, 2006; M.V.Pelt, 2009).  
 
Later in 1989, OEDIPUS-A mission was conducted by NASA(Ellis, 2010), NRC of Canada 
in which the tether of length 958 meters is deployed from a sounding rocket into the 
Ionosphere to generate electromagnetic waves using an electron beam and calculate the 
earth’s magnetic field. Another experiment in 1995, OEDIPUS-C missioned to deploy 1174 
meters long tether in Tether Dynamic Experiment. 
 
In the Last decade of the 20th century, 1992 mission with a long-term working tether to study 
the influence of electromagnetic waves with space for about 20 hrs. which is the Tethered 
Satellite System (TSS-1) mission with a tether length of 260 meters. In 1996, TSS- I R 
mission was also launched aiming to deploy tether for over 19 km but unfortunately it broke 
in order to investigate the dynamical forces on a tether, but still results were obtained during 
its deployment (M.V.Pelt, 2009; Chen et al., 2013). 

Small Expendable Deployer System (SEDS) by NASA for experimenting the deployment 
of long tether were conducted SEDS-I vehicle to deploy a tether of 500 meters and SEDS-II 
in 1994, a closed loop control was used in deploying the longest tether up to 18 km with a 
pendulum motion limited to 4 degrees (Chen et al., 2013). The result showed that any 
satellite can be deployed into the orbit using tethers from the rockets. Plasma Motor 
Generator (PMG) was launched using SEDS-I vehicle to deploy a tether for a demonstration 
of ED tether operation for conducting an experiment on cathode tube which is hollow 
(Oldson, 2010) to provide a low current across satellite and outer space conditions.  

A Long term tether mission was conducted by the US Naval Research Laboratory is known 
as Tether Physics and Survivability Experiment in 1996, (Chen, 2013) for studying the 
behavior of satellite surveillance over time. The satellite consists of Ralph and Norton as end 
masses connected by a non-conducting tether of 4 km. Later in 2006 the tether broke and 
lead to create more space debris. 
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The “Advanced Tether Experiment” (ATEx) (Chen, 2013) was conducted by National 
Reconnaissance Office which as sponsored by STEX on Oct 3, 1998, which aimed to 
conduct experiments for durability on the newest design of tether (flat and a polyethylene 
tape design) than the cable structure. Unfortunately, the mission was failed after deploying 
a 22m, ATEx was jettisoned from STEX because of the fault in measurements made by the 
tether angle sensor. 

The TSS missions conducted by Young Engineers satellite (YES-I) in 1997 used a thirty-
five kilometer length tether, however, it wiped out before the dispatch expert changed 
ostensible Ariane orbit a conveyed a danger to the satellites LEO. Later in 2007, (Ellis, 2010) 
young engineers and students in(YES-II) mission were aimed to deploy a tether of 30km 
long but unfortunately, errors in the sensor couldn’t make the exact measurement of the 
tether dispatched but this was the successful mission of longest tether. (Dueck et al., 2003; 
Williams, Hyslop, Stelzer, & Kruijff, 2009) 
 
In 21 century carried PICOSAT in 2001 (Chen, 2013) for real-time spacecraft tracking with 
30 meters Tether including with 250 gms MEMS Pico satellite. In 2003, ProSEDS (Chen, 
2013) by NASA a space Tether propulsive experiment was aimed to deliver a Global 
Positioning System (GPS) but the mission was stopped because the tether might hit the ISS.  

"The Space Tethered Autonomous Robotic Satellite (STARS) (Chen, 2013)," was propelled 
an optional payload. The two sub-satellites, "Ku and Kai," which are connected with a tether 
of a five meter. The satellite deployment and placement into the expected orbit were 
effective, but after a few centimeters, the tether failed on account of the dispatch bolt 
inconvenience in the system. 

The “Tether Technologies Rocket Experiment (T-REX)” mission, supported by the 
“Japanese Aerospace Exploration Organization (JAXA)”, was propelled, achieving the most 
extreme height about 300 km. The mission drove a global group to test another sort of ED 
tether that uses propellant-less impetus frameworks for LEO. The tether considered is three 
hundred meters and the experimental video was taken and transmitted to the ground station. 
The arrangement of the tether was confirmed effectively, just like the quick start of an empty 
cathode in the space condition. 

Tether ED Propulsion Cube Sat Experiment (TEPCE) mission, arranged by Naval Research 
Laboratory, is an ED tether experiment considering a "triple CubeSat" configuration. This 
test is at present arranged for dispatch as an optional payload in September 2013. Two 
indistinguishable end masses with a different spring between them are utilized, which isolate 
the end mass and begin sending of a 1 km since quite a while ago meshed tape directing 
tether. TEPCE utilized active braking to diminish speed and thus pull back at the end of ED 
current in either bearing. The principal reason for this mission to attain the lower altitude 
about few km for a single day for controlling and effectively revolution.  

However, the TSS missions portrayed that has just been said, a few different missions have 
been proposed for improvement later. Maybe the future mission is “MXER” system which 
comprises the tether of several hundreds of kilometer ostensibly rotation in LEO. The 
satellites are destined to higher orbits from LEO by the spinning effect of the tether. Due to 
this, the satellite orbit is lowered and it can regain its position by generating the power using 
solar panels. 
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The initial work of “Space Tether” or “Orbital Tower” was done by Konstantin Tsiolkovsky 
in the late 1890s (M.V.Pelt, 2009; Chen et al., 2013). He was inspired by Eiffel Tower and 
proposed a transportation system to Geo Synchronous Orbit (GSO) from the earth using a 
long cable or “Space Tether” which is attached to a Space vehicle to deliver the payloads 
without any usage of Propellant.  
 
Later in 1960, a modernized concept was proposed by Yuri Artsutanov, that a cable can be 
lowered from geostationary satellite to earth using counterbalance, which can deliver the 
satellite to space by considering the center of gravity of the tether motionless and reducing 
the cable thickness at earths station to maintain constant tension and increasing the thickness 
towards GSO (M.V.Pelt, 2009;Chen et al., 2013). 
 
Huge scope in Space Tether was again introduced by a concept named “Shuttle-borne 
Skyhook” in the year 1975 by Colombo et al which mainly used for conduction experiments 
on orbit. His main idea was to deploy a cable downwards from spacecraft to a height of 200 
km to study the earth’s atmosphere and slowly extend to 144,000 km to lift the space vehicles 
to higher altitudes which are made to study earth’s electromagnetic measurements (Pearson, 
1975; Chen et al., 2013). 
 
Another Interesting Topic “Non-Synchronous Orbital Skyhooks” was introduced in 1978 by 
Hans Moravec (Chen, 2013). The proposal was about the transportation of the satellite 
present in the lower circular orbit extending to rotating cable in which the at the contact the 
tip velocity exactly matches with orbital velocity resulting in the levitation of payloads from 
the surface and accelerating them to escape velocity. (Moravec, 1977) proposed a new 
strength, cheaper satellite skyhook material named Kevlar which can transport payloads as 
large as mars. 
 
In the article on Orbital Maneuvering with Spinning Tether in 2006, showed the attitude 
control and free spin of a body, its thrusters are not affected by disturbances made by gravity 
gradient ultimately providing the higher magnitude of speed and attitude of thrusters using 
Spinning ED Thrusters the other electric thrusters. 
 
However, there is a vast study done in tether concept still, there are many to address mainly 
the strength, tension, and sensitivity of the cable for building a tether. Williams (Williams, 
2009) studied the dynamics of the space tether which are divided into a finite number of 
masses and connected by viscoelastic springs. A rigid rod type of tether is used to model the 
TSS, which is not flexible under any tension is applied in (Larsen, 2010). Ellis (Ellis, 2010) 
considered the string with the elastic property which has stretching along its axis. The 
compression, bending and torsional stiffness were negligible.  
 
In (Kim et al., 2018), the literature provides the pros of elastic cable and studied the cable 
parameters and oscillations of a cable suspended under the impact of resonances in three 
directions of the cable in which the spectral analysis in time domain and phase plane showed 
the stability of nonlinear cable oscillations. However, to overcome the difficulties, an elastic 
cable type tether is used for studying the tether dynamics of TSS. 
 
 
 
 



7 
 

2.2 Review of Tethered Satellite System 
 
The exploration of the dynamics of TSS can be done in two ways.  
 

 Orbital Maneuvering of TSS. 
 The Dynamic motion of the TSS. 

2.2.1 Orbital Maneuvering of TSS 

Earliest contemplates on TSS were given by(Levin, E M Beletsky, 1993). They thought 
about a “two-body TSS comprising of point mass end bodies associated by a flexible tether”. 
The earth magnetic field with a fixed dipole is considered. The changes in orbit attitude of 
the satellite were derived. Notwithstanding, over comparative time traverses the variety of 
the orbit parameter was observed to be significant with an increase in distance from earth. 

To study the osculating orbit parameters,(Williams, 2005) introduced the concept of attitude 
Tether dynamics for control of the attitude of the TSS about a nominal periodic Trajectory. 

(E. L. M. Lanoix, Misra, Modi, & Tyc, 2005)made Numerical analysis on the TSS orbital 
motion. In his experiment, he considered the exact physical model of the system. A Series 
of spherical harmonic were expressed in utilizing the International Geomagnetic Reference 
Field is used for analyzing the orbital motion. 

Later (Sabey & Tragesser, 2008) built up a basic direction plot for the orbital motion. In their 
research, they found that the magnetic field of the earth has no influence on the TSS attitude 
motion. The main consideration for the motion of TSS to have Time-averaged Gauss 
variation attitude parameterization according to the change in forces produced by the current 
in the Tether. Optimal control laws were developed for the attitude motion with tether by 
considering current. The ideal control of TSS was exhibited utilizing numerical solutions. 

The control for highest attitude, greatest inclination change, and least time for the orbital 
motion was obtained by (Stevens & Wiesel, 2008). 

The analysis on CKOE was made and compared with EOE using the LPE for studying the 
satellite dynamics in LEO by Direct integration method and numerical analysis (RK 4) (Jo 
et al., 2011).  
 
A numerical analysis is shown to study the satellite dynamics due to perturbation effects 
Earths non-spherical mass distribution, atmospheric drag, solar radiation pressure, etc. with 
Gauss Variational equations (GVE) using System Tool Kit (STK) software (Dong et al., 
2016). 
 

2.2.2 The Dynamic Motion of TSS  

(Levin, E M Beletsky, 1993) were the first to study the pendulum tether motion. The research 
was mainly on tether motion of two bodies TSS in which the attitude angles and Tether shape 
were only considered and the TSS maneuvers are the magnetic equatorial plane. 
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Later (Pelaez, Lorenzini, Lopez-Rebollal, & Ruiz, 2000) extended the model to inclined 
circular orbit as result forces on TSS vary with an orbital period and stable configuration 
cannot be achieved directly. The stability analysis was made by Floquet Theory which gave 
an important result the constant current in the tether assumption is wrong which is the main 
reason to cause instability in the system due to a continuous supply of energy into tether by 
the forces which are electrically induced.  

In the ProSEDS mission by NASA (Leamy, 2001), the analysis on TSS was done by two 
computational methods. Analysis of ProSEDS is mainly operated in two modes. TSS 
deployment operation. The numerical analysis shows the tether deployment is not affected 
by a parametric change in materials. But change can occur due to the momentum exchange 
and control while deploying the tether. The operation showed that the earth’s magnetic field 
is changed rapidly than with a parametric change in materials and space. 

Dynamics of the TSS, the end mass and the drum are ODEs. A numerical approach is used 
to solve the higher ODEs by converting to first order ODEs. (Kalyan K. Mankala, 2005). In 
his research, he found that for a given tether length, because of marginal stable configuration 
the oscillation is free in all DOF which can change the orbit of the satellite to accelerate its 
deorbiting by bifurcation of the tether to a stable configuration. 

The modeling of TSS (Ellis, 2010) was proposed by two complicated models: Top level 
model and Low-Level Model. The Top-level model was assumed as the experimental model 
and the system dynamics for pendulum motions higher ODEs are reduced to first order and 
these results are compared with Low-Level Model to make a valid computational model of 
a TSS. 

In 3D space, (B S Yu, 2016) the deployment of a TSS along a particular direction can be 
arrived by taking rate of tether length through asymptotic stabilization. The tether is released 
with a calculated pitch angle in dependency on ED forces in concurrence with the rate of 
tether length in the plane of the equator. The author here considered and proposed for the 
stable deployment of TSS in the circular orbit 

The Pitch angle of TSS due to external disturbances are controlled using Fractional order 
sliding mode control. An adaptive second order SMC is used for the “maneuverable tether 
space net” for removal of space debris also a sliding mode controller for attitude control 
performance was compared with LQR (Kang et al., 2017) 

2.3. Review of Numerical Methods 
 
2.3.1 History of Discretization Methods 
 
In real world all the dynamics of the systems are obtained in the form of higher order ODEs 
and PDEs. Hence to solve the problem it very difficult to find the analytically. Hence with 
the help of numerical discretization method, we can find the solution to the given problem. 
The most common methods for discretization are Galerkin Method, FEM method etc. To get 
the solution analytically the, with the help of boundary value problems for PDEs and ODEs 
which are in strong form they are converted to weak form by discretization with the help of 
shape function and trail functions “FEM then uses variational methods from the calculus of 
variations to approximate a solution by minimizing an associated error function” (Bathe, 
2006). 
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The dynamics of the elastic tether of a TSS are discretized using Numerical methods and 
then the analytic solution is found using 2 stages RK 4 integration to know the stability of 
the system(G. Q. Li & Zhu, 2015). 

A space tether is replaced by a robot arm to collect the heavier debris as the force which is 
constant deforms the tether. In this, the dynamics of the coupled system of space robot is 
considered and are discretized and an optimal position controller and PID are used to control 
the space robotic arm(Huang, Hu, & Meng, 2015). 

A Ritz–Galerkin-type discretization for the transverse tether oscillations was applied using 
low order sine waves connecting the two end bodies. Unfortunately, this approach failed due 
to the reason of higher time-varying shape and length of the released tether while applying 
time optimal control. But it gave valid results that can work for lower time-varying tether 
length and shape  (Steindl, 2016). 

