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ABSTRACT

The inverted pendulum has been a experimental system which has been used to derive new
control techniques and enhance the prevailing control techniques since 1960s. More com-
plicated versions of this system, such as the double and triple pendulum has been evolved
in order for the researchers to seek for new control techniques. The two wheeled balancing
robot can be considered as the mobile version of the inverted pendulum which is limited
to a cart on a rail. However, the prevailing complicated systems of the inverted pendulum
mentioned above, have been also limited to a cart on a rail.

This study was focused on developing a combination of the inverted pendulum and the two
wheeled balancing robot where as the pendulum will be hinged freely on the top of the bal-
ancing robot. This created a system that is analogous to a mobile double inverted pendulum.
A small sized two wheeled balancing robot was built and an pendulum was placed on it. The
target of the system was to stabilize both the systems at their upright position, and to move
the system forward and backward while maintaining the balance of the system. Both sim-
ulations and experiments were carried in order to identify the behaviours of the system and
differences in modelling the system. A LQR controller was used to stabilize while position
controlling the system in simulations where as an additional linear trajectory generator was
added in the experiments to achieve ability. The results show that both the simulations and
experiments were successful, where as few rationales are pointed for the differences occurred
in between the simulations and experiments.

Keywords: Inverted pendulum, Two wheeled balancing robot, LQR, Double inverted
pendulum, Position control
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CHAPTER 1

INTRODUCTION

1.1 Overview

In a world of rapid development and technological changes take place, different techniques are used
derive new control theories, test the validity of the existing control theories, expand the uses of the
theories and to find new methodologies to control systems with minimum cost and energy. The
inverted pendulum can be considered as typical example for this techniques which is a nonlinear
under actuated mechanical systems. These systems have been widely used to test for various control
strategies and to build up advanced control strategies for linear and non linear systems. The inverted
pendulum has been developed in different types where the types differ with the change in degrees of
freedom. For the higher degrees of freedom, the inverted pendulum can also be categorized as series
inverted pendulums and parallel inverted pendulums. Most of the tested inverted pendulum are cart
driven.

On the other hand, the two wheeled balancing robots, which also involves with the concept of an
inverted pendulum, has been a popular topic under researchers. Compared to the other multi-wheeled
robots, the two wheeled balancing robots are categorized by the ability to balance on their coaxial
wheels and to have a zero radius rotation (Xu et al.,2006). The two wheeled balancing robots are
observed to be more unstable versions of the normal inverted pendulum tested on a cart which has
single degree of freedom.

The research on these complex systems have involved many control strategies which are superior
and different to each other. These include areas such as control, robustness, ability and tracking
problems. The discussion about control of inverted pendulums has been there since 1960s (Phelps
& Hunter,1965). Afterwards, the research has been conducted in balancing the pendulum with more
advanced control strategies. Fuzzy logic, PID and SIRM are examples for the control strategies that
have been used (Cheng et al.,1996).

The research has been widened enhancing the instability of the system. The single linked pendulum
has been replaced with double linked pendulum and the triple linked pendulum. Eventually, new con-
trol strategies such as state-space control including LQR, sliding mode control and neural networks
also has been evolved. With these new methodologies, the stabilization of the systems have become
precise and faster (Bogdanav,2004) (Fujikana et al.,2000). The Linear Quadratic Regulator (LQR)
is a linear controller which is used to control systems of degrees of higher order at its optimally.
This controller focuses on controlling the given dynamic system at a minimum cost. The inverted
pendulums have also been tested for swinging up on their own, instead of stabilization only (Henmi
et al.,2004). Lyapunov based energy control methods have been derived with these tests (Maeba et
al.,2010). Also, non-linear control methods such as H-infinity and neural networks had been used
to swing up and balance the multiple linked inverted pendulums. Furthermore, the double pendulum
and the triple pendulum has been tested with position control, but the controlling of cart position
has happened in such a way that the pendulum upright positions are only maintained at the starting
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position and the ending position (Gluck et al.,2013).

Afterwards, the two wheeled balancing robot, which is another form of the inverted pendulum which
can be moved has been tested with the above control methods (Sun et al.,2013). This system which
is also known as the segway, has been developed to use for human transportation as well. This system
has given the inverted pendulum to be mobile which stabilizing it in the upright position. These
systems have been developed so that they can be moved forward and backward and turned, with
irrespective of the nature of the terrain.

1.2 Problem Statement

The conventional double pendulums are mostly being stabilized in the up-up position and some re-
search also have been tested in swinging up; either simultaneously or one after the other. The energy
control methods and feed-forward controllers has been used to swing up while the LQR controllers,
fuzzy controllers and neural networks have been used to stabilize. This study focused on developing
an inverted pendulum serially connected to a self balancing robot which functions as a unique mov-
able double inverted pendulum system. The research was implemented to stabilize and control the
mobility of the two sub systems. This technique is supposed to enhance the qualities of the prevailing
control system; state-space control in developing mobile platforms which are supposed to consume
less energy. A 6th order system was controlled with a single actuator. Thus, the system can be used
in developments such as autonomous unicycle robots with cyclist and humanoid robots with reduced
input energy for driving.

1.3 Objectives

The main objective of this study was to stabilize the mobile double inverted pendulum system which
consists of an inverted pendulum serially connected to a two wheeled self balancing robot in the
upright position. This major objective can be described as follows.

• Stabilize the serially coupled 3 degrees of freedom system in the upright positions

• Move the whole system backward and forward for a given distance while stabilizing both the
components in the upright position.

1.4 Limitations and Scope

• The systems has to be swung up to upright positions manually, the robot only stabilizes the
systems in the particular position.

• The mass of the whole system is limited, so that the single motor has enough torque and speed
to stabilize the body of the self balancing robot and the pendulum.
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• The motion of the robot is only forward and backward.

• The motion of the robot after stabilization has a limited speed and is designed so that the
motion is achievable in flat terrains.

1.5 Thesis Outline

The outline of this report is as follows.

In Chapter 2, the past works related to the wheeled inverted pendulum and the double inverted pendu-
lum are analyzed. Also, the concepts that have been used in swinging up and balancing the inverted
pendulums are extracted from the past literature.

In Chapter 3, the methodology to be used in modelling the system, designing the prototype and
controlling is discussed.

In Chapter 4, the simulation and experimental results of the final system is discussed.

Finally, in Chapter 5, a final deduction on the performance and the whole study is presented where
future recommendations to improve the system are also listed.

3



CHAPTER 2

LITERATURE REVIEW

This chapter elaborates on the past research and experiments conducted on swinging up and stabiliz-
ing of inverted pendulums, and control of self balancing robots. The literature depicts that this has
been a huge area of interest of the researchers and uncountable researches has been carried out. Some
of the key research has been pointed out in the following text.

2.1 History of Inverted Pendulums

As mentioned in the above chapter, the discussion on the inverted pendulum has been started in the
early 1960s. The inverted pendulum has been identified as an unstable solution which is applicable for
developing control theories and the mechanics of the inverted pendulum has been derived (Phelps &
Hunter,1965). The Lagrange equations have been used in finding solution to the problem of inverted
pendulum and it is identified as a time-dependant potential energy function.

Since that, there have been many research on this problem of inverted pendulum. Different control
techniques such as PID, LQR and neural networks have been used in solving this problem. One of
the key research that has been done in the field of control and AI is building up controllers that are
self learning (Williams & Matsuoka,1991). This is the start of using neural networks to control the
unstable system. The concept of neural networks has been used as the controller and also the inverted
pendulum. The Figure 2.1 represents the architecture of the control structure used in the problem.

Figure 2.1: Neural network based model and controller for inverted pendulum (Williams & 

Matsuoka, 1991)

Similar research has been carried out for the single inverted pendulum using similar control structures.
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The combination of feedback controllers with feed forward controllers has been tested for the 2nd
order unstable system.

Furthermore, non-linear controllers have been used for swinging up of the pendulum to the upright
position before stabilizing (Maeba et al.,2010). A research in 2010 had been carried out using the
energy control method based on the Lyapunov function. The concept of achieving minimum energy
at the upright position has been taken into consideration, therefore, the controller is built in such a
way that it minimizes energy. The Lyapunov function (in terms of energy) used in this research is
shown in the Equation 2.1.

V =
1

2
E2 =

1

2

(
1

2
(J +ml2)θ̇2 +mgl(cosθ − 1)

)2

(Equation 2.1)

where J is the moment of inertia of the pendulum about the axis through the hinge, m is the mass of
the pendulum, l is the length of the pendulum, θ is the angle of inclination of the pendulum and E is
the total energy. The results indicates that the simulations have been successful in using this energy
based controller for swinging up.

The exploration of higher order unstable systems has begun in early 1980s. A simulation and ex-
periments on the double inverted pendulum has been done to enhance the prevailing control the-
ories at that time. The importance of the state space theory has been identified in this era of re-
search (Maletinsky et al.,1981). The system has been modelled using state space representation.
Experimentally, the cart position and the inclination of the lower pendulum has been measured where
as the inclination of the second pendulum has been observed. The results of the experiments indicate
that the PD controllers used in stabilizing the system has been successful, but with few oscillations.

Another key step in control strategies is the use of the fuzzy logic controller in controlling of the
double inverted pendulum (Cheng et al.,1996). The Lagrange equations has been derive the system
model. There after, the state representation of linearized model has been derived where as six states
have been used to control and observe the system, namely; the positions of the cart and two pendulums
and the velocities of each. The first three sets have been considered as the error (E) and the last three
as the rate of error (EC). A high accuracy fuzzification for the two variables has been done in order the
controller to be more precise. An analog computer has been used to observe the states and to control
the motor. The Figure 2.2 represents the complete block diagram used for the fuzzy logic controller.
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Figure 2.2: Block diagram of a fuzzy controller for DIP (Cheng et al.,1996)

The research further has been focused on swinging up the two pendulums to the upright position 
apart from just stabilizing them. A rotary double inverted pendulum instead of the conventional linear 
double inverted pendulum had been proposed for the mentioned task (Yamakita et al.,1996). In this 
research, four equilibrium positions of the double inverted pendulum has been identified, namely; up-
up position, up-down position, down-up position and the down-down position. Thereafter, the state 
space linearized models for the first three positions have been derived in stabilizing, where as a energy 
based controller has been used for changing from each position to another. The controller considers 
about one link at a time where as when the position of that link is achieved, it controls the other link. 
The Figure 2.3 shows the coordinate frame system of the rotary (TITech) double pendulum used for 
the experiments. The change of states have been successful but the results of the stabilizer contains 
noise.

Figure 2.3: Coordinate frame of TITech pendulum system (Yamakita et al.,1996)

Later, the concept of intelligent control was absorbed by the double inverted pendulum system. A 
DIP system with a self-tuning PID controller was simulated by Japanese scientists (Fujikana et 
al.,2000). The PID controller was programmed to self-tune using the aid of neural networks. The 
back-propagation algorithm was used in constructing the neural network where as the results de-
picted a stabilization with constant oscillations. The simulation results obtained for the cart position, 
pendulum angles and the output of the actuator is depicted in the Figure 2.4.
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Figure 2.4: Results from the self tuning PID controller (Fujikana et al.,2000)

The theory of energy and passivity has been used in control of the DIP system in the beginning of the 
21st century (Zhong & Rock,2001). The nonlinear model of the DIP has been used to develop the 
controller to perform the swinging up of the pendulums from any position. The non-linear controller 
has been developed in two parts; a collocated partial feedback nonlinear controller for stabilization 
and the energy and passivity based non-linear controller for swinging up. The Equation 2.2 and 
Equation 2.3 have been used in controlling the stabilization and swinging up respectively.