Discretization methods to the tether motion which is used to analyze the deorbit of space 
debris by using an ED tether of bare type. The solution obtained shows the disturbance of 
tether are coupled due to the interdependency of TSS dynamics (G. Li, Zhu, Ruel, & Meguid, 
2017). 

2.3.2 Review of Runge Kutta Method  
 
The Runge–Kutta method is a powerful method for numerical analysis using iterative 
methods defined Implicitly and Explicitly using Euler Method, for obtaining the solution of 
ODE using temporal discretization. The first traces were developed by Carl Runge and 
Martin Kutta in 1900. Later many types of research have been done for the development of 
these methods on the basics of classical RK 4. 

A review of history for the Runge-Kutta method up to 10th order which is developed over 
years are presented (Butcher, 1996) in which the analysis is made for the stability of the 
methods presented and also error is estimated. 

Various high-order explicit  Runge-Kutta techniques are presented (Dr. Terry) based on the 
RK 10 method. The techniques are known as m-symmetric strategies. The idea of m-
symmetry extraordinarily streamlines the implementation of methods of higher order with 
sensible quantities of stages. The RK 10 17 phases, the RK 12 requires 25 phases, and the 
RK 14 requires 35 phases. 

2.4 Review of Lyapunov based MRAC 

The history of adaptive control begun in 1950 (William S. Black, 2014) in order to develop 
an autopilot system. Whitaker took the initiative to design the earliest MRAC for flight 
control. In his research, the adaptation laws introduced were not so effective in leading this 
area of research a challenging one. 

Later in early 1960s Kalman and Bertram introduced state space representation and 
Lyapunov Stability control for generalized systems. The first book on Lyapunov based 
MRAC was printed in 1966 by Parks. 

Introduction of nonlinear control using Lyapunov’s method (Khalil, 1996)was useful in 
designing the feedback control systems. Numerous feedback control procedures depend on 
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outlining the input control such that a Lyapunov function meets the assurance boundedness 
of decrease and obtaining to the equilibrium value. 

In MRAC, the firstly an error is calculated from the outputs of the unstable plant and 
reference model then using adaptation laws a control input signal is given to the unstable 
plant until the error is minimized to zero. 

MRAC mainly system consists of  

1. An unstable plant  
2. A reference model  
3. A control input  
4. Law of Adaptation 

The Law of Adaptation is given by Lyapunov Rule 

For SISO and MIMO models, the unstable plant follows the reference model satisfying the 
principle. The only difference between the two models is the Lyapunov function considered 
in the adaption laws and the matrix representation for the multi-dimensional system of 
equations. Here the Matrices must be considered as nonsingular matrices for the reason for 
the availability of the finite solution. 

A Lyapunov based MIMO MRAC algorithm, (Pankaj & Kumar, 2002)(Hashemi et al., 
2015)(Rao & Hassan, 2004) drawn the attention of many researchers. 
 
 In (El-samahy & Shamseldin, 2018), showing the effectiveness of the controller about how 
they track the reference model. In the present study, we are using the direct method MRAC 
for a MIMO system. 
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CHAPTER 3 
METHODOLOGY  

 
In methodology, the dynamics for orbital maneuver of a microsatellite with a single elastic 
tether system at LEO and the proposed algorithm to control the TSS are presented. To study 
TSS, the author presented a flow chart to describe the whole methodology. The simplified 
system modeling comprises of 
 

 
 
 

The actual modeling of TSS describes the physical model in which some assumptions are 
considered. The dynamics of the microsatellite along with the elastic tether are derived in a 
Mathematical model. The mathematical model comprises of higher order ODEs which 
define the tether attitude motion. First, the analysis of the mathematical model is conducted 
with Gauss Variational Equations and using numerical method RK 14. Second, the proposed 
control algorithm is established along with the numerical method RK 14 to suppress the 
pendulum motion of TSS. To verify the mathematical model, the author proposed the 
validation model which can verify the dynamics of the TSS, Numerical methods and also 
the proposed control algorithm. 

Figure 3.1 Flow chart of system modeling 
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3.1 Physical Model of TSS  
 
The physical system of TSS has considerations for the better understanding of the real model 
in which, the TSS revolves in an orbit about the center of the earth. Here, the earth is 
considered an inertial system. The TSS comprises of two subsatellites connected by a long 
tether which is the cable. For studying this complex system, it is essential to some 
considerations by making assumptions which can later help us to understand and implement 
the exact model of it. 
 

 The earth is of spherical in shape and the mass is distributed uniformly and hence it 
acts as a point mass. 

 The earth’s gravity is not affected by the higher order fields due to different shape 
and non-uniform mass distribution.  

 The Earths magnetic dipole is at a fixed value 11.5 degrees with the center as the 
earth. 

 The dynamics of the TSS are only due to the static tension forces and the gravitational 
field of the earth. The external disturbances mentioned in limitations re are relaxed. 

 All the vectors are defined in the inertial frame to measure the changes of TSS 
dynamics relative to earth. 

 Both the end bodies of the TSS are finite rigid bodies of cubic shape and are 
connected by a tether which is a long elastic cable. 

 Microsatellite revolves in the Keplerian orbit around the earth, hence CKOE are 
considered for defining the position of the microsatellite.  

 

3.2 Mathematical Model of TSS  
 
With the help of the above modeling assumptions, a mathematical model of the TSS is 
presented. Figure 3.2 demonstrates the Physical model of TSS. Here the TSS consists of two 
end bodies, upper body (A) and lower body (B) which are connected by an elastic cable at 
 P  and P . The center of mass of the A and B are G  and G  respectively. The earth is 
centered at O which is considered as the inertial system. 

The position of the upper body is given by the states of osculating CKOE as 

 O℮ =   {a, e, n, Ω, ω, ν}                                           Equation 3.1 
 

here,    a is a semi-major axis, 
e is eccentricity, 
Ω is the right ascension of the ascending node (RaAN),  
n is an inclination, 
ω is the argument of periapsis, 
ν is a true anomaly.  
 

The term O℮ defines the parameters of the osculating CKOE in Keplerian orbit. These 
elements are used to find the position of A from the center of the earth. �⃗�  being the position 
of A from center of earth. The vector  P⃗  is the position of the tether attached to the upper 
body. The position vector, 𝑟  is the position of the tether differential element  from the P . 
The vector  P⃗  is the position of tether attached to the lower body. 



13 
 

 

             
 

 

3.2.1 TSS Coordinate Systems  
 
Three coordinate frames are used to define the total TSS. 
 
Inertial Frame (𝑭𝑵)  
Earth is the inertial system which is represented with coordinate axes 𝒏𝒊 and O as the center. 
The connection of the magnetic North Pole to the South pole of earth gives  𝒏𝟑 axis and 𝒏𝟏- 
𝒏𝟐 plane the represents the reference plane at equator. 
 
Orbit Frame ( 𝑭𝑶)  
The upper body is in the orbit frame which is represented with the coordinate axes 𝒐𝒊 and 
G  as center given by Figure 3.2. The 𝒐𝟑 axis is extended form the  earth center to upper 
body center .𝒐𝟐 axis is given by the spin axis of upper body and  𝒐𝟏 is normal to 𝒐𝟐 − 𝒐𝟑. 
Tether Coordinate Frame (𝑭𝑬) 

Figure 3.2 Osculating orbit elements for TSS 
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Tether fixed coordinates which are represented with the coordinate axes 𝒆𝒊 and P  as center 
as shown in Figure 3.2. The 𝒆𝟑 axis directs from P  to P . Axis 𝒆𝟏 is alligned  perpendicularly 
to 𝒆𝟑 and  𝒆𝟐 is normal to  𝒆𝟏 − 𝒆𝟑 plane. 
 
3.2.2 Direction Cosine Matrices 

All the coordinate frames mentioned above can be related to each other by using the 
Directional Cosine Matrices (DCM) as shown below  
 
DCM mapping 𝑭𝑵 → 𝑭𝑶 
The inertial frame (𝑭𝑵) can be transformed to Orbit Frame (𝑭𝑶) by Euler 3-1-3 rotation to 
(Ω, n, θ) where θ = ω + ν. as shown in Figure 3.3 
 

 
 

 

 
 

𝐷𝐶𝑀 ←

= −
𝑐𝑜𝑠(θ) 𝑠𝑖𝑛(θ) 0.0
𝑠𝑖𝑛(θ) 𝑐𝑜𝑠(θ) 0.0

0.0 0.0 1.0

1.0 0.0 0.0
0.0 𝑐𝑜𝑠(n) 𝑠𝑖𝑛(n)

0.0 − 𝑠𝑖𝑛(n) 𝑐𝑜𝑠(n)

𝑐𝑜𝑠(Ω) 𝑠𝑖𝑛(Ω) 0.0
− 𝑠𝑖𝑛(Ω) 𝑐𝑜𝑠(Ω) 0.0

0.0 0.0 1.0

  

Equation 3.2 
 
DCM mapping 𝑭𝑶 → 𝑭𝑬 
The orbit frame is transformed to tether fixed frame using α and -β which are defined by 
applying Euler 2-1 rotation. 

 

𝐷𝐶𝑀 ← =

1.0 0.0 0.0
0.0 𝑐𝑜𝑠 (β) −𝑠𝑖𝑛 (β)

0.0 𝑠𝑖𝑛 (β) 𝑐𝑜𝑠 (β)

𝑐𝑜𝑠 (α) 0.0 −𝑠𝑖𝑛 (α)
0.0 1.0 0.0

𝑠𝑖𝑛 (α) 0.0 𝑐𝑜𝑠 (α)
              Equation 3.3 

 
where α is IP attitude angle and β is OP attitude angle of the tether w.r.t 𝑭𝑶 respectively 
which is given in Figure 3.4. 

Figure 3.3 Euler 3-1-3 rotation of 𝑭𝑶 and 𝑭𝑵 at 𝐆𝐀 
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DCM mapping 𝑭𝑵 → 𝑭𝑶 → 𝑭𝑬 
 
All the frames are mapped to each other as  
 

𝐷𝐶𝑀 ← = 𝐷𝐶𝑀 ← ∙ 𝐷𝐶𝑀 ←                                                       Equation 3.4 
 

DCM mapping 𝑭𝑬 → 𝑭𝑶 → 𝑭𝑵 
 
All the dynamics of the TSS are obtained using an inertial frame 𝑭𝑵. Hence all the vectors 
which are in orbit Frame (𝑭𝑶) and tether frame (𝑭𝑬)  are converted to an inertial frame 𝑭𝑵. 
 

𝐷𝐶𝑀 ← = 𝐷𝐶𝑀 ← ∙ 𝐷𝐶𝑀 ←                                                       Equation 3.5 
 
here 𝐷𝐶𝑀 ← = (𝐷𝐶𝑀 ← ) = (𝐷𝐶𝑀 ← ) ,𝐷𝐶𝑀 ← = (𝐷𝐶𝑀 ← ) = (𝐷𝐶𝑀 ← )  
 

3.2.3 Tether Displacements and Tether Tension 
 
The configuration of the elastic tether is shown in Figure 3.2 is attached to the upper body 
at P  and lower body at P .The Tether fixed frame is used to define the tension acting at any 
(d𝑆) differential element . 𝑙 is tether length. The dynamic motion of a tether is induced by 
tether disturbances. Due to these forces, the tether exhibits motion resulting in a change in 
the tether tension over time. 

Let 𝑟 be the position of differential element respective to P , the sum of the  dynamic 
displacement vector u(𝑆, 𝑇) obtained in 𝑭𝑬 and the spatial coordinate (𝑆) of the unstretched 
tether. 

r⃗(𝑆, 𝑇) = u(𝑆, 𝑇) + 𝑆𝒆𝟑                                          Equation 3.6 
 

where 𝑆 is the arc length parameter of the tether (km) in the initial configuration for a 
differential element d𝑆 and 𝑇 is time (sec)  

Figure 3.4 Euler 2-1 rotation of 𝑭𝑶 and 𝑭𝑬 at 𝐏𝐀 
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The dynamic displacement is due to the tether disturbances which are given by tether fixed 
frame (𝑭𝑬). 
 

u(𝑆, 𝑇) = 𝑈(𝑆, 𝑇)𝒆𝟏 + 𝑉(𝑆, 𝑇)𝒆𝟐 + 𝑊(𝑆, 𝑇)𝒆𝟑                           Equation 3.7 
 
Transverse displacements 𝑈 and 𝑉  are the tangential and the normal components 
respectively. Longitudinal displacement 𝑊(𝑆, 𝑇) is the binormal displacements of the tether 
defined in 𝑭𝑬. 
 
Defining the tether displacements using the trail functions  

𝑈(𝑆, 𝑇) = 𝑐 , (𝑇) ∅ (𝑆)                                                Equation 3.8  

𝑉(𝑆, 𝑇) = 𝑐 , (𝑇) ∅ (𝑆)                                                Equation 3.9  

𝑊(𝑆, 𝑇) = 𝑐 , (𝑇) ∅ (𝑆)                                            Equation 3.10  

 
here, “𝑐 , (𝑇), 𝑐 , (𝑇) and 𝑐 , (𝑇)” are the time dependent coordinates along the tether. 𝑛𝑗 
is element number , 𝑛𝑒 for Galerkin method and the total number of nodes (𝑛𝑒 + 1) for the 
Finite Element Method. The shape function ∅ (𝑆) for Galerkin Method and FEM are given 
in Chapter3.3 Numerical approach. 
 
Substituting Equation 3.7 in Equation 3.6  
 

r⃗(𝑆, 𝑇) = 𝑈(𝑆, 𝑇)𝒆𝟏 + 𝑉(𝑆, 𝑇)𝒆𝟐 + 𝑆 + 𝑊(𝑆, 𝑇) 𝒆𝟑             Equation 3.11 
 
 as discussed in Chapter3.1, converting be converted to an inertial frame 𝑭𝑵 
 
𝑟(𝑆, 𝑇) = 𝐷𝐶𝑀 ← ∙ r⃗(𝑆, 𝑇)   =  𝑟 (𝑆, 𝑇) 𝒏𝟏 + 𝑟 (𝑆, 𝑇)𝒏𝟐 + 𝑟 (𝑆, 𝑇)𝒏𝟑   Equation 3.12 
 
The static strain of an elastic tether which is given as 
 

ε =
δ

𝑙
=  

m . g. 𝑙
EA
𝑙

=
m g

EA
                                    Equation 3.13 

 
where Young’s modulus of the tether is  E,  g is the gravity acting on tether, A is the cross-
sectional area of the tether , ε  is the static strain. 