u = −k1q2 − k2q̇2 + k3ū (Equation 2.2)

u = −LgEξ −Kxx (Equation 2.3)

where k1, k2, k3 are gains and q2 is the state of the linearized controller, Lg represents the model
parameters and Kx represents the gains of the energy controller, and u is the control input. The
simulation results shown in the Figure 2.5 shows that the swinging up and stabilization has been
successful.
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Figure 2.5: Results from the energy-passivity controller (Zhong & Rock,2001)

During the same year, another significance change has been done to the control techniques. The series 
DIP system has been stabilized using a fuzzy interference model which is dynamically connected with 
a Single Input Rule Module (SIRM) (Yi et al.,2001). The fuzzy controller is designed based on the 
errors and rates of errors three positions of the links. The SIRM is used inline with a Dynamic 
Importance Degree (DID) for positions of each link. These two are developed in such a way that 
inclination of the upper pendulum has the highest priority over the other two. However, when the 
angle of the upper pendulum is comparatively smaller than the other two, the DID changes and the 
priority given for upper pendulum reduces. Hence the fuzzification factors also reduces. Finally, this 
technique is applied to all the 6 states. The final block diagram of the used fuzzy control system is 
shown in Figure 2.6. Furthermore, the simulations have been carried out varying the lengths of the 
pendulums. The results show that the oscillations are minimum when the pendulums are of equal 
length and longer. However, the lowest settling time has occurred when the pendulum lengths are 
equal and shorter.
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Figure 2.6: Block diagram of fuzzy controlled DIP with SIRM and DID (Yi et al.,2001)

The DIP system also has been used to identify the performance of different controllers (Bogdanav,2004). 
Simulations have been carried out in order to test the performance of LQR, State-Dependant Riccati 
Equation (SDRE) control, neural network control and the combination of the controllers. The La-
grange equations have been used in deriving the system dynamics. The control law in Equation 2.4 
has been used for the LQR and law in Equation 2.5 has been used for SDRE control which is the state 
dependant version of LQR.

u = −Kx (Equation 2.4)

u = K(xk)xk (Equation 2.5)

where u is the control input, K and K(xk) are the control inputs and x and xk are the states. The
control law for neural networks has been derived using a augmented cost function. The cost function
has been reduced in training the neural network derived from the Lagrange multipliers. In case of the
combination of neural networks with the LQR/SDRE, the two control inputs has been added together
to obtain the final control input. However, in this case, the network has been trained while the input
of the LQR/SDRE is available. The Figure 2.7 shows the control diagram used in neural network plus
LQR control system.
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Figure 2.7: Control diagram of the NN+LQR controller (Bogdanav,2004)

The results show that for small deflection angles, LQR controller is the b e st. It can also be seen that 
the LQR has the least ability to recover when the pendulums are deflected either in the same direction 
or the opposite direction where as the combination of neural networks and SDRE has the highest 
ability.

Further research has been done on swinging up and stabilization of the DIP system using new control 
techniques. A study has been conducted to test the performance of the sliding mode control for 
stabilization of the unstable systems after swinging up (Henmi et al.,2004). The swinging up and 
stabilization, in this research, has been controlled in three steps as follows.

1. Swinging up the lower pendulum

2. Swinging up the upper pendulum while stabilizing the lower pendulum

3. Stabilizing both the pendulums

The energy based Lyapunov method has been used in deriving the swinging up strategy. A function
for energy has been derived and the instances where the energy is becomes zero has been derived for
the lower pendulum. The control input is obtained based on the this concept. Thereafter, a similar
technique has been applied to upper pendulum where as applying the input of sliding mode controller
to keep the lower pendulum stable. When the second pendulum has achieved its lowest energy, the
controller has been switched to a complete sliding mode controller with higher degrees of freedom.
The results of the study is shown in Figure 2.8.
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Figure 2.8: Results of energy combined sliding mode controller in stabilization (Henmi et

al.,2004)

Thereafter, similar theories have been used to test the stability of the double inverted pendulum in the 
upright position. A research has been conducted to test the performance of fuzzy control logic with 
varying priority (Li et al.,2008). The linearized system of the DIP has been derived and a similar 
control input to the LQR controller has been derived. Then the errors of positions has been considered 
as one fuzzy variable where as the rate of errors has been considered as others. By introducing a set of 
fuzzy linguistic terms for the error and rate of error, the control input has been obtained. However, in 
this case, the controller is tested by changing the priority in each error (by changing the initial LQR 
gains for positions) and has done a similar step for the rate of errors. The Equation 2.6 shows the 
original LQR gains of the error (positions) and Equation 2.7 shows that of the highest priority been 
given to cart position.

error =
[
x θ1 θ2

]
×

 100.0
242.3
−637.7

 (Equation 2.6)
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errorprioritized =
[
x θ1 θ2

]
×

 1.0
242.3
100.0
−637.7
100.0

 (Equation 2.7)

where x, θ1 and θ2 are the position states. The results show that giving the highest priority to the
upper pendulum provides the best results.

A similar system has been stabilized with the combination of the controllers LQR and fuzzy logic.
The system has been simulated by means of matlab and simulink platforms (Luhao & Zhanshi,2010).
In this scenario, the behaviour of the cart position and the pendulum angles after a step change given
to the position of the cart has been tested. The simulation results has been successful where as the
following Figure 2.9 depicts the control structure used in the system.

Figure 2.9: LQR-fuzzy controller for DIP system (Luhao & Zhanshi,2010)

A similar results has been done in 2012 with the aid of the LQR controller alone (Yadav & Singh,2012). 
A step change in position of the cart has been applied to the simulator and tested for the behaviour. 
The study also has analyzed the behaviour of the state weighting matrix in LQR controller. The 
researchers have tested the DIP with applying lower and higher weights for position states, int he 
state weighting matrix. The final results indicate that the higher weights have provided better results 
decreasing the settling time by half of the other.