 
The dynamic strain of the tether is given by LaGrange strain as 
 

ε (𝑆, 𝑇) =
1

2

𝜕𝑟(𝑆, 𝑇)

𝜕𝑆
− 1                                       Equation 3.14 
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Substituting Equation 3.12 and differentiating with respect to 𝑆, noting the shape of the tether 
is almost straight because of tension created by two bodies, hence the curvature of the cable 
is zero. The dynamic strain of the cable ε  is given as 
 

ε (𝑆, 𝑇) =
∂𝑊(𝑆, 𝑇)

𝜕𝑆
+

1

2

∂𝑈(𝑆, 𝑇)

𝜕𝑆
+

1

2
 

∂𝑉(𝑆, 𝑇)

𝜕𝑆
+

1

2
 

∂𝑊(𝑆, 𝑇)

𝜕𝑆
 

 
at any point on the tether is the unit tangent (𝜏) vector given as,  
 

𝜏(𝑆, 𝑇) =
𝜕𝑟(𝑆, 𝑇)

𝜕𝑆
                                                               Equation 3.16 

 
By using Linear Kelvin-Voigt law of viscoelasticity, the tether tension vector of the cable 
along the unit tangent direction due to axial stress with the static strain and dynamic strain 
as 
 

𝑇 = EA(ε + 𝐜 ∗ ε (𝑆, 𝑇)) ∙ 𝜏(𝑆, 𝑇)                                 Equation 3.17 
 
where 𝐜 is the constant for structural damping. 
 
Equations 3.10 - 3.13 into Equation 3.14, we get the final tension vector acting in a tangential 
direction along the elastic tether. 
 
In the modeling of the actual TSS, the tension forces due to compression are not considered 
due to the reason that the configuration of the cable is totally tensioned by the two end bodies 
A and B. 
 
 
3.2.4 Disturbance Acceleration Due to Tether Tension 

The Translation motion of osculating orbit G  is obtained by applying Newton's law to the 
upper body, which given as 
 

𝑇(0, 𝑇) + �⃗� (𝑇) =  m �⃗� ̈ (𝑇)                         Equation 3.18 
 

where, �⃗� (𝑇) is the Earths gravitational force  acting on upper body, the tension acting 

�⃗�(0, 𝑇) along  upper body at P   , m  is the mass of upper body and  (..) represents  

 
 
The gravitational force of the earth acting on A will be determined by using Newton 
universal gravitation law 
 

�⃗� (𝑇) = −
m μ

r
𝑟 (𝑇)                                        Equation 3.19  

 
The force �⃗� (𝑇) is a negative direction vector because the force  due to gravitational field 
acts towards the center of the earth opposite to the vector 𝑟 . As upper body A is also a point 

Equation 3.15 
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mass due to its finite cube shape, the influence gravitational force of body A on the Earth is 
nullified. 
 
The vector position of the upper body, �⃗� (𝑇) relative to 𝐹  is defined as 
 

𝑟 (𝑇) = r 𝑐𝑜𝑠(n) 𝑐𝑜𝑠(ω + Ω + ν) 𝒏𝟏 + r 𝑐𝑜𝑠(n) 𝑠𝑖𝑛(ω + Ω + ν)𝒏𝟐 + r  𝑠𝑖𝑛(n)𝒏𝟑    
  Equation 3.20 

 
where r  is Instantaneous orbit radius given as 

 

r =
p

(1 + e cos (ν))
                                             Equation 3.21 

 
Orbital parameter (p) of an osculating body is given as 

 
p = a(1 − e )                                                         Equation 3.22 

 
orbit angular momentum is given as 

h = μp                                                                   Equation 3.23 

 
Substituting Equations 3.21 to  3.23 into Equation 3.18, 
 
The orbital motion for G  in disturbance form is given as 

 
μ

r
�⃗� (𝑇) + �⃗� ̈ (𝑇) =

𝑇(0, 𝑇)

m
 = �⃗� (𝑇)             Equation 3.24 

 
Disturbance acceleration (�⃗� ) for the motion of (A) relative to 𝑭𝑵 which causes 
perturbations away from the Keplerian orbit is given by 
 

�⃗� (𝑇) =  a 𝒏𝟏 + a 𝒏𝟐 + a 𝒏𝟑                        Equation 3.25 
  
where a , a , a  are the components of disturbance acceleration in the inertial frame. 
 
The GVE of the CKOE under the  influence of disturbance accelerations are given by (Ellis, 
2010) as 
 

ȧ =
2a

h

p

r
a + e sin(ν) a                                                                           Equation 3.26 

 

ė =
a [(p + r ) cos(ν) + e r ] + a (p sin(ν))

h
                                           Equation 3.27 

 

ṅ =
a (r cos(ω + ν))

h
                                                                                           Equation 3.28 

 

Ω̇ =
a (r sin(ω + ν))

sin(n)h
                                                                                          Equation 3.29 
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ω̇ = −
a (r sin θ cos(n))

h sin(n)
+

−a (p cos(ν)) + a [(p + r ) sin(ν)]

h e
Equation 3.30 

 

ν̇ =
a (p cos ν) − a [sin ν (p + r )]

h e
 +

h

r
                                                   Equation 3.31 

 
Equations 3.26-3.31 defines the translation motion of upper body w.r.t O. The above 
equations contain singularities when the eccentricity is zero for circular orbit and the 
inclination is zero for the equatorial orbits. But for an actual TSS, the orbit is never assumed 
to be an equatorial orbit, so the Gauss Variational Equations are used. 
 
The singularities mentioned above can be removed by using the modified equinoctial 
elements. The first order equation of motion of microsatellite which are in Inertial 
coordinates determines the elliptical motion using modified equinoctial elements by 
Lagrange perturbation equations(E. L. Lanoix, 1999). A set of equinoctial elements are given 
for the orbit of circular shape and elliptical shape. The determination of the solution is time-
consuming as it involves the conversion of EOE to CKOE. The relation between EOE and 
CKOE are given as 
 

P = e sin(ω + Ω)                                                 Equation 3.32  
 

P = e cos(ω + Ω)                                                Equation 3.33 
 

Q = sin(ω + Ω) tan
n

2
                                    Equation 3.34 

 

Q = cos(ω + Ω)tan
n

2
                                    Equation 3.35 

 
𝐿 = ν + ω + Ω                                           Equation 3.36 

 
The perturbed modified Lagrange perturbation equations are given using the acceleration 
quantities 
 

ȧ = P sin(𝐿) − P cos(𝐿) a + a                                                    Equation 3.37   

 

Ṗ =
r

h

−p

r
cos(𝐿) a + P + 1 +

p

r
sin(𝐿) a

− P (Q cos (𝐿) − Q sin(𝐿) a )                                              Equation 3.38 

 

Ṗ =
r

h

p

r
sin(𝐿) a + P + 1 +

p

r
cos(𝐿) a + P (Q cos (𝐿)

− Q sin(𝐿) a                                                                              Equation 3.39 

 

Q̇ =
r

2h
1 + Q + Q sin(𝐿) a                                                                     Equation 3.40 
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Q̇ =
r

2h
1 + Q + Q cos(𝐿) a                                                                    Equation 3.41 

 

L̇ =
h

r
+

r tan
n
2

sin(ω + ν)a

h
                                                                     Equation 3.42 

 
Substituting the Equations 3.32-3.36 and Equations 3.21-3.23 into Equations 3.37-3.42 we 
get the translation motion of primary end body w.r.t O. using modified equinoctial elements. 
 
The equinoctial elements can be converted back to classical orbital elements by using 
relation shown below  
 

e = P + P                                                     Equation 3.43 
 

    n = −2 tan Q + Q        Equation 3.44 

 

Ω = tan                     Equation 3.45 

 

ω = tan − tan                               Equation 3.46 

 
ν = 𝐿 − ω − Ω                                                      Equation 3.47 

 
 
The first order derivates with time are found for Equations 3.40-3.44 and the first order 
Equations 3.34-3.39 are substituted into the derivatives. By solving the above-obtained 
equations using numerical methods the solution for the classical orbital elements are 
obtained using Lagrange Perturbation equations. 
 
3.2.5 Motion for the Tether Attitude Angles 

Translation motion of osculating orbit G  is obtained by applying Newton's law to lower 
body, which given as 
 

−𝑇(𝑙, 𝑇) + �⃗� (𝑇) = m 𝑟 ̈ (𝑇)                           Equation 3.48 
where �⃗� (𝑇) is the Earths gravitational force acting on a lower body, the tension  𝑇(𝑙, 𝑇) 
acting along  upper body at P  , m  is the mass of  a lower body.  
 
As the earth is considered as a point mass, the gravitational force of the Earth acting on B is 
obtained by using the Newtons law of universal gravitation as 
 

�⃗� (𝑇) = −
m μ

r
𝑟 (𝑇)                                         Equation 3.49 

The force �⃗�   is a negative direction vector because it acts towards the earth opposite 
to�⃗� (𝑇). As lower body B is also a point mass due to its finite cube shape, the influence 
gravitational force of body B on earth is nullified. 
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The position vector �⃗� (𝑇) relative to 𝑭𝑵 is defined as 
 

�⃗� (𝑇) + p⃗ (𝑇) + 𝑟(𝑙, 𝑇) − p⃗ (𝑇) = 𝑟 (𝑇)                    Equation 3.50 
 

where, p⃗  is the vector position of P  from  G  and p⃗  is the vector position of P  from 
 G  where the tether is attached to the upper body and lower body  respectively in 𝑭𝑵.  
 
the position �⃗�(𝑙, 𝑇)  of the tether at length (𝑙) in 𝑭𝑵 is given by substituting 𝑆 = 𝑙 in Equation 
3.12 
 
   𝑟 (𝑆, 𝑇) 𝒏𝟏 + 𝑟 (𝑆, 𝑇)𝒏𝟐 + 𝑟 (𝑆, 𝑇)𝒏𝟑  = �⃗�(𝑙, 𝑇)                  Equation 3.51 
 
Substituting Equations 3.49- 3.51 into Equation 3.48,  
 
The translation motion for B w.r.t  O given as  
 

−
μ

r
�⃗� (𝑇) −

𝑇(𝑙, 𝑇)

m
=  �⃗� ̈ (𝑇)                             Equation 3.52 

 
The motion of attitude angles of tether results in the pendulum motion of the tether. The 
pendulum motion represents the motion of the tether due to the translation motion of the 
secondary end body B which are given by two modes of motion. 
 
The IPPM of tether is along the tangential direction of the tether in  𝒆𝟏- 𝒆𝟑 plane and the 
OPPM of tether is along the normal direction of the tether in the 𝒆𝟐- 𝒆𝟑 plane which defines 
the equation of motion tether attitude angles. 
 
To find the acceleration of the tether at point P  , Differentiating the Equation 3.48 two times 
with respective time 

�̈� 𝒏𝟏 + �̈� 𝒏𝟐 + �̈� 𝒏𝟑 = �̈�(𝑙, 𝑇)                        Equation 3.53 

 
Expressing Equation 3.47 as acceleration quantity  �⃗�  relative to 𝐹   
 

�⃗� (𝑇) =   𝑟 ̈ (𝑇) − �⃗� ̈ (𝑇) + 𝑃
̈ (𝑇) − �⃗�

̈
(𝑇)                   Equation 3.54 

 
where �⃗� (𝑇) = a 𝒏𝟏 + a 𝒏𝟐 + a 𝒏𝟑 
and a , a , a  are the components of acceleration at point P  in the inertial frame 𝐹 . 
 
Comparing Equations 3.50 and 3.51 the equation motion of tether attitude angles is given as 
 

�̈⃗�(𝑙, 𝑇) = �⃗� (T)                                                       Equation 3.55 
Here, 
 

�̈� = a                                                                                 Equation 3.56 
 

�̈� = a                                                                                 Equation 3.57 
 

�̈� = a                                                                                 Equation 3.58 
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The in-plane pendulum motion (IPPM) of the tether is given by Equation 3.56 and the Out-
of-plane pendulum motion (OPPM) of tether is given by Equation 3.57 defines the pendulum 
motions of the tether. The longitudinal motion of tether is given by Equation 3.58 but due 
tension acting at both ends the tether by the end bodies there is no pendulum motion along 
this direction. For this reason, the author considered and studied only IPPM and OPPM of 
the tether. 
 
3.2.6 Magnetic Field of Earth  
 
The magnetic field of the Earth has a dipole centered at O with dipole axis u and the strength 
as μ . At any point �⃗�, The magnetic field vector �⃗� relative to O is given by Biot-savarts law 
as 
 

�⃗�(𝑇) =
μ

𝑃
𝑢 −

3 u ∙ 𝑃(𝑇) 𝑃(𝑇)

𝑃
                                Equation 3.59 

 
The arbitrary position �⃗�  relative to O is defined as, 
 

�⃗�(𝑇) = 𝑃 cos(ω) cos(Ω)𝒏𝟏 + 𝑃cos(ω) sin(Ω) 𝒏𝟐 + 𝑃 sin(ω) 𝒏𝟑     Equation 3.60 
 
As per the assumptions in Chapter3.1 The magnetic field of the earth is constant, with a unit 
dipole (u) tilted with angle 𝛤 relative to 𝒏𝟑. 𝛩 is the angle between 𝑢-𝒏𝟑 plane and 𝒏𝟏-𝒏𝟑 
plane.  

 

Using the angles 𝛩 and 𝛤 we will express 𝑢 as 
  

u = 𝑐𝑜𝑠 𝛩 sin 𝛾 𝒏𝟏 + 𝑠𝑖𝑛 𝛩 𝑠𝑖𝑛 𝛾 𝒏𝟐 + 𝑐𝑜𝑠 𝛤 𝒏𝟑                        Equation 3.61 
 

where 𝛩 = 𝛩 + ω  𝑇, ω  is the constant earth angular speed, 𝛩 is local sidereal time of the 
unit dipole axis and 𝛾 = 90 −  𝛤. 
 