In 2013, a triple inverted pendulum has been tested for both swinging up and stabilization pro-
cesses (Gluck et al.,2013). The Figure 2.10 depicts the experimental platform used in the study.
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Figure 2.10: Triple pendulum on cart (Gluck et al.,2013)

The study has taken a different approach in swinging up. The researchers have derived the exact 
model of the actual experimental system (without neglecting at least a small friction component) 
and analyzed the behaviour of the triple pendulum. By the means of this, a feed forward controller 
has been designed so that the controller know which input to be given in order to raise up the three 
pendulums to a certain angle. With the help of optimal control, i.e. the combination of LQR and 
the Kalman filter, t he s tudy h as b een s uccessful i n s winging u p t he t hree l inks o f t he p endulum and 
stabilizing, while controlling the position of the cart.

2.2 History of Self Balancing Robots

The study on the self balancing robots has been existing from the beginning of the 20th century. This 
can be identified a s a  s imple i nverted p endulum o n a  s et o f w h eels. R esearch h as b een c arried out 
using various controllers on this robotic platform as well. In 2006, a self balancing robot has been 
designed to balance upright and perform forward, motion and rotational motion (Chee et al.,2006). 
Two distant measuring sensors have been used in identifying the orientation of the robot where as 
motors with encoders have been used to actuate the system. The robot has been stabilized using 
simple PID control and the robot’s motion has been controlled remotely using a remote controller. 
The Figure 2.11 shows the prototype of the robot.
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Figure 2.11: RC controlled self balancing robot (Chee et al.,2006)

The LQR control theory also have been used in controlling the two wheeled self balancing robot (Xu 
et al.,2006). Lagrange equations have been used in deriving the system dynamics where as the lin-
earized system is then applied for the LQR controller. The controller is tested by varying the weights 
of the state weighting matrix. The results has shown that the best performance is achieved by giving 
a high weight for the robot position. Figure 2.12 shows the self balancing robot used in these tests.

Figure 2.12:LQR-based self balancing robot (Xu et al.,2006)

Furthermore, this platform has been used to test performance of LQR controller along with the neural 
networks (Sun et al.,2013). The back propagation algorithm is used in developing the neural network
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along with a PID controller in the first part and along with a LQR control in the next part of the study.
The reuslts of the study shows that the neural network along with LQR controller provides better
output in terms of the settling time. In the following year, another study has been carried out compare
the performances of PID, LQR and fuzzy control theory in stabilizing unstable systems (Bature et
al.,2014). Figure 2.13 shows a picture of the robots used in the experiments. The results of this study
states that LQR is the best controller in terms of cost, however, duzzy logic controller is the best in
terms of the settling time.

Figure 2.13: Self balancing robot controlled using three algorithms (Bature et al.,2014)

A similar research has been done to compare the performance of PID controller and the LQG con-
troller which is a combination of the LQR controller and the Kalman filter (a state observer). It was 
observed that the LQG controller is better than PID in terms of robot positioning and disturbance 
rejection.

Considering the aspects and theories used in these discussed literature, this study focused on a similar 
unstable mobile system. The system was conducted to stabilize a system similar to a double inverted 
pendulum resting on two wheels which can also be interpreted as an inverted pendulum on a two 
wheeled self balancing robot. The extent of the study also included moving the robot forward and 
backward following a position command.
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CHAPTER 3

METHODOLOGY

This chapter elaborates on the procedure applied in designing the overall system and obtaining results.
The first sub chapter describes the overview of the system where as the second sub chapter describes
the system design. The derivation of the mathematical model of the system is shown in third sub
chapter and the method of controlling the system is explained in the last sub chapter.

3.1 System Overview

This study was focusing on developing a two wheeled self balancing with an inverted pendulum freely
hinged to the top, so that the whole system acts as a system similar to a wheeled DIP. The total system
was designed to be underactuated where on DC motor was used to drive and control stability of the
whole system. Encoders were used to keep track of the angles rotated by the wheels and the upper
pendulum where as an IMU unit consisting of a gyroscope and an accelerometer was used to measure
the inclination angle of the body of the self balancing robot. A microcontroller was used to control
the whole system’s stability and the movement. Figure 3.1 shows the overall block diagram of the
overall system.

Figure 3.1: Block diagram of the overall system

3.2 System Design

This sub chapter is divided in to two section where the procedure applied in designing the mechanical 
structure and the electrical structure is elaborated.
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3.2.1 Mechanical Design

The physical design of the system was crucial as this study was focused on stabilizing a complete
unstable system. The system had to be designed in such a way that the ratio of the masses of the
TWBR and the pendulum is not very high. Also, the frictions had to be minimum where the wheels
are attached to the TWBR and where the TWBR is attached to the pendulum. Thus, bringing the
center of mass of both the pendulum and the TWBR to its central vertical axis also important to
achieve a proper weight balance.

To minimize the mass of the TWBR as much as possible, the structure of the TWBR was fabricated
from black acrylic. Acrylic was chosen as a proper materials after a comparison between acrylic
with a density of 1.18gcm−3, aluminium with a density of 2.7gcm−3 and PVC with a density of
1.38gcm−3. It is found from the past literature that a pendulum is easier to be balanced when the
center of mass is far away from the bottom (Milton et al.,2009). Equation 3.1 shows the acceleration
of a free pendulum in terms of its length.

θ̈ =
g

d
sinθ (Equation 3.1)

where θ is the pendulum angle, g is the gravitational acceleration and l is the length. Therefore it
can be identified that the increase of the length will increase the acceleration which will further result
is the pendulum falling faster. Due to this, the frame of the TWBR was designed to raise the center
of mass as much as possible, as the fixing of the motors and batteries will lower the center of mass.
Subsequently, Von Mises stress tests were done for the structure from SolidWorks to identify any
weak points. Figure 3.2 shows the designed frame for TWBR.

Figure 3.2: Design of frame of the TWBR
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To attain minimum friction between the wheels and the TWBR, two rotary bearings with a friction
coefficient less than 0.02 was used. The bearings were attached to the bottom plate of the TWBR and
a stainless steel shaft of 8mm diameter, where the ends of the shafts were connected to the wheels
through a hex-connector. The wheels were made from aluminium where as it was covered from a
rubber strip to make sure the friction coefficient with the floor is high. The shaft was coupled to the
DC motor shaft through two spur gears with the same gear ratio, in order to maintain the torque and
speed supplied by the DC motor. Figure 3.3 shows the 3D design of the arrangement.

Figure 3.3: Assembly of the motor and the wheels

The pendulum was designed using a hollow aluminium shaft. A hollow small PVC tube was and the 
tennis ball was connected on top end of the pendulum in order to raise the mass and the center of 
mass to a higher level. The other end was connected to a steel rod was connected in T-shape with 
another steel rod. One end of the perpendicular steel rod was fixed with t he encoder shaft using the 
coupling where as the other end was connected to a rotary bearing of a friction coefficient l ess than 
0.002. Finally, the bearing and the encoder was mounted on the top plates of the TWBR to obtain the 
final d esign. The 3D design of the pendulum fixed on the TWBR, is shown in the Figure 3.4.
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Figure 3.4: Assembly of the pendulum on the TWBR

Subsequently, in order counter balance the weight of the DC motor acting to one direction on the 
pitch axis, the battery was fixed on the other direction of the bottom plate next to the wheel s haft. To 
maintain the hardness of the structure, stripes of Nitrile rubber was pasted on the four corners of the 
robot. This was also done to ensure the safety of the robot as the robot might have fallen down while 
testing. Finally, the controller and other electrical components were mounted on the inner faces of 
the vertical plates to obtain the finished prototype.

Table 3.1 represents the major specifications of the robot designed.

Table 3.1: Final specifications of the designed robot

Parameter Description

Dimensions of the whole robot 267 × 142 × 700 mm

Diameter of the wheels 70mm

Dimensions of the body of TWBR 200 × 142 × 300 mm

Pendulum length 420mm

Total mass 2500g

TWBR mass 2350g

Pendulum mass 150g
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3.2.2 Electrical Design

The core element of the whole system is the controller. To control this fabricated unstable system, the 
processor had to have enough power, enough speed and enough methods to handle components such 
as encoders and IMUs. The Arduino Due microcontroller was used as the main control device of the 
overall system. Table 3.2 lists major specifications of the used microcontroller.

Table 3.2: Key specifications of the Arduino Due microcontroller

Parameter Description / Value

CPU Atmel SAM3X8E ARM Cortex-M3

Clock Speed 84 MHz

SRAM 96 KB

Flash Memory 512 KB

Operating Voltage 3.3V

In addition to the above, the used microcontroller has enough interrupt routines to handle encoders,
I2C communication modules to handle IMUs and other communication modules such as SPI to hand
data loggers.

There were three different sensors used in this experiment to obtain data about the current states.
As mentioned in the above sub-chapter, two encoders (one encoders connected to the motor) and an
IMU unit was used to obtain inclinations and angular velocities. To obtain the angular position of
the wheels, an encoder which is attached to the back end of the motor was used. For the purpose
of measuring the angular position of the pendulum, one end of the pendulum was attached to the
encoder, as mentioned in the above sub section. Both the encoders were incremental encoders where
key specifications of the selected encoders are shown in the Table 3.3 (Incremental 40-mm-dia.
Rotary Encoder,2017).
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Table 3.3: Key specifications of the encoders

Parameter Encoder for wheels Encoder for pendulum

Brand Pololu Omron

PPR 1920 2000

Input Voltage 5V - 12V 5V - 24V

Output phases A and B A,B and Z

Moment of inertia (Moment of inertia of the motor) 1×10−6kgm2

Shaft loading (Maximum shaft loading of the motor) 30N

For obtaining the angular inclination and the angular velocity of the body of the TWBR with re-
spect to the vertical, an IMU unit consisting of a gyroscope module and an accelerometer module 
was used. In selection of the IMU unit, the MPU-6050 and BNO-055 were among the candidates. 
Table 3.4 shows a comparison between the two IMU modules (MPU-6000 and MPU-6050 Product 
Specification,2013) (Intelligent 9-axis absolute orientation sensor,2014).

Table 3.4: Key specifications of candidate IMUs

MPU-6050 BNO-055

Modules included Gyroscope, Accelerometer
Gyroscope, Accelerometer,

Magnetometer

Gyroscope/

Accelerometer

update rate

256 Hz 100 Hz

Input Voltage 2.375V - 3.46V 2.4V - 3.6V

Output data
Angular velocity and

acceleration

Euler angles, Angular velocity,

acceleration and magnetometer

readings

Time for controller

to read data
400 µs 1350 µs
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Out of the two candidates, the BNO-055 intelligent sensor was chosen over the MPU-6050 due to the
following reasons.

• BNO-055 outputted steady values for orientation, but the MPU-6050 was not able to output
direct orientation angles. Even though a Kalman filter was used in estimating orientations from
the angular velocities and accelerations, the outputs were not steady.

• The gyroscope values outputted from the BNO-055 were more accurate and less noisy com-
pared to the values of MPU-6050.

• Experiments showed that the update rate of BNO-055 (100Hz which is less than that of MPU-
6050: 256Hz) was sufficient enough for the system to work properly

As shown in the Table 3.4, the BNO-055 sensor also used a gyroscope and an accelerometer in
calculating and outputting the orientation in Euler angles. The exact information of obtaining the
Euler angles from the sensor has not been disclosed by the manufacturers, but the literature states
that it utilizes sensor fusion algorithms consisting of Madgwick/Mahoney filters and low pass filters.
Equation 3.2 and Equation 3.3 shows the equations which are used to update the orientations using
the gyroscope and accelerometer values, considering the drifts from the sensors.

Ik = Ik−1 +Ki∆t(ak − θk−1) (Equation 3.2)

θk = αθk−1 + (1− α)ak + (ωk + Ik)∆t (Equation 3.3)

where ak is the accelerometer value, ωk is the gyroscope output, ∆t is the time step, θ is the orienta-
tion, I is an intermediate variable and α is a constant.

The subsequent major task was to select a proper actuator to drive the system. A DC motor was
selected as the actuator as the DC motor could provide enough torque and speed at the same time.
Also, it should have had the requirement that it could have been powered up using a DC power source,
which lead to the choosing of DC motor over the AC motor. The following criteria had be considered
when choosing a proper DC motor for the project.