3.2.7 Electrodynamic Force Vector 
  
This induced emf forms a closed loop when it is in the contact to the ambient plasma 
environment at space and produces the electrical current 𝑖 for differential tether element d𝑆. 

Figure 3.5 Unit dipole axis  
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An ED force acts on the differential tether element due to earths magnetic field which is 
given as, 
 

 �⃗� (𝑆, 𝑇) = 𝑖 𝑑𝒍 × �⃗�(𝑇)                                               Equation 3.62 
 

here 𝑑𝒍 =
�⃗�

d𝑆 is the differential element of tether where current acts 

�⃗� (𝑆, 𝑇) = 𝑖
𝜕�⃗�

𝜕𝑆
d𝑆 × �⃗�(𝑇)                                 Equation 3.63 

 
In this thesis, the author considered to study only the influence of ED force on the dynamics 
of  TSS as generation is not considered. The TSS can change the value of current due to its 
motion but the value of the current must be controlled. Hence by using a controlled current 
source, a desired value of the current can be set for the system. For this reason, the current 
is assumed to be constant. 
 
3.2.8 Equation of Dynamic Motion for the Tether 
 
The dynamic motion for the tether is due to elastic vibration of the tether in the transverse 
along, 𝑈 and 𝑉 directions and longitudinal along the 𝑊 direction which defines the 
deformation of the tether away from �̂�  axis. The tether is stretched due to the motion of the 
lower body hence, it has tether displacements. 
 
The equation of dynamic motion a tether system with elastic vibrations for a differential 
tether length 𝑑𝑆 is given by Newton’s second law as 
 

𝜌𝑑𝑠�̈� (𝑆, 𝑇) = �⃗�(𝑆 + 𝑑𝑆, 𝑇) + �⃗� (𝑆, 𝑇) − 𝑇(𝑆, 𝑇) + �⃗� (𝑆, 𝑇)        Equation 3.64 
 

𝜌 is linear mass density for unstretched tether, 
 
The gravitational force acting on differential tether length is given by Newton’s Universal 
Gravitational law. 

�⃗� (𝑆, 𝑇) = −
𝜌𝑑𝑠𝜇

𝑟
�⃗� (𝑆, 𝑇)                                             Equation 3.65 

 
The tether position relative to O in 𝐹  is given as, 
 

𝑟(𝑆, 𝑇) + p⃗ (𝑇) + �⃗� (𝑇) = �⃗� (𝑆, 𝑇)                                Equation 3.66 
 
Rearranging the equation about �⃗�(𝑆, 𝑇) and applying the second derivative with respective 
time we get. 
 

r̈⃗ (𝑆, 𝑇) − p̈⃗ (𝑇) − �̈⃗� (𝑇) = �̈⃗�(𝑆, 𝑇)                  Equation 3.67 
 

The change in tension at the ends of the differential element is given as, 
 

𝑇(𝑆 + 𝑑𝑆, 𝑇)

𝑑𝑆
−

𝑇(𝑆, 𝑇)

𝑑𝑆
=

𝜕�⃗�(𝑆, 𝑇)

𝜕𝑆
                                             Equation 3.68 
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placing Equations 3.65 to 3.68 into Equation 3.64, the dynamic motion for tether is given as,  
 

−
𝜇

𝑟
�⃗� (𝑆, 𝑇) +

1

𝜌

𝜕�⃗�(𝑆, 𝑇)

𝜕𝑠
+

𝑖

𝜌

𝜕�⃗�(𝑆, 𝑇)

𝜕𝑠
× 𝐵 − �̈� (𝑇) − p̈⃗ (𝑇) = �̈⃗�(𝑆, 𝑇)    Equation 3.69 

 
 
The tether vibrations along the 𝑊 direction is only considered due to the fact that there is a 
fixed amount of tension which doesn’t allow the tether to vibrate along 𝑈 and 𝑉 directions 
and also the pendulum motion of the tether occurs only due to the motion lower body. 
The boundary conditions for Equation 3.55 and 3.69 at 𝑃  and 𝑃  for the case of studying 
the pendulum motion of the tether are  
 

𝑈(𝑆, 𝑇) = 0          Equation 3.70 
 
𝑉(𝑆, 𝑇) = 0                                                        Equation 3.71 

 

𝑊(𝑆, 𝑇) = δ =  
. .

                                        Equation 3.72 

 
 
3.2.9 Overview of Mathematical Modeling 

 
The mathematical model which is present in Chapter 3.2 presents the dynamics of the EDs 
TSS which include the orbital motion of the TSS given by (Equations 3.26-3.31), which are 
first order ordinary differential equations. The dynamics of motion primary end body 
(Equation 3.24), dynamics of motion of secondary end body (Equation 3.52), the pendular 
motion of tether given by Equations 3.56,3.57. The equation of the dynamic motion of the 
tether Equation 3.69. Hence by using numerical methods, we can solve these equations 
which are presented in section 3.3 a Numerical Approach. 
 
3.3 Numerical Approach 
 
The dynamics which are obtained in the mathematical model of TSS are of 2nd order ODEs 
and 2nd order PDEs. Hence to get the solution for these equations numerical methods must 
be applied and a program must be written which solves iteratively to trace the solution. The 
equation of motion of tether attitude angles are 2nd order ODEs, so they must be discretized 
in the time domain. The equation of the dynamic motion of tether is 2nd order PDE, so they 
must discretize in time and spatial domain. 
 
There is a sequence must be followed to achieve the solution that is described in this section. 
Firstly, we assumed a trial function for the tether displacements. Secondly, applying the 
discretization in the time domain for the higher order ODEs and PDE to convert them to first 
order ODE by discretization followed by reduction of order. Following that,14th order 
explicit Runge Kutta method is used for finding the solution of a set of the 1st order ODEs. 
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3.3.1 Discretization by Finite Element Method and Galerkin Method 
 
Strong Form: The 2nd order PDE which is given by Equation 3.69, equation of dynamic 
motion of the tether motion is in strong form. 
 
Weak Form: 
The strong form is converted into the weak form using shape function ∅ (𝑆). Multiplying 
∅ (𝑆) on both side to strong form and integrating over tether length we will get  
 

�̈�(𝑆, 𝑇)∅ (𝑆) 𝑑𝑆

=
1

𝜌

𝜕𝑇(𝑆, 𝑇)

𝜕𝑠
−

𝜇

𝑟
𝑟 (𝑆, 𝑇) +

𝑖

𝜌

𝜕�⃗�(𝑆, 𝑇)

𝜕𝑠
× 𝐵 − �̈� (𝑇)

− p̈⃗  (T) ∅ (𝑆) 𝑑𝑆                                                                          Equation 3.73 

 
By applying by parts method for tension term in Equation 3.73 we get  
 

1

𝜌

𝜕𝑇(𝑆, 𝑇)

𝜕𝑠
∅ (𝑆) =

1

𝜌
−𝑇(0, 𝑇)∅ (0) + 𝑇(𝑙, 𝑇)∅ (𝑙) − 𝑇(𝑆, 𝑇)

𝑑∅ (𝑆)

𝑑𝑆
𝑑𝑆  

 
   

The tension at P  and 𝑃  of the tether are given by Equation 3.24 and Equation 3.52 
respectively as 

 
𝜇

𝑟
�⃗� (𝑇) + �⃗� ̈ (𝑇) 𝑚  =  𝑇(0, 𝑇)                                   Equation 3.75 

 

−
𝜇

𝑟
�⃗� (𝑇) + �⃗� ̈ (𝑇) 𝑚  =  𝑇(𝑙, 𝑇)                               Equation 3.76 

 
Substituting Equations 3.74 -3.76 into Equation 3.73, 

 �̈⃗�(𝑆, 𝑇)∅ (𝑆) 𝑑𝑆

= −
𝜇

𝑟
�⃗� (𝑆, 𝑇) +

𝑖

𝜌

𝜕𝑟(𝑆, 𝑇)

𝜕𝑠
× �⃗� − �̈⃗� (𝑇) − p̈⃗  (T) ∅ (𝑆) 𝑑𝑆    

− �⃗�(𝑆, 𝑇)
𝑑∅ (𝑆)

𝑑𝑆
𝑑𝑆

−
1

𝜌
−𝑚 �⃗� ̈ (𝑇) +

𝜇

𝑟
𝑟 (𝑇) ∅ (𝑙)

− 𝑚 �⃗� ̈ (𝑇) +
𝜇

𝑟
�⃗� (𝑇) ∅ (0)                                                   Equation 3.77 

defining some sub equations as 
 

𝛾 , = − ∅ (𝑆) 𝑑𝑆 −
𝑚

𝜌
∅ (𝑙) −

𝑚

𝜌
∅ (0)                                                   Equation 3.78 

 Equation 3.74 
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𝛾 , = − ∅ (𝑆) 𝑑𝑆 −
𝑚

𝜌
∅ (𝑙)                                                                          Equation 3.79 

 

𝛾 , =
𝑚

�̅�
∅ (𝑙)                                                                                                          Equation 3.80 

 

g⃗ (𝑇) = −𝜇  
�⃗� (𝑆, 𝑇)

𝑟
∅ (𝑆) 𝑑𝑆 +

𝑚

𝜌

𝑟 (𝑇)

𝑟
∅ (𝑙) +

𝑚

𝜌

𝑟 (𝑇)

𝑟
∅ (0) Equation 3.81 

 

f⃗ (𝑇) = −
1

𝜌
𝑇(𝑆, 𝑇)

𝑑∅ (𝑆)

𝑑𝑆
𝑑𝑆 +

𝑖

𝜌

𝜕�⃗�(𝑆, 𝑇)

𝜕𝑆
× �⃗�(𝑇) ∅ (𝑆) 𝑑𝑆          Equation 3.82 

 
With the above, all Equation 3.78-3.82, the weak form for the dynamic motion for a tether 
is given as 
 

�̈⃗�(𝑆, 𝑇) ∅ (𝑆)𝑑𝑆 +
𝑚

𝜌
�̈⃗�(𝑙, 𝑇)∅ (𝑙)

= 𝛾 , �⃗� ̈ (𝑇) + 𝛾 , p⃗ ̈ (𝑇) + 𝛾 , p⃗ ̈ (𝑇) + g⃗  (𝑇) + f⃗  (𝑇)         Equation 3.83 
 
 
3.3.1.1 Shape Functions for Finite Element Method 
 
The shape functions for FEM general coordinates are taken at different node points in tether 
and between two nodes an element is considered as Finite element. The assumed solution of 
FEM is taken in the form of interpolating functions. In the FEM discretization, ∅ (𝑆) is the 
shape function defined at each node of the tether element. 
 
In the present study, we are considering tether as a cable of length 1 km. The tether is divided 
into uniform elements 𝑛𝑒, with the length of each element is given as 
 

𝐿𝑒𝑚 =
𝑙

𝑛𝑒
                                                                Equation 3.84 

 
Each element has two nodes at each end of the elements. Assuming the tether will deviate in 
three displacements so at each node we will get two-degree freedom for each element. We, 
therefore, get six directions for each element. 
 
The shape functions are first given locally and later these are converted into global shape 
functions which are given by piecewise functions as 
 

N , (𝑆) = N , (𝑆) = N , (𝑆) =
𝑗 ∗ 𝐿𝑒𝑚 − 𝑆

𝑙𝑒
                  Equation 3.85 

 

N , (𝑆) = N , (𝑆) = N , (𝑆) =
𝑆 − (𝑗 − 1) ∗ 𝐿𝑒𝑚

𝑙𝑒
                   Equation 3.86 
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Using the above local element shape functions, defining the global shape functions as 
 

∅ ∗ (𝑆) =
N ,  (𝑆)      ,        (𝑗 − 2) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ (𝑗 − 1) ∗ 𝐿𝑒𝑚

N ,  (𝑆)      ,                (𝑗 − 1) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ 𝑗 ∗ 𝐿𝑒𝑚
            Equation 3.87 

 

∅ ∗ (𝑆) =
N ,  (𝑆)      ,        (𝑗 − 2) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ (𝑗 − 1) ∗ 𝐿𝑒𝑚

N ,  (𝑆)      ,                (𝑗 − 1) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ 𝑗 ∗ 𝐿𝑒𝑚
           Equation 3.88 

 

∅ ∗ (𝑆) =
N ,  (𝑆)          ,        (𝑗 − 2) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ (𝑗 − 1) ∗ 𝐿𝑒𝑚

N ,  (𝑆)          ,                (𝑗 − 1) ∗ 𝐿𝑒𝑚 ≤ 𝑆 ≤ 𝑗 ∗ 𝐿𝑒𝑚
          Equation 3.89 

 
where ∅ ∗ (𝑆), ∅ ∗ (𝑆) and  ∅ ∗ (𝑆) are the shape functions for the three 
displacements of tether . 𝑛𝑜 represent the degree of freedom for the displacement. The Figure 
3.6 illustrates the shape function along any tether displacement considering 3 elements for 
𝑛𝑒 = 3 . Hence FEM is at a nodal point so a total number of nodes 𝑗 = 4 . 
 

     
 

 
 
 
3.3.1.2 Shape Functions for Galerkin Method  
 
In  Galerkin discretization, ∅ (𝑆) is the shape function defined for each element of the tether. 
A sinusoidal function is assumed as the shape function for Galerkin Method which is given 
as. The Figure 3.7 illustrates the shape function along with any tether displacement for 3 
elements. 

∅ (𝑆) = √2 𝑠𝑖𝑛(𝑗 · 𝜋 · 𝑆)                                                Equation 3.90 

 
 

 

Figure 3.6 Shape Functions of FEM  

Figure 3.7 Shape Functions of Galerkin Method 
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As the author is interested only in studying the influence of pendulum motion on the orbital 
maneuvering of TSS. Considering the set of first-order ordinary differential equations which 
are due to the orbital motion of tether given by equations 3.26-3.31 and IPPM and OPPM 
which are given by 3.56 and 3.57.  

Assumptions are made that there are no transverse displacements of the tether along the 
entire length and at any time by considering the time-dependent parameters as zero. There 
is only longitudinal displacement due to the elongation of the tether by the lower body. 

∴ 𝑐 , (𝑇) = 𝑐 , (𝑇) = 0                                                  Equation 3.91 

𝑐 , (𝑇) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = δ =  
 .