• The stall torque had to be greater than 5.0Nm (Obtained through simulations)

• The diameter of the motor had to be less than 6cm and the total length had to be less than 10cm
(To fix into the proposed size of the robot)

• The motor had to have an encoder fixed in to the shaft (For proper assembly)

• The weight has to be less than 400g (To limit the total mass of the robot)

Considering the above requirements a Pololu gear motor with Encoder was used to drive the system.
Table 3.5 shows key specifications of the motor.
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Table 3.5: Key specifications of the motor

Parameter Description

Input voltage 12V

Size φ37 × 68 mm

Weight 215 g

Geat ratio 30:1

Stall current 5000 mA

Stall torque 0.77 Nm

No-load speed 350 rpm

Afterwards, the motor driver selection was also crucial. The motor driver had to be be compatible 
with the motor, its output resolutions had to be high, the stall current had to be enough to drive the 
motor, and parameters such as PWM frequency and PWM resolution had to be high. Therefore, after 
an investigation on several motor drivers available on the market, VNH5019 motor driver carrier was 
purchased. Table 3.6 represents the features and capabilities of the motor driver.

Table 3.6: Key specifications of the motor driver

Parameter Description

Brand Pololu

Motor channels 1

Operating voltage 5.5V - 24V

Continuous current per channel 12A

Peak current per channel 30A

Maximum PWM frequency 20kHz

PWM resolution 12bits

To power up the system, a DC power source which can keep the input voltage regulated in a value
between 11.5V and 12.5V was required. After referring literature, it was identified that the best power
source for this kind of small mobile robot was a Lithium-Polymer battery. However, in order to keep
the input voltage to the system regulated, a regulator had to be used. This made the requirement

23



that the output voltage of the battery should be at least 1V greater than the regulated voltage (12V).
Therefore a Li-Po battery with 4 cells, which sum up to the total output voltage to 14.8V (when
charged), was used for the project. The Li-Po battery had a capacity of 2200mAh. Hence, three
step-down regulators were used to power the motors, the controller board and other circuitry such as
encoders and IMU unit.

In addition to the main circuitry components, a SD card reader which supports the controller Arduino
due was used for data-logging. The SD card reader was compatible with FAT16/FAT32 formatted SD
cards where SPI interface was used to communicate between the controller.

Figure 3.5 represents the final electrical connectivity of the complete system, and figure 3.6 shows
the final robot prototype.

Figure 3.5: Electrical connectivity of complete system

24



Figure 3.6: Final prototype
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3.3 System Dynamics

The mathematical model for the system is derived in this sub chapter. The center of gravity of the
body of the TWBR is assumed to be lying outside the vertical axis of the whole system. Figure 3.7
shows the model of the robot.

Figure 3.7: Math model of the system

The descriptions of the symbols used in deriving math model are explained in the Table 3.7.
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Table 3.7: Description of symbols used in deriving math model

Parameter Description

xW Displacement of wheels w.r.t. starting position

θB Inclination of body of TWBR w.r.t. vertical

θP Inclination of the pendulum w.r.t. vertical

mW / JW
Mass and Inertia of the system of wheels and motor shaft

around the axis of rotation

mB / JB
Mass of Inertia of body of TWBR around the axial axis

passing through the COG

mP / JP
Mass of Inertia of pendulum around the axial axis passing

through the COG

rW Radius of the wheels

XCG,B

Distance to COG of TWBR from the rotation axis through

radial axis

YCG,B
Distance to COG of TWBR from the radial axis through

tangential axis

LB
Distance to the rotation axis of the pendulum from the

rotation axis of the TWBR

lp
Distance to COG of the pendulum from the rotation axis

through the radial axis

LP Length of the pendulum

Euler-Lagrange equation (Equation 3.4), which is a energy base modelling method, was used derive
the system dynamics.

∂

∂t

(
∂L
∂q̇i

)
− ∂L
∂qi

= 0 (Equation 3.4)

where L = T − V is a Lagrangian, q is the generalized coordinates on where the formulation of
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kinetic energy T and potential energy V is accounted for.

The kinetic energy for the system of wheels including the shaft, motor shaft and spur gears was found
as seen from Equation 3.5.

TW =
1

2
mW ˙xW

2 +
1

2
JW ˙θW

2
(Equation 3.5)

where θW is the angle rotated by the wheels. Similarly, the kinetic energies for the body of TWBR
and the pendulum were found as seen in Equation 3.6 and Equation 3.7.

TB =
1

2
mB

(
( ˙xW + lB ˙θBcosθB)2 + (−lB ˙θBsinθB)2

)
+

1

2
JB ˙θB

2
(Equation 3.6)

TP =
1

2
mP

(
( ˙xW + LB ˙θBcos(θB + αB) + lP ˙θP cosθP )2 + (LB ˙θBsin(θB + αB)

+lP ˙θP sinθP )2
)

+
1

2
JP ˙θB

2
(Equation 3.7)

where, lB =
√
X2
CG,B + Y 2

CG,B andαB =
YCG,B

lB
. Afterwards, the potential energies were calculated

for the three sub-systems as seen in Equation 3.8, Equation 3.9 and Equation 3.10.

VW = 0 (Equation 3.8)

VB = mBglBcosθB (Equation 3.9)

VP = mP g
(
LBcos(θB + αB) + lP cosθP

)
(Equation 3.10)

Then the Lagrange equation becomes Equation 3.11.