  
                                   Equation 3.92 

By making these assumptions, only static tension is acting at both endpoint of the tether and 
its shape is assumed as not bent and straight. Hence we can study the pendulum motion 
without any transverse displacements. The only elongation along the tether direction is 
because of the presence of secondary end body. 

𝑈(𝑆, 𝑇) = 0          Equation 3.93 
 
𝑉(𝑆, 𝑇) = 0          Equation 3.94 

 

𝑊(𝑆, 𝑇) = δ =  
 .

  
             Equation 3.95 

 
For Equation 3.95, the sum of the shape functions at each node is obtained as 1. Hence it can 
have a constant value of elongation. 
 

 
 

Figure 3.8 Equation Flow Chart of TSS 
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3.3.2 Jacobian Linearization 

The system of ODEs which are obtained after the discretization and the reduction of the 
order is given by a set of Equations A1, A2 and A3 as 

𝑿�̇�(𝑇) = 𝒇𝒏𝒔 𝑿𝒑(𝑇)                                                         Equation 3.96 

𝑿𝒑(𝑇) = {𝑥 (𝑇), 𝑥 (𝑇), 𝑥 (𝑇), … , 𝑥 (𝑇)}             Equation 3.97  

here, 𝑿𝒑(𝑇)denotes the state variables of a set of ODEs, 𝒇𝒏𝒔 represents a set of nonlinear 

ODEs and 𝑛𝑠 is the number of system variables . 

Linearizing Equation 3.96  using the Jacobian Linearization by Taylor series expansion and 
by eliminating the higher order derivatives which are negligible is shown as 

𝑿𝒑
�̇�(𝑻) = 𝒇𝒏𝒔 𝑿𝒑

𝒆(𝑇𝟎) + 𝑱 ∙ 𝑿𝒑(𝑇) − 𝑿𝒑
𝒆(𝑇𝟎)                       Equation 3.98 

  

Jacobian matrix is given as 

  𝑱 =

⎣
⎢
⎢
⎢
⎡ ( )

⋯
( )

⋮ ⋱ ⋮

( )
⋯

( )⎦
⎥
⎥
⎥
⎤

𝑿𝒑( ) 𝑿𝒑
𝒆 ( 𝟎)

            Equation 3.99   

The 𝑿𝒑
𝒆 (𝑇𝟎) is the equilibrium point given by the initial conditions as 

𝑿𝒑
𝒆(𝑇𝟎) = {𝑥 , 𝑥 , 𝑥 , … , 𝑥 }                        Equation 3.100 

The Equation 3.98 is the final equation obtained after Jacobian Linearization which is used 
for finding the solution of a set of 1st order ODEs of TSS. 

 
 

3.3.3 14th order Runge-Kutta Method 

A numerical analysis is conducted using a 14th order explicit Runge-Kutta Method. This 
method helps in tracing the ODE solution even with the presence of higher nonlinear terms. 
Although, it takes more time for integration, to achieve a high accuracy we are using this 
method. The coefficients required for the approximation of the solution in 35 stages using m 
symmetry method. 
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Figure 3.9 14th order Runge- Kutta Method 
 
The solution for the set of ODEs can be obtained numerically using the definition of explicit 
Runge Kutta which can be approximated as 

 

X = X + sh bC ∙ kp[i]                     Equation 3.101 

At any particular stage (𝑠𝑡) the slope kp[𝑠𝑡] is defined as 

kp[𝑠𝑡] = f T + zC , X + sh aC , ∙ kp[i − 1]   Equation 3.102 

where 
 Kp[𝑠𝑡] represent the slope of the function at each interval of time at any stage 𝑠𝑡. 
zC  represents the node given at each approximation of time. 
aC ,  is the coefficients from the Runge Kutta matrix. 
bC  is the weight at each slope value.  
sh is the step size for RK 14 
𝑠𝑡 = 0,1,2 … 34 represents the number of stages required for the approximation of one 
solution.  
nit represents the number of iterations. 
 
3.4 Lyapunov based MIMO MRAC Algorithm 

In this thesis, a set of ODEs obtained after Jacobian Linearization are unstable. The equations 
of motion due to tether attitude angles, dynamic motion for tether and the orbital motion of 
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TSS are unstable hence they must be controlled. This section will discuss the design of a 
Lyapunov based MIMO MRAC. 

 

  Figure 3.10 Model Reference Adaptive Control Diagram 
Unstable plant  

Let us consider a continuous-time variant system (unstable plant) which is given by 

𝑿�̇�(𝑇) = −𝑨𝒑 ∙ 𝑿𝒑(𝑇) − 𝑪𝒑 ∙ 𝒇𝒑(𝑇) + 𝑩𝒑 ∙ 𝒖(𝑇)                   Equation 3.103 

where 𝑨𝒑, 𝑩𝒑, 𝑪𝒑 are matrices. 𝑨𝒑 = −𝑘1 ∙ 𝑰𝒏𝒔×𝒏𝒔 , 𝑩𝒑 = 𝑘 ∙ 𝑰𝒏𝒔×𝒏𝒔 and  𝑪𝒑 = 𝑰𝒏𝒔×𝒏𝒔. 

𝑘  is an arbitrary constant, 𝑘 = 0.01 and 𝑰𝒏𝒔×𝒏𝒔 denotes an identity matrix. 𝒖(T)  denotes 
the control input. 𝑩𝒑 denotes the gain of the control input. 𝑿𝒑(𝑇)denotes the state variables 

of a set of unstable ODEs. 

𝒇𝒑(𝑻) =  − 𝑨𝒑 ∙ 𝑿𝒑(𝑻) + 𝑿𝒑
�̇�(𝑻)                                Equation 3.104 

The unstable plant is given by a set of linear equations obtained after Jacobian linearization 
process for TSS. 

Reference Model  

A reference model is chosen to characterize the desired closed-loop system responses as 

𝑿�̇�(𝑇) = −𝑨𝒎 ∙ 𝑿𝒎(𝑇) − 𝑪𝒎 ∙ 𝒇𝒎(𝑇) + 𝑩𝒎 ∙ 𝒓(𝑇)             Equation 3.105  

where 𝑿𝒎(𝑇) = {𝑥 (𝑇), 𝑥 (𝑇), 𝑥 (𝑇), … , 𝑥 (𝑇)}  is the state variables vector for 

reference model. 𝒇𝒎(𝑇) denotes the linear or nonlinear terms in reference model, 𝒓(𝑇)  
denotes the reference signal. 𝑨𝒎, 𝑩𝒎, 𝑪𝒎 are matrices. 𝑨𝒎 denotes a state matrix and chosen 
to be a constant so that there is stable reference model. Solution of reference model is 
assumed to be a vector given by the desired initial conditions. Choosing, 
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 𝑨𝒎 = −𝑪𝒎 = − 𝑘 ∙ 𝑰𝒏𝒔×𝒏𝒔, 𝐁𝐦 = 𝑰𝒏𝒔×𝒏𝒔. 𝑨𝒎 ∙ 𝑿𝒎(𝑻) = 𝑪𝒎 ∙ 𝒇𝒎(𝑻) and 𝒓(𝒕) = 𝑶𝒏𝒔×𝟏 

where 𝑶𝒏𝒔×𝟏 denotes zero matrix,  𝑘  is constant. 

Substituting the above values into Equation 3.57 we get 

      𝑿�̇�(𝑇) = 0                                               Equation 3.106   

The solution for Equation 3.58 is obtained by integrating with time gives a matrix with 

initial conditions or a fixed reference value  

∴ 𝑿𝒎(𝑇) =  𝑥 , 𝑥 , 𝑥 , … , 𝑥             Equation 3.107                                            

Error 
The change between the outputs of unstable plant and reference model at every iteration is 
calculated as an error, ∆(𝑇) which is given as, 
 

∆(𝑇) = 𝑿𝒑(𝑇) − 𝑿𝒎(𝑇)                                   Equation 3.108                                            

Control Law 
The control chosen for MRAC which is given to an unstable plant for tracking the reference 
model is  

 𝒖(𝑇) = 𝒂𝑿 ∙ 𝑿𝒑(𝑇) + 𝒂𝒓 ∙ 𝒓(𝑇) + 𝒂𝒇 ∙ 𝒇𝒑(𝑇)           Equation 3.109 

 
where, 𝒂𝒙, 𝒂𝒓, 𝒂𝒇 are identified using the adaptation laws which are present below 

 

�̇�𝑿 = −𝑩𝒑
𝑻 ∙ 𝑷 ∙ ∆(𝑇) ∙ 𝑿𝒑(𝑇)𝑻                      Equation 3.110 

 

�̇�𝒓 = −𝑩𝒑
𝑻 ∙ 𝑷 ∙ ∆(𝑇) ∙ 𝒓(𝑇)𝑻                          Equation 3.111 

 

�̇�𝑭 = −𝑩𝒑
𝑻 ∙ 𝑷 ∙ ∆(𝑇) ∙ 𝒇𝒑(𝑇)𝑻                        Equation 3.112 

 
Where 𝑷 is the solution given by the Lyapunov equation  
 

 𝑨𝒎
𝑻 ∙ 𝑷 + 𝑷 ∙  𝑨𝒎 = −𝑰𝒏×𝒏                             Equation 3.113 

   
and  𝑻  denotes the Transpose of the given matrix. By selecting the appropriate gains for the 
reference and unstable model and with the help of Mathematica simulation software an 
iterative process is conducted until the error value becomes zero. Hence the unstable plant 
follows the reference model. 
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CHAPTER 4 
RESULTS AND DISCUSSION 

 
This section will present the results and discussion of the validation model and the simulation 
model of TSS which are obtained from applying numerical methods defined in methodology. 
The first section will deal with the validation models for an elastic TSS which are derived in 
the methodology. The second section will deal with the results of the simulation model of 
TSS due to the pendulum motion of tether.  
 
4.1 Validation Models of TSS  

 
The mathematical model defined in methodology, Lyapunov based MIMO MRAC and 
numerical method RK 14 are built in MATHEMATICA software. In order to verify the 
mathematical model considered for analyzing the TSS is correct, we produced a verification 
method for TSS. Firstly, we verify the orbital analysis of a microsatellite using different 
dynamics namely Lagrange Perturbations equations. Secondly, the Linear control and 
nonlinear control for the above microsatellite dynamics is done to verify the proposed control 
algorithm. Thirdly, to verify the FEM method which is used for TSS discretization for the 
tether dynamic motion, an analysis on suspended cable is done using FEM and comparing 
the result from the literature which uses Galerkin Method. Finally, controlling the cable 
dynamic motion using the proposed algorithm.  
 
4.1.1 Verification of Orbital Analysis of Microsatellite 

  
To validate the microsatellite orbital motion defined by Gauss variational equations given 
by Equation 3.26-3.31, the results are compared with the modified equinoctial elements 
using Lagrange perturbation equations given by given by substituting the Equations 3.32-
3.36 and Equation 3.21-3.23 into the first order derivatives of the equations 3.37-3.41. A 
microsatellite orbital analysis is performed using the Gauss variational equations and 
modified equinoctial orbital element using Lagrange perturbation equations with the effect 
of the J2 zonal non-spherical harmonic gravitational perturbation term given bythe potential 
function of Earth’s gravitational field as disturbance function. These disturbances cause 
variation in the orbital motion of the microsatellite. 
 
The time-variant CKOE changes due to the non-spherical gravitational perturbation of earth 
gravitational potential at J2 zone (Jo et al., 2011). The perturbing function is given as  
 

R = −
μ J  r

2r
(3 𝑠𝑖𝑛(n ) 𝑠𝑖𝑛(θ) − 1)                            Equation 4.1 

 
A gradient for the above disturbing function is calculated for the reason for finding the 
disturbance accelerations. 

�⃗� = − grad ∙ 𝑅 = −[𝑜  𝑜  𝑜 ] ∙

⎣
⎢
⎢
⎢
⎡

( ) ⎦
⎥
⎥
⎥
⎤

 ∙ R                      Equation 4.2  
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a , a , a  are disturbance accelerations relative to the microsatellite coordinate 
system  which are formed by earth gravitational potential due to 𝐽  perturbation which are 
given (Dong et al., 2016) as 

a = −
3 μ J  r

2r
[𝑠𝑖𝑛(n ) sin 2(θ) ]                          Equation 4.3 

a = −
3 μ J  r

2r
[𝑠𝑖𝑛(2n) sin(θ)]                                Equation 4.4 

a = −
3 μ J  r

2r
(1 − [𝑠𝑖𝑛(n ) 𝑠𝑖𝑛((θ) )]                Equation 4.5 

 
where,  𝐽 = 1082.627 × 10  is second order zonal harmonics, 𝑟 = 6378.137 (𝐾𝑚) is 
the earth radius and 𝜇 is the earth gravitational parameter.Substituting the disturbance 
acceleration using Equation 4.3-4.5 into Equations 3.26-3.31 and first order derivatives of 
the equations 3.37-3.41. We can find the orbital motion of a microsatellite w.r.t to earth due 
to the influence of earth non-spherical harmonics due to 𝐽  perturbation by applying 
numerical integration using RK 14 which is shown in result 4.1.1 by substituting Table 4.1 
the initial conditions are  
 
Table 4.1 Initial conditions for verification of orbital analysis of microsatellite using 
GVEs and LPEs with  𝐉𝟐 perturbation 

Parameter Initial values Parameter Input values 

a  (km)  r +300  μ (km s⁄ )  3.986 × 10  

e   0.07 r (km) 6378.137 

n  (deg) 50.0  J  1082.6267 × 10  

Ω  (deg)  300.0 g (Km s⁄ )  8.94841 × 10  

ω  (deg)  45.0   

𝜈  (𝑑𝑒𝑔)  0.0   

 
 

The Simulation is performed in MATHEMATICA for 50,000 sec and the actual time for 
simulation is 375 sec with step size 1sec. The variation of CKOE using modified LPE and 
GVE due to the non-spherical gravitational perturbation of earth gravitational potential at J2 
zone are shown from Figure 4.1-4.6 over time T(sec). The maximum error of RaAN is given  
−1.5 × 10  degree when considering the LPEs. This verification confirms the 
microsatellite dynamics for the study of the actual TSS model which uses the GVEs and 
verifies the numerical method RK 14.  
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4.1.2 Validation of Microsatellite Orbital Maneuvering  

The validation of orbital maneuvering of a microsatellite using Lagrange Perturbation 
Equations with modified equinoctial elements on microsatellite orbital analysis confirms the 
usage of any equations of motion as they give the same result which is shown in result 4.1.1. 
In this case, to study the microsatellite orbital maneuvering, the Gauss variational equations 
are considered which are given by Equations 3.26-3.31 using J2 perturbation of earth non-
spherical harmonics. The effect of J2 perturbation of earth gravitational potential deorbits 
the microsatellite from its current position. To achieve safe orbital maneuvering of the 
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microsatellite, the proposed algorithm is used to control the orbital position. In this 
verification, we proposed two models the linear one which is obtained by Jacobian 
Linearization and the next one is the nonlinear model which is the actual system is 
considered. For both models, the result is obtained and shown below. 
 