L =
1

2

(
mW +mB +mP +

JW
r2

)
˙xW

2 +
1

2

(
mBl

2
B +mPL

2
B + JB

)
˙θB
2

+
1

2

(
mP l

2
P + JP

)
˙θP
2

+

(
mBlBcosθB +mPLBcos(θB + αB)

)
˙xW ˙θB +mP lP cosθP ˙xW ˙θP

+mPLBlP cos(θB + αB − θP ) ˙θB ˙θP −mBglBcosθB −mP g

(
LBcos(θB + αB) + lP cosθP

)
(Equation 3.11)
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The calculated Lagrangian was then applied to Equation 3.4 where xW , θB and θP was taken as the
q variables. This process produced Equation 3.12, Equation 3.14 and Equation 3.14. Table 3.8 shows
the components of each coefficient in model simplification.

a1ẍW +
(
a2cosθB + a3cos(θB + αB)

)
θ̈B + a4cosθP θ̈P −

(
a2sinθB + a3sin(θB + αB)

)
˙θB
2

−a4sinθP ˙θP
2

= u

(Equation 3.12)

(
a2cosθB + a3cos(θB + αB)

)
ẍW + a5θ̈B + a6cos(θB + αB − θP )θ̈P + a6sin(θB + αB − θP )

× ˙θP
2 −

(
a2sinθB + a3sin(θB + αB)

)
g = 0

(Equation 3.13)

a4cosθP ẍW + a6cos(θB + αB − θP )θ̈B + a7θ̈P − a6sin(θB + αB − θP ) ˙θB
2 − a4sinθP g = 0

(Equation 3.14)

Table 3.8: Description of the coefficients of simplified math model

Coefficient Description

a1 mW +mB +mP + JW
r2

a2 mBlB

a3 mPLB

a4 mP lP

a5 mBl
2
B +mPL

2
B + JB

a6 mPLBlP

a7 mP l
2
P + JP

The above set of equations represents a 6th order non-linear equation. In order to derive the linearized
form of the equations, following assumptions were made: q ' 0, sin(q) = q, cos(q) = 1 and q̇2 = 0.
Equation 3.15 represents the final linearized model of the whole system in matrix form.
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 a1 a2 + a3cosαB a4
a2 + a3cosαB a5 a6cosαB

a4 a6cosαB a7

ẍWθ̈B
θ̈P

+

0 0 0
0 −(a2 + a3)g 0
0 0 a4g

xWθB
θP

 =

u0
0


(Equation 3.15)

To derive the dynamics for the real physical system, DC motor model was taken in to consideration.
This is shown in Figure 3.8.

Figure 3.8: DC motor model

where τ DC motor torque, R is armature resistance, L is armature inductance, V is input voltage, i is 
armature current, bθ̇(= θẆ ) is angular speed of the motor, e is back emf and θ(= θ) is rotated angle. 
The DC motor model also includes KT : torque constant and Ke: back emf constant.

Considering the case that the viscosity friction and the armature inductance is neglegibly small, Equa-
tion 3.16 and Equation 3.17 represents the DC motor dynamics.

τ = KT i (Equation 3.16)

e = Ke
˙θW (Equation 3.17)

Using Kirchhoff law in Equation 3.18, an expression for motor torque could be derived, as seen in
Equation 3.19.

V = iR+Ke
˙θW (Equation 3.18)
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τ =
KT

R

(
V −Ke

˙θW

)
=
KT

R

(
V −Ke

˙xW
r2

)
(Equation 3.19)

The input u to the system model in Equation 3.15 in the form of a force. Using τ = u× r, combining
Equation 3.15 and Equation 3.19, the system model can be calculated as seen in Equation 3.20.

 a1 a2 + a3cosαB a4
a2 + a3cosαB a5 a6cosαB

a4 a6cosαB a7

ẍWθ̈B
θ̈P

+

0 0 0
0 −(a2 + a3)g 0
0 0 a4g

xWθB
θP



=


KT
Rr

(
V −Ke

˙xW
r

)
0
0


(Equation 3.20)

Considering a8 = KeKT
Rr2

and b1 = KT
Rr , the final mathematical model of the system including the DC

motor can be obtained as in Equation 3.21.

 a1 a2 + a3cosαB a4
a2 + a3cosαB a5 a6cosαB

a4 a6cosαB a7

ẍWθ̈B
θ̈P

+

a8 0 0
0 0 0
0 0 0

 ˙xW
˙θB
˙θP


+

0 0 0
0 −(a2 + a3)g 0
0 0 a4g

xWθB
θP

 =

b1V0
0


(Equation 3.21)

Equation 3.21 was then converted in to the state space form considering xW , θB , θP , Ẇ , ˙θB and ˙θP
as the states. Then the system model could be converted to the form as in Equation 3.22. Datasheets,
measurements and CAD models were used in finding these parameters.

Ẋ = AX +BU

Y = CX +DU
(Equation 3.22)

The parameters in the final system dynamics were identified as shown in the Table 3.9.

31



Table 3.9: Identification of parameters in math model

Parameter Value

mW 150g

JW 0.000Nm

r 35mm

mB 2200g

JB 0.022Nm

lB 100mm

LB 480mm

mP 150g

JP 0.016Nm

lP 330mm

αB 0.8590

LP 420mm

KT 0.155 Nm/A

Ke 0.327 V/rads−1

R 2.5 Ω

Finally, the above parameters were substituted to Equation 3.21 and the state space matrices were
found as in Equation 3.23 and Equation 3.24. Note that the outputs of the system are only the positions
of the three sub-systems. This is due to the sensors measure only these parameters directly where the
angular velocities of wheels and pendulum are calculated, and the gyroscope output contains noise,
which needs further filtering.

A =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 −8.151 0.504 −8.170 0 0
0 80.782 −7.864 34.127 0 0
0 −46.395 19.819 −12.438 0 0

 , B =



0
0
0

1.207
−5.039
1.837

 (Equation 3.23)
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C =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

 , D = [0] (Equation 3.24)

3.4 Control Design

This sub chapter is divided in to three sections where the first section explains on the controller used,
the second describes on implementing the computer simulations and the last elaborates on application
of the control technique on the physical robot.

3.4.1 Design of the Controller

As identified from the above sub chapter, this study dealt with a 6th order non - linear system. As
the research was carried out only to stabilize, the original system could be turned to a 6th order linear
system. Conventional PID algorithm could not be used in this case as the system was not SISO
(Single Input Single Output). Therefore, LQR was chosen as the control algorithm, which is a more
generalized control algorithm to control linear systems optimally. The LQR controller implemented
for this project contains gain matrix which is not dependant on time, as it is derived from ARE
(Algebric Riccati Equation), but not SDRE (State Dependant Riccati Equation).