MRAC with Linear unstable plant    
Reference model 
 𝑨𝒎 = −𝑪𝒎 = − 𝑘   𝑰𝟔×𝟔, 𝐁𝐦 = 𝑰𝟔×𝟔 

 

∴ 𝑿𝒎 = {a , e , n , Ω , ω , ν }                                    Equation 4.6 

 
The reference values are present in Table 4.2 and the reason for ν  is considered in the 
function of time is because the microsatellite changes its position at each time interval and 
mathematically to present, the ramp function is used to replicate the motion. 
 
Unstable plant: 

Considering the unstable plant as 
 

𝑓 𝑿𝒑(𝑇) = { ȧ, ė, ṅ, Ω̇, ω̇, ν̇}                                            Equation 4.7 

 

where 𝑓  represents the 6 first order nonlinear ODEs given by Equations 3.26-3.31 

and     𝑿𝒑(𝑇) = {a(𝑇), e(𝑇), n(𝑇), Ω(𝑇), ω(𝑇), ν(𝑇)}  are the variable for unstable plant 

   𝒇𝒑(𝑇) =  −[𝑨𝒑 ∙ 𝑿𝒑(𝑇) + 𝒇𝟔 𝑿𝒑
𝒆 (𝑇𝟎) + 𝑱 ∙ 𝑿𝒑(𝑇) − 𝑿𝒑

𝒆(𝑇𝟎) ]  

 

𝑨𝒑 = −𝑘   𝑰𝟔×𝟔 ,  𝑪𝒑 = 𝑰𝟔×𝟔, 𝑩𝒑 = 𝑘   𝑰𝟔×𝟔,  

where 𝑱 =

⎣
⎢
⎢
⎡ ( )

⋯
( )

⋮ ⋱ ⋮

( )
⋯

( )⎦
⎥
⎥
⎤

×

 is a Jacobian matrix   

𝑿𝒑
𝒆(𝑇𝟎) = {a , e , n , Ω , ω , ν }  is an equilibrium vector with initial conditions. 

 

The above linear system is unstable hence by using MIMO MRAC defined in section 3.4 
along with RK 14 method defined in section 3.3.3 by solving them iteratively using the initial 
conditions presented in Table 4.2 a linear control of orbital maneuvering of a microsatellite 
is achieved. 
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Table 4.2 Initial Conditions for Linear MRAC of microsatellite orbital maneuvering 
using GVEs 

Parameters Input Values Parameters  Initial Values 
𝑘   0.0001 a  (km)  a − 0.0001a  
𝑘    0.01 e   e − 0.0001e  
𝑘   0.0001 n  (deg) n − 0.0001n  
𝑛𝑠 6 Ω  (deg)  Ω + 0.0001Ω  

  ω  (deg)  ω + 0.0001ω  
  𝜈  (𝑑𝑒𝑔)  7

60000
𝑇 

 
 
 

 
Figure 4.7 Linear MRAC of semi-major axis when potential function is considered 

 

 
 

          Figure 4.8 Linear MRAC of eccentricity when potential function is considered 
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          Figure 4.9 Linear MRAC of Inclination when potential function is considered 
 

 

              Figure 4.10 Linear MRAC of RaAN when potential function is considered 
 

          

         Figure 4.11 Linear MRAC of Argument of Periapsis when potential function is 
considered 
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Figure 4.12 Linear MRAC of True Anomaly when potential function is considered 
 

Simulation is performed in MATHEMATICA for 2000 sec using step size 0.0001 sec. The 
convergence of the MRAC algorithm for the CKOE is shown in Figure 4.7-4.12. The control 
of CKOE using Linear MRAC and RK 14 method in which the perturbed CKOE are 
following the reference CKOE from 250 sec respectively. Though the control result for true 
anomaly appears to be converged less than 1 sec, the total system is converged to reference 
values from 250 sec as there are coupled with each other. These results validate the proposed 
algorithm. 

MRAC with Non-Linear unstable plant   
 
Reference model 
 
Considering the reference model as 
 𝑨𝒎 = −𝑪𝒎 = − 𝑘   𝑰𝟔×𝟔, 𝐁𝐦 = 𝑰𝟔×𝟔 

 

∴ 𝑿𝒎 = {a , e , n , Ω , ω , ν }                                    Equation 4.8 

 
The reference values are present in Table 4.3 and the reason for ν  is considered in the 
function of time is because the microsatellite changes its position at each time interval and 
mathematically to present, the ramp function is used to replicate the motion. 
 
Unstable plant 

Considering the unstable plant as 
 
𝑨𝒑 = −𝑘   𝑰𝟔×𝟔 ,  𝑪𝒑 = 𝑰𝟔×𝟔, 𝑩𝒑 = 𝑘   𝑰𝟔×𝟔 

 

 𝒇𝒑(𝑇) = 𝑓 𝑿𝒑(𝑇) = { ȧ, ė, ṅ, Ω̇, ω̇, ν̇}                         Equation 4.9 

 

where 𝑓  represents the 6 first order nonlinear ODE given by Equations 3.26-3.31 



40 
 

and     𝑿𝒑(𝑇) = {a(𝑇), e(𝑇), n(𝑇), Ω(𝑇), ω(𝑇), ν(𝑇)}  are the variable for unstable plant. 

The above nonlinear system is unstable hence by using MIMO MRAC defined in section 3.4 
along with RK 14 method defined in Chapter3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.3 a Nonlinear control of orbital maneuvering of a 
microsatellite is achieved. 

Table 4.3 Initial Conditions for nonlinear MRAC of microsatellite orbital maneuvering 
using GVEs 

Parameters Input Values Parameters  Initial Values 

𝑘   0.0001 a  (km)  a − 0.0001a  
𝑘    0.01 e   e − 0.0001e  

𝑘   0.0001 n  (deg) n − 0.0001n  
𝑛𝑠 6 Ω  (deg)  Ω + 0.0001Ω  

  ω  (deg)  ω + 0.0001ω  

  𝜈  (𝑑𝑒𝑔)  7

60000
𝑇 

 

       
         Figure 4.13 Nonlinear MRAC of semi-major axis when potential function is 

considered 
 

 
        Figure 4.14 Nonlinear MRAC of eccentricity when potential function is 

considered 
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       Figure 4.15 Nonlinear MRAC of inclination when potential function is considered 
 

 
 

Figure 4.16 Nonlinear MRAC of RaAN when potential function is considered 
 

 
  Figure 4.17 Nonlinear MRAC of Argument of Periapsis when potential function is 

considered 
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 Figure 4.18 Nonlinear MRAC of True anomaly when potential function is considered 

 
Simulation is performed in MATHEMATICA for 2000 sec using step size 0.0001 sec. The 
convergence of the Nonlinear MRAC algorithm for the CKOE is shown in Figures 4.13-
4.18. The control of CKOE using Linear MRAC and RK 14 method in which the perturbed 
CKOE are following the reference CKOE from 250 sec respectively. Though the control 
result for true anomaly appears to be converged less than 1 sec, the total system is converged 
to reference values from 250 sec as there are coupled with each other.  

These results gives evidence that the nonlinear model and Linear model using Jacobian 
Linearization gives almost the same result. But the time required for simulation is about 
twice for the nonlinear case at it requires about higher RAM for computing the numerical 
analysis using RK 14 for each iteration. Hence, we can assume the linear model for the case 
of TSS which highly depends on the computer performance due to the presence of higher 
nonlinear coupled terms.  

 
4.1.3 Verification of Tether Dynamics   
 
The Cable equations of motion are obtained based on the study made by (Kim et al., 2018). 
Following Kim, the nonlinear equations are considered.  

 

Figure 4.19 Cable configurations and Displacements for a suspended cable 
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In Figure 4.18, to study the dynamics of the cable, 𝑿𝑶 the unstretched, 𝑿𝑰 the initial and 
𝑿𝑭 the dynamic configurations for a cable are considered. The dynamic motion in the cable 
is induced by external forces. Due to these forces, which are nonlinear, the cable exhibits 
along the tangential direction and normal direction resulting in a change in the tension of a 
cable over time. t is the nondimensional Time. S is non dimensional arc length parameter. 𝐿 
is the nondimensional cable length. 

The equation of motions for cable oscillations is obtained in a dimensionless form based on 
(Perkins & Mote, 1987). Substituting the non-dimensional parameters into the tangential and 
normal displacements equations, which are non-dimensional equations are 2nd order PDEs. 
The author used the Galerkin Method to discretize the equations of 2nd order PDE.  

In this thesis, we are going to validate the cable dynamics using FEM which is applied and 
compared with the result using the Galerkin Method. Here, two 2nd order PDEs are converted 
to 2nd order nonlinear ODEs. The order reduction to the ODEs is applied in which they are 
converted to a set of 1st order and the number of equations is doubled. The overall system 
has 4j coupled first order nonlinear ODEs where j value depends on the node number 
(number of elements + 1) chosen which are used for approximation. 

In this case, 3 elements are considered. To get the solution of displacements of cable in 
tangential and normal directions, which are excited by nonlinear forces, RK 14 method is 
applied and the displacements are calculated using the initial conditions by (Kim et al., 
2018). The result is compared with the Galerkin Method to validate the cable dynamics 
which are shown in Figure 4.20 and 4.21. 

 

 

Figure 4.20 Tangential cable displacement using FEM and Galerkin Method 

 

 



44 
 

 

Figure 4.21 Normal cable displacement using FEM and Galerkin Method 

Figure 4.20 and 4.21 illustrates the tangential and normal displacement responses of the 
cable over time t for 2 sec, which are oscillating due to the nonlinear forces at left boundary. 
The results are obtained by using FEM and Galerkin formulations, in which oscillations 
along both the displacements are convergent, validating the FEM can be used to discretize 
the dynamic motion for tether in TSS. A simulation is done in MATHEMATICA for 2 sec 
with step size 0.01sec. 

4.1.4 Verification of Control of Tether Dynamic Motion 
 
The verification on cable analysis confirms the usage of any numerical method (FEM and 
Galerkin) they give the same result. The oscillations produced in the cable due to nonlinear 
forces must be damped. Hence to reduce the vibrations in the cable produced by tangential 
and normal displacements, control is very important. In this case, the proposed algorithm 
helps in damping the oscillations by bringing them to a target value. Three elements (j= 4) 
are considered in FEM for approximation. Hence a total of 4j (16) set of ODEs are formed 
after FEM discretization and order reduction for the cable motion which are chosen for 
control. A reference model which is given by the initial conditions (zero matrices) is chosen 
as the target and the perturbed cable follows the target value by adjusting the gains. 
 
In this verification, we proposed two models the linear model which is obtained from 
Jacobian Linearization and the next one is the nonlinear model which is the actual system is 
considered. For both models, the result is obtained and shown below. 
 
MRAC with the Linear unstable plant 
   
Reference model: 
Considering the reference model as 
 
 𝑨𝒎 = −𝑪𝒎 = − 𝑘   𝑰𝟏𝟔×𝟏𝟔, 𝐁𝐦 = 𝑰𝟏𝟔×𝟏𝟔 
 

∴ 𝑿𝒎(𝒕) = 𝑶𝟏𝟔×𝟏                                                                 Equation 4.10 
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The reference values are present in Table 4.4 and the solution for reference model is chosen 
as the zero matrices, (𝑶𝟏𝟔×𝟏). 
 

Unstable plant: 

Considering the unstable plant as 
 

𝑓 𝑿𝒑(𝑡) = { 𝑢 ,̇ , 𝑢 ,̈ , 𝑢 ,̇ , 𝑢 ,̈ }                                Equation 4.11 

 
where 𝑓  represents the 16 first order nonlinear ODEs, 𝑗 = 1,2,3,4 represent nodes for FEM. 

and     𝑿𝒑(𝑡) = {𝑢 , (𝑡), 𝑢 ,̇ (𝑡), 𝑢 , (𝑡), 𝑢 ,̇ (𝑡)}  are the variable for unstable plant 

   𝒇𝒑(𝑡) =  −[𝑨𝒑 ∙ 𝑿𝒑(𝑡) + 𝒇𝟔 𝑿𝒑
𝒆(𝑡𝟎) + 𝑱 ∙ 𝑿𝒑(𝑡) − 𝑿𝒑

𝒆(𝑡𝟎) ]  

𝑨𝒑 = −𝑘   𝑰𝟏𝟔×𝟏𝟔 ,  𝑪𝒑 = 𝑰𝟏𝟔×𝟏𝟔, 𝑩𝒑 = 𝑘  𝑰𝟏𝟔×𝟏𝟔, 

where 𝑱 =

⎣
⎢
⎢
⎡

, ( )
⋯

, ( )

⋮ ⋱ ⋮

, ( )
⋯

, ( )⎦
⎥
⎥
⎤

𝑿𝒑( ) 𝑿𝒑
𝒆 ( 𝟎)

 is a Jacobian matrix 

𝑿𝒑
𝒆(𝒕𝟎) = 𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝒂𝒓𝒓𝒂𝒚[𝟏 × 𝟏𝟎 𝟏𝟓]𝟏𝟔×𝟏 is an equilibrium vector with initial 

conditions. 

The above linear system is unstable hence by using MIMO MRAC defined in Chapter 3.4 
along with RK 14 method defined in Chapter 3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.4 a linear control of dynamic motion of tether is 
achieved. 

Table 4.4 Initial Conditions for linear MRAC for tether dynamic motion using FEM 
 

Parameters Input Values 

𝑘   0.023218 

𝑘    0.01 

𝑘   0.023218 

𝑛𝑠 16 
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Figure 4.22 Linear MRAC of Tangential Cable displacement using FEM at 𝑳/𝟑 

 

Figure 4.23 Linear MRAC of Normal Cable displacement using FEM at 𝑳/𝟑 

Figures 4.22 and 4.23 illustrates the Linear MRAC of tangential and normal displacements 
of cable which are calculated atS = 𝐿/3. The following control results show the oscillations 
of unstable displacements (𝑢 𝑎𝑛𝑑 𝑢 ) are damped which are following the reference 
displacements (𝑢𝑚 𝑎𝑛𝑑 𝑢𝑚 ) respectively. Simulation is performed in MATHEMATICA 
for 0.05 sec using step size 0.0001 sec. The control of tangential displacement using MRAC 
and RK 14 method is achieved at 0.05 sec whereas, for the normal displacement, 
convergence is from 1.1 sec. These results validate the proposed algorithm. 

MRAC with Nonlinear unstable plant 
 
Reference model: 
 
 𝑨𝒎 = −𝑪𝒎 = − 𝑘   𝑰𝟏𝟔×𝟏𝟔, 𝐁𝐦 = 𝑰𝟏𝟔×𝟏𝟔 

 
∴ 𝑿𝒎(𝒕) = 𝑶𝟏𝟔×𝟏                                                                 Equation 4.12 

 
The reference values are present in Table 4.4 and the solution for reference model is chosen 
as the zero matrices, (𝑶𝟏𝟔×𝟏). 
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Unstable plant: 

Considering the unstable plant as 
 

𝒇𝒑(𝑡) = 𝑓 𝑿𝒑(𝑡) = { 𝑢 ,̇ , 𝑢 ,̈ , 𝑢 ,̇ , 𝑢 ,̈ }                Equation 4.13 

 
where 𝑓  represents the 16 first order nonlinear ODEs, 𝑗 = 1,2,3,4 represent nodes for FEM. 

and     𝑿𝒑(𝑡) = {𝑢 , (𝑡), 𝑢 ,̇ (𝑡), 𝑢 , (𝑡), 𝑢 ,̇ (𝑡)}  are the variable for unstable plant 

𝑨𝒑 = −𝑘   𝑰𝟏𝟔×𝟏𝟔 ,  𝑪𝒑 = 𝑰𝟏𝟔×𝟏𝟔, 𝑩𝒑 = 𝑘  𝑰𝟏𝟔×𝟏𝟔, 

The above nonlinear system is unstable hence by using MIMO MRAC defined in Chapter 
3.4 along with RK 14 method defined in Chapter3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.5 a nonlinear control of dynamic motion of tether is 
achieved. 

Table 4.5 Initial Conditions for nonlinear MRAC for tether dynamic motion using 
FEM 

Parameters Input Values 

𝑘   0.023218 

𝑘    0.01 

𝑘   0.023218 

𝑛𝑠 16 

  

 

Figure 4.24 Nonlinear MRAC of Tangential Cable displacement using FEM at 𝑳/𝟑 
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Figure 4.25 Nonlinear MRAC of Normal cable displacement using FEM at 𝑳/𝟑 

Figures 4.24,4.25 illustrates the nonlinear MRAC of tangential and normal displacements of 
cable which are calculated at S = 𝐿/3. The following control results show the oscillations 
of unstable displacements (𝑢 𝑎𝑛𝑑 𝑢 ) are damped which are following the reference 
displacements (𝑢𝑚 𝑎𝑛𝑑 𝑢𝑚 ) respectively. Simulation is performed in MATHEMATICA 
for 0.05 sec using step size 0.0001 sec. The control of tangential displacement using MRAC 
and RK 14 method is achieved at 0.05 sec whereas, for the normal displacement, 
convergence is from 1.1 sec. These results validate the proposed algorithm, the numerical 
method FEM. 

These results gives evidence that the nonlinear model and linear model using Jacobian 
Linearization gives almost the same result. But the time required for simulation is about 
twice that for the nonlinear case at it requires about higher RAM for computing the numerical 
analysis using RK 14 for each iteration. Hence, we can assume the linear model for the case 
of TSS which highly depends on the computer performance due to the presence of higher 
nonlinear coupled terms. 

4.2 Simulation Model of TSS 
 
The results from the Validation models of TSS gives an important conclusion that, if the 
control of microsatellite and cable dynamics are verified separately then both individual 
systems work well. This proves that when their combination is considered i.e. TSS is 
considered it can work well. In this thesis, Analysis of the influence of pendulum motion of 
elastic tether on orbit deviation for three cases, firstly considering in-plane pendulum 
motion, secondly out-of-plane pendulum motion and lastly, when both in-plane and out-of-
plane pendulum motions are considered. Later using the proposed algorithm controlling the 
tether pendulum angles.The simulation is done using MATHEMATICA software.  
 
4.2.1 Orbital Analysis of the TSS considering Pendulum Motion 

 
In this section, firstly, the analysis results of pendulum motion on orbit deviation of elastic 
TSS is presented. For analysis three cases firstly considering in-plane pendulum motion, 
secondly out-of-plane pendulum motion and lastly, when both in-plane and out-of-plane 
pendulum motions are considered. 
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Considering a set of ODEs which are given due to the orbital motion of TSS using GVEs 
given by equations 3.26-3.31, IPPM which is given by Equation 3.56 and OPPM which is 
given by Equation 3.57. 
 
A linear analysis is made using Jacobian linearization and RK 14 method by solving them 
iteratively using the initial conditions using Table 4.6 to study the influence of pendulum 
motion of elastic TSS on orbit deviation. 
 
Table 4.6 Initial conditions for analysis of pendulum motion of elastic TSS on orbit 
Deviation 
 

TSS analysis with the 𝜶 TSS analysis with the 𝜷 
Parameter Initial Values Parameter Initial Values 

α (deg) 0.1 α (deg) 0.0 
β (deg) 0.0 β (deg) 0.1 

α̇ (deg/s) 0.3247 α̇ (deg/s) 0.0 

�̇� (𝑑𝑒𝑔/𝑠) 0.0 �̇� (𝑑𝑒𝑔/𝑠) 0. 3247 

 
TSS analysis with the 𝜶 𝒂𝒏𝒅 𝜷 

Parameter Initial Values 

α (deg) 0.1 
β (deg) 0.1 

α̇ (deg/s) 0.3247 

�̇� (𝑑𝑒𝑔/𝑠) 0.3247 

 
Parameter Initial Values Parameter Input Values 

a  (Km) r +300 μ (Km s⁄ ) 3.986 × 10  

e  0.07 r (Km) 6378.137 

n  (deg) 50.0 g (Km s⁄ ) 8.894841 × 10  

Ω  (deg) 300.0 ω  (Km/s) 460 × 10  

ω  (deg) 45.0 P (Km) r +1000 

ν  (deg) 0.0 Γ(deg) 11.5 

Θ (deg) 0.0 μ (Wb/Km. A) 12.566 × 10  

𝑐 , (𝑇)(Km) 0.0 m (Kg) 12.5 

𝑐 , (𝑇)(Km) 0.0 m (Kg) 1.0 

𝑐 , (𝑇)(Km) δ p⃗ (Km, Km, Km) (0, −25 × 10 , 0) 

𝑐 ,̇ (𝑇)(Km/s) 0.0 p⃗ (Km, Km, Km) (0,5 × 10 , 0) 

𝑐 ,̇ (𝑇)(Km/s) 0.0 𝑙(Km) 1 

𝑐 ,̇ (𝑇)(Km/s) 0.0 ρ(Kg/Km) 2.5 

𝛿(Km) 0.0001627 𝐜(s) 0.5 
  EA(kg. km/s ) 55.0 

  𝑛𝑒 3 
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Figure 4.26 Linear analysis on influence of Pendulum motion of elastic tether on 

Semi-Major axis 

 
    Figure 4.27 Linear analysis on influence of Pendulum motion of elastic tether  on 

eccentricity 

   
                    

           Figure 4.28 Linear analysis on influence of Pendulum motion of elastic tether 
on Inclination  



51 
 

      
Figure 4.29 Linear analysis on influence of Pendulum motion of elastic tether on 

RaAN 

  
     

Figure 4.30 Linear analysis on influence of Pendulum motion of elastic tether on the 
Argument of Periapsis 

 

       
Figure 4.31 Linear analysis on influence of Pendulum motion of elastic tether 

on True Anomaly 
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Figures 4.26- 4.31 show the simulation results which are achieved using RK 14 method by 
Mathematica program for 2.0 sec. The influence of pendulum motion of elastic TSS on orbit 
deviation is most for the case of both the in-plane pendulum motion and least for the case of 
out-of-plane pendulum motion. The IP and OP pendulum angles are given below. 
 

      
 

      Figure 4.32 Linear analysis on influence of Pendulum motion of elastic tether on 𝜶  

 

      
 

Figure 4.33 Linear analysis on influence of Pendulum motion of elastic tether on 𝜷 
 
Figure 4.32 shows the in-plane attitude angle which is more for the case when in-plane 
pendulum motion is considered. Figure 4.33 shows the out-of-plane attitude angle which is 
more for the case when both in-plane and out-of-plane pendulum motion are considered. 
However, all the cases, there is an orbit deviation due to the pendulum motion which is 
exhibited by an elastic tether. 
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4.2.2 Linear TSS Maneuvering considering the 𝜶 
 
Considering the set of first-order ordinary differential equations which are given due to the 
orbital motion of tether given by equations 3.26-3.31 and in-plane pendulum motion which 
is given by Equation 3.56 to study the orbital maneuvering of TSS. 
 
A linear model is considered which is obtained from Jacobian Linearization given in Chapter 
3.3.2 and then controlling the unstable plant using the proposed algorithm and RK 14 
method. 
 
The above linear system is unstable, hence by using MIMO MRAC defined in Chapter 3.4 
along with RK 14 method defined in Chapter 3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.7 a linear control of orbital maneuvering of an elastic 
TSS considering the 𝜶 is given as 

Table 4.7 Initial conditions of an elastic tether of TSS when considering 𝜶 
 

Parameter Initial Values Parameter Input Values 

a  (Km) r +300 μ (Km s⁄ ) 3.986 × 10  

e  0.07 r (Km) 6378.137 

n  (deg) 50.0 g (Km s⁄ ) 8.894841 × 10  

Ω  (deg) 300.0 ω  (Km/s) 460 × 10  

ω  (deg) 45.0 P (Km) r +1000 

ν  (deg) 0.0 Γ(deg) 11.5 

α (deg) 0.1 μ (Wb/Km. A) 12.566 × 10  

β (deg) 0.0 m (Kg) 12.5 

α̇ (deg/s) 0.3247 m (Kg) 1.0 

β̇ (deg/s) 0.0 p⃗ (Km, Km, Km) (0, −25 × 10 , 0) 

Θ (deg) 0.0 p⃗ (Km, Km, Km) (0, 5 × 10 , 0) 

𝑐 , (𝑇)(Km) 0.0 𝑙(Km) 1 

𝑐 , (𝑇)(Km) 0.0 ρ(Kg/Km) 2.5 

𝑐 , (𝑇)(Km) δ 𝐜(s) 0.5 

𝑐 ,̇ (𝑇)(Km/s) 0.0 EA(kg. km/s ) 55.0 

𝑐 ,̇ (𝑇)(Km/s) 0.0 δ(Km) 0.0001627 

𝑐 ,̇ (𝑇)(𝐾𝑚/𝑠) 0.0 𝑛𝑒 3 

 
 
The control of IPPM of an elastic TSS is achieved by applying the initial conditions which 
are given by Table 4.7 and 4.8. 
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Table 4.8 MRAC Initial conditions of an elastic tether of TSS when considering 𝜶 

Parameter Initial Values Parameter Input Values 

a  (Km)  a − 0.0001a  𝑘   0.00023218 

e   e − 0.0001e  𝑘    0.01 

n  (deg) n − 0.0001n  𝑘   0.00023218 

Ω  (deg)  Ω + 0.0001Ω  𝑛𝑠 8 

ω  (deg)  ω + 0.0001ω    

ν  (deg)  0.0001T   

α (deg) α − 0.0001α    

�̇� (𝑑𝑒𝑔/𝑠) �̇� − 0.0001�̇�    

 

 

      Figure 4.34 MRAC of TSS Semi-Major axis when considering 𝜶 

 

       Figure 4.35 MRAC of  TSS eccentricity when considering 𝜶 
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            Figure 4.36 MRAC of TSS inclination when considering 𝜶 

 

            Figure 4.37 MRAC of TSS RaAN when considering 𝜶 

 

 Figure 4.38 MRAC of TSS argument of periapsis when considering 𝜶 
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Figure 4.39 MRAC of TSS true anomaly when considering 𝜶 

 

Figure 4.40 MRAC of TSS in-plane pendulum angle  

Figures 4.34- 4.40 shows the control of orbital maneuvering of elastic TSS where the CKOE 
are controlled. The maximum peak overshoot which is varied at about 0.04% with respect 
to the reference value and the maximum in-plane pendulum oscillation was about 0.01 
degrees. The convergence of the orbital motion of TSS is found to start after the control of 
pendulum motion from 15000 sec. Still, there is oscillation about reference value, but its 
magnitude of error is found to be small and decreasing. 
 
4.2.3  Linear TSS Maneuvering considering the 𝜷 
 
Considering the set of ODEs which are given due to the orbital motion of tether given by 
equations 3.26-3.31 and out-of-plane pendulum motion which is given by Equation 3.57 to 
study the orbital maneuvering of TSS. 
 