The LQR control theory deals with controlling a dynamic system at its minimum cost. In reduction
of this states based cost, the LQR controller provides a feedback on changing the input. A matrix
in Equation 3.23 describes the weight of each states on the system where as the B matrix represents
the weight of the control input on the system. Equation 3.23 in state-space theory represents how
the states affects the measurable outputs where as D represents how the input affects the measurable
outputs.

The cost function that has to be minimized using the LQR is quadratic, which is shown in Equation
3.25.

J =

∫ T

τ

(
x′(t)Qx(t) + u′(t)Ru(t)

)
dt (Equation 3.25)

where J is the cost, x(t) represents the states, u(t) represents the input,Q represents the state weight-
ing matrix and R represents the input weighting matrix.

The control input of LQR controller, fed to the DC motor, is shown in Equation 3.26.

u = −Kx(t) (Equation 3.26)

where K is the controller gain matrix. The gain matrix can be found from Equation 3.27.
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K = R−1BTP (Equation 3.27)

where P is found by the ARE equation which can be seen from Equation 3.28.

ATP + PA− PBR−1BTP +Q = 0 (Equation 3.28)

In LQR control theory, proper Q and R matrices has to be found as those are the parameters that
suggest the proper way for the control input in minimizing the cost.

3.4.2 Computer Simulations

Before implementing the control structure on the real physical system, computer simulations on the
system dynamics had to be done in order to validate the controllability and observability of the system.
In addition, derivation of the gain vector of LQR had to be done through simulations. For this purpose,
Matlab and Simulink softwares were used. Matlab was used in inputting the system dynamics and
finding the gain vector where as Simulink was used to simulate the behaviour of states. Figure 3.9
depicts the Simulink block diagram used for simulations.

Figure 3.9: Simulink block diagram
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The simulations were carried out changing the state weighting matrix, input weighting matrix and set
points to identify the the best performance and the behaviour of the states when they are changed.

3.4.3 Experimental Control

The final task of the project was to applied the derived control law in the fabricated robot prototype.
The initial step was to calibrate and test the sensors and actuators.

Sensor and Actuator Control

For orientation and angular velocity measurement of the body of TWBR, the IMU had to be initial-
ized. The calibrating of the gyroscope and accelerometer was done by the IMU’s processor itself.
The calibration included the following simple steps.

• Identify the I2C address of the IMU

• Setting registers for the range of angular velocities and accelerations

• Setting registers for power management: This includes switching off the sleep mode of IMU
as the values are read continuously

• Accessing IMU through I2C address identified

• Applying the respective pre-set registers to IMU

BNO-055 IMU unit provided steady values for orientation using the sensor fusion discussed in the
first sub chapter. However, an smoothing filter had be used for the gyroscope readings as there was
noise present. A simple averaging filter with a window length of 30 samples were used for this case,
which is shown in Equation 3.29.

˙θB,T =

T∑
n=T−29

˙θB,n
30

(Equation 3.29)

As mentioned in the first sub chapter, incremental encoders were used in obtaining rotated angle of
the wheels and in obtaining inclination of the pendulum with the vertical. Equation 3.30 was used to
calculate the rotated angle of the wheels from the encoder readings.

θW =
360 × Pulse Count

PPR × Decode Ratio
(Equation 3.30)

where a decode ration of 4 was used (A and B signal lines of the encoder was taken into account).
This angular parameter in degrees was subsequently converted to a distance in cm with the aid of
Equation 3.31.
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xW,(cm) = r(cm)θW
π

180
(Equation 3.31)

Derivation of the angle of the pendulum had a different approach. This was due to the angle of motor
being continuous, but angle of pendulum was limited from -1800 to 1800. In derivation of the angle
from the pulse count decoded through the output of A and B signal lines of the encoder, a series of
conditions had to be checked and calculated. This is shown in 3.10.

P

Figure 3.10: Procedure of calculating pendulum angle

where θ′ is an intermediate variable, p is the pulse count, pP R is the PPR, d is the decode ratio, which 
was 4 for this case and T and F repesent whether the condition is satisfied o r n ot, r e spectively. In 
addition to this , the Z signal of encoder was used to identify the exact 00 angle when the pendulum 
was inline with the vertical.

In obtaining the angular velocities of the wheels and the pendulum, the angle was differentiated with 
respect to time in the discrete time domain. Equation 3.32 shows the calculation done for obtaining 
these velocities.

θ̇W,P (t) =
θW,P (t)− θW,P (t− 1)

Ts
(Equation 3.32)

where Ts is the loop time. However, the output velocity from the above equation(s) provided a very
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noisy output. To overcome these noises, a simple passive low pass filter was used in smoothing the
signal. Equation 3.33 shows the Laplacian form of the filter.

θ̇W,P |filtered

θ̇W,P
= Klp

1

τs+ 1
(Equation 3.33)

where Klp is the gain of the filter and τ is the time constant of the filter. The proper values for gain
and frequency were found to be 1 and 10Hz (τ = 0.016) respectively, after experiments.

In terms of controlling the actuator, the highlight was that an output of 12 bits were used to maximize
accuracy.

Applying LQR

After the tests done on the sensors and the motor, the LQR controller was implemented in the real
system. The initial focus was on stabilizing the robot with its body and pendulum upright, without
considering on the robot position. 3.11 shows the basic control diagram without position controlling.

Figure 3.11:Control diagram without position controlling

Initially, the gains of the LQR controller were adjusted so that it proportional to that of the Matlab 
simulations, with a comparatively low weight to the position of the wheels. The tests on LQR was 
carried maintaining a fixed loop t ime for the p r ocess. Thereafter, the gains were adjusted so that the 
system was able to keep the system balanced upright, without giving a concern on the position of the 
wheels (or the whole system). When a proper balancing was achieved, the weight for the position of 
the wheels were increased, so that it could achieve stabilization at the starting