A linear model is considered which is obtained from Jacobian Linearization given in Chapter 
3.3.2 and then controlling the unstable plant using the proposed algorithm and RK 14 
method. 
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 The above linear system is unstable hence by using MIMO MRAC defined in Chapter 3.4 
along with RK 14 method defined in Chapter 3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.9 a linear control of orbital maneuvering of an TSS 
considering the 𝜷 is given as 
 
Table 4.9 Initial conditions of an elastic tether of TSS when considering 𝜷 
 

Parameter Initial Values Parameter Input Values 
a  (Km) r +300 μ (Km s⁄ ) 3.986 × 10  

e  0.07 r (Km) 6378.137 

n  (deg) 50.0 g (Km s⁄ ) 8.894841 × 10  

Ω  (deg) 300.0 ω  (Km/s) 460 × 10  

ω  (deg) 45.0 P (Km) r +1000 

ν  (deg) 0.0 Γ(deg) 11.5 

α (deg) 0.0 μ (Wb/Km. A) 12.566 × 10  

β (deg) 0.1 m (Kg) 12.5 

α̇ (deg/s) 0.0 m (Kg) 1.0 

β̇ (deg/s) 0.3247 p⃗ (Km, Km, Km) (0, −25 × 10 , 0) 

Θ (deg) 0.0 p⃗ (Km, Km, Km) (0, 5 × 10 , 0) 

𝑐 , (𝑇)(Km) 0.0 𝑙(Km) 1 

𝑐 , (𝑇)(Km) 0.0 ρ(Kg/Km) 2.5 

𝑐 , (𝑇)(Km) δ 𝐜(s) 0.5 

𝑐 ,̇ (𝑇)(Km/s) 0.0 EA(kg. km/s ) 55.0 

𝑐 ,̇ (𝑇)(Km/s) 0.0 δ(Km) 0.0001627 

𝑐 ,̇ (𝑇)(𝐾𝑚/𝑠) 0.0 𝑛𝑒 3 

 
The control of out-of-plane pendulum motion of an elastic TSS is achieved by applying the 
initial conditions which are given by Table 4.9 and 4.10. 
 
Table 4.10 MRAC Initial conditions of an elastic tether of TSS when considering 𝜷 

Parameter Initial Values Parameter Input Values 

a  (Km)  a − 0.0001a  𝑘   0.00023218 

e   e − 0.0001e  𝑘    0.01 

n  (deg) n − 0.0001n  𝑘   0.00023218 

Ω  (deg)  Ω + 0.0001Ω  𝑛𝑠 8 

ω  (deg)  ω + 0.0001ω    

ν  (deg)  0.0001T   

β (deg) β − 0.0001β    

�̇� (𝑑𝑒𝑔/𝑠) �̇� − 0.0001�̇�    
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Figure 4.41 MRAC of TSS Semi-Major axis when considering 𝜷 

 

Figure 4.42 MRAC of TSS eccentricity when considering 𝜷 

 

Figure 4.43 MRAC of TSS  inclination when considering 𝜷 
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  Figure 4.44 MRAC of TSS  RaAN when considering 𝜷 

 

Figure 4.45 MRAC of TSS the argument of periapsis when considering 𝜷 

        

Figure 4.46 MRAC of TSS true anomaly when considering 𝜷 
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Figure 4.47 MRAC of TSS out-of-plane pendulum angle  

Figures 4.41-4.47 shows the control of orbital maneuvering of elastic TSS where the CKOE 
are perturbed due to the influence of out-of-plane pendulum motion of the elastic tether. 
 
 The maximum peak overshoot which is varied at about 0.06% with respect to the reference 
value and the maximum OP pendulum oscillation was about 0.1 degree. The convergence of 
the orbital motion of TSS is found to start after the control of out-of-pendulum motion from 
1500 sec.  
 
Still, there is oscillation about reference value, but its magnitude of error is found to be small 
and decreasing that is given at near to 10000s. 
 
4.2.4 Linear TSS Maneuvering considering the 𝜶 and 𝜷  
 
Considering the set of first-order ODEs which are due to the orbital motion of elastic tether 
given by equations 3.26-3.31 and pendulum motion which are given by Equations 3.56,3.57 
to study the in-plane and out-of-plane pendulum motions on TSS orbital maneuvering. 
  
A linear model is considered which is obtained from Jacobian Linearization given in Chapter 
3.3.2 and then controlling the unstable plant using the proposed algorithm and RK 14 
method. 
 
 The above linear system is unstable hence by using MIMO MRAC defined in Chapter 3.4 
along with RK 14 method defined in Chapter 3.3.3 by solving them iteratively using the 
initial conditions presented in Table 4.12 a linear control of orbital maneuvering of an TSS 
considering the 𝜶 and 𝜷 is given as 
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Table 4.11 Initial conditions of an elastic tether of TSS when considering the 𝜶 and 𝜷 
 

Parameter Initial Values Parameter Input Values 
a  (Km) r +300 μ (Km s⁄ ) 3.986 × 10  

e  0.07 r (Km) 6378.137 

n  (deg) 50.0 g (Km s⁄ ) 8.894841 × 10  

Ω  (deg) 300.0 ω  (Km/s) 460 × 10  

ω  (deg) 45.0 P (Km) r +1000 

ν  (deg) 0.0 Γ(deg) 11.5 

α (deg) 0.1 μ (Wb/Km. A) 12.566 × 10  

β (deg) 0.1 m (Kg) 12.5 

α̇ (deg/s) 0.3247 m (Kg) 1.0 

β̇ (deg/s) 0.3247 p⃗ (Km, Km, Km) (0, −25 × 10 , 0) 

Θ (deg) 0.0 p⃗ (Km, Km, Km) (0, 5 × 10 , 0) 

𝑐 , (𝑇)(Km) 0.0 𝑙(Km) 1 

𝑐 , (𝑇)(Km) 0.0 ρ(Kg/Km) 2.5 

𝑐 , (𝑇)(Km) δ 𝐜(s) 0.5 

𝑐 ,̇ (𝑇)(Km/s) 0.0 EA(kg. km/s ) 55.0 

𝑐 ,̇ (𝑇)(Km/s) 0.0 δ(Km) 0.0001627 

𝑐 ,̇ (𝑇)(𝐾𝑚/𝑠) 0.0 𝑛𝑒 3 

 
Table 4.12 MRAC Initial conditions of an elastic tether of TSS when considering the 𝜶 

and 𝜷 

Parameter Initial Values Parameter Input Values 

a  (Km)  a − 0.0001a  𝑘   0.00023218 

e   e − 0.0001e  𝑘    0.01 

n  (deg) n − 0.0001n  𝑘   0.00023218 

Ω  (deg)  Ω + 0.0001Ω  𝑛𝑠 10 

ω  (deg)  ω + 0.0001ω    

ν  (deg)  0.0001𝑇   

α (deg) α − 0.0001α    

α̇ (deg/s) α̇ − 0.0001α̇    

β (deg) β − 0.0001β    

�̇� (𝑑𝑒𝑔/𝑠) �̇� − 0.0001�̇�    
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   Figure 4.48 MRAC of TSS Semi-Major axis when considering the 𝜶 and 𝜷 

 

Figure 4.49 MRAC of TSS eccentricity when considering the 𝜶 and 𝜷 

 

   Figure 4.50 MRAC of TSS inclination when considering the 𝜶 and 𝜷 
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Figure 4.51 MRAC of TSS RaAn when considering the 𝜶 and 𝜷 

 

Figure 4.52 MRAC of TSS on the argument of periapsis when considering the 𝜶 and 𝜷 

 

Figure 4.53 MRAC of TSS true anomaly when considering the 𝜶 and 𝜷 
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Figure 4.54 MRAC of TSS in-plane pendulum angle 

 

Figure 4.55 MRAC of TSS out-of-plane pendulum angle 

 
Figures 4.48-4.55 shows the control of orbital maneuvering of an elastic TSS where the 
CKOE are perturbed due to the influence of both pendulum motions of the tether. The 
maximum peak overshoot which is varied at about 0.6% with respect to the reference value 
for IP pendulum angle and about 0.3% respect to the reference value for OP pendulum angle. 
The maximum IP pendulum oscillation was about 0.06 degree the maximum OP pendulum 
oscillation was about 0.06 degree. The convergence of the orbital motion of TSS is found to 
start after the control of pendulum motion from 1000 sec. Still, there is oscillation about 
reference value, but its magnitude of error is found to be small and decreasing that is given 
at near to 12000sec. 
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CHAPTER 5 
CONCLUSION AND RECOMMENDATIONS 

 
5.1  Conclusion 
 
In current work, a Lyapunov based MIMO MRAC algorithm is presented to study the 
influence of pendulum motion on orbital maneuver of an elastic TSS with a single elastic 
tether at Low Earth Orbit. Assuming two cube microsatellites together with an elastic cable 
typed tether joining between them form a Tethered microsatellite system . The mathematical 
model presents the dynamics of IPPM and OPPM, dynamics for the orbital motion of the 
TSS using Gauss Variational Equations due to the disturbance accelerations produced in the 
tether by pendulum motion and dynamic motion of tether are presented in Chapter 3.2.  
 
The initial contributions to this research present the influence of IPPM and OPPM which 
changes the orbital maneuvering of an elastic TSS by making an analysis using RK 14 
method is presented. Considering there can be only tether elongation due the lower body. 
The analysis provided result that firstly, the six CKOE given by Gauss Variational Equations 
are perturbed more when the IPPM is considered than the OPPM. However, the result in 
Chapter 4.2 for the analysis of inclination and RaAN appears to be not changing over the 
simulated time for 2 sec, as the time increases all the six Keplerian orbit elements diverge to 
unpredictable values which make the system unstable without control.  
 
The second main contribution is about the orbital motion control for an elastic TSS for the 
above unstable system due to the IPPM and OPPM which affects the orbital position. 
Considering three different effects of perturbation due to pendulum motions. In the first case 
considering only the IPPM, followed by considering only the OPPM, lastly considering both 
the IPPM and OPPM. MIMO MRAC algorithm applied to each case separately. The unstable 
plant is given by six Gauss Variational equations first order ODE and the pendulum motion 
equations which are of second order ODE are reduced to first order is considered. A Jacobian 
linearization is done with the help of Taylor series expansion and by using control laws, 
adaptations laws of MRAC and setting suitable gains to the system which are reasonable the 
unstable plant tracks the reference model by solving the unstable plant using RK 14 method 
at every iteration till error is less or nullified. A reference model is given by step function 
for Keplerian elements and pendulum angles except for true anomaly given by ramp function 
using predicted orbit values. The Control result, which is given Chapter 4.2 for each case, 
describes the convergence of an unstable model to the desired reference model over time. 
The control of IP pendulum angle takes more time than the other cases due to the reason for 
more IP pendulum angle. 
 
The numerical analysis considered does not alone confirm the dynamics of TSS which we 
considered are correct. Hence, Validation models are presented to support the correctness of 
procedure which we followed in methodology. A validation model is presented for verifying 
the TSS dynamics to verify the Gauss variational equations which are used for the orbital 
motion of the TSS. By considering cube microsatellite alone which is changed its orbital 
position by accelerations due to the J  perturbation of earth non-spherical harmonic 
distribution presented in Chapter 4.1.1. An analysis is done using RK 14 method by 
considering the modified Equinoctial orbital Elements for Lagrange perturbation equations 
which are compared with the CKOE given by Gauss variational equations which shows the 
convergence of six Keplerian orbit elements in Chapter 4.1.1. To verify the proposed control 
algorithm, a control of orbital motion of microsatellite given by Gauss variational equations 
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are considered and linear and nonlinear control results are achieved using MRAC shown in 
Chapter 4.1.2. The result shows that both the linear and nonlinear control results are almost 
the same. Hence concluding the validation model of TSS which is used for microsatellite 
dynamics. 
 
Another validation model of TSS is presented to verify the Tether dynamics. For this, the 
nondimensional equations for a suspended cable are considered given by (Kim et al., 2018) 
in which the author used Galerkin method for the discretization of the nondimensional PDEs 
for the tangential and normal displacements of the cable. To validate the cable dynamics, in 
this thesis the discretization of the higher order PDEs to set of first-order ODEs by Finite 
Element method is used which is more accurate one than other methods and numerical 
analysis was done using RK 14. The result obtained for both the discretization methods is 
the same. This verification proves the usage of Finite element method for the discretization 
of dynamic motion of tether which is given in Chapter 3.2.8. To verify the control algorithm, 
the above cable dynamics are considered, and Linear and Nonlinear control are applied to 
the set of discretized equations. The results are given in Chapter 4.1.4 shows that both the 
linear and nonlinear control results are almost the same. Hence concluding the validation 
model of TSS which is used for cable dynamics. 
 
In conclusion, the validation model of TSS confirms the Simulation model of TSS by which 
we can say that if the individual system of microsatellite and cable works well, then the 
combination of two systems which forms the TSS also works perfect and from the evidence 
of the results presented in Chapter 4 confirms the current work done in this thesis has drawn 
a valid conclusion.  
 
5.2 Recommendations  
 
The further recommendations are given for the future considering the TSS dynamics which 
is given by the mathematical model and its control. 
 
Firstly, the work can be extended by considering the mathematical model presented in 
Chapter 3.2 in which the dynamics for the TSS are only due to the gravitational force of 
earth and static tension force which causes the TSS to accelerate resulting in pendulum 
motion of the tether. Considering the dynamic motion for tether due to internal vibrations 
given by transverse displacements can be made and considering the rotational motion for 
TSS must be made. A new numerical method must be considered for the motion of TSS due 
to tether vibrations for the discretization of its dynamics 
 
Secondly, the external forces, like an atmospheric drag, solar radiation pressure, expansion 
of the cable due to thermal energy, Electrodynamic force and higher order fields by 
unsymmetrical earth mass can be added to create a mathematical model which replicates the 
original TSS. 
 
The two end bodies of TSS are modeled as cube-shaped microsatellite with mass 12.5 kg 
and 1 kg respectively connected by an elastic cable of length 1 km which can be extended 
by considering a mini satellite or even higher of any shape and tether length for several km.  
 
The control of TSS is achieved by using MIMO-MRAC algorithm. This can be extended by 
adding nonlinear model to the present controller and by using the nonlinear adaption laws 
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which are given in Chapter 3.3 can be used in along with thrusters for the real system the 
control of orbital motion of the TSS.  
 
Lastly, this thesis successfully presented all the works for analysis, control, and validation 
for safe orbital maneuvering of an elastic TSS which are presented in Chapters 3-4 and 
recommendations for all the important factors mentioned above are required for future 
modeling of an elastic TSS. 
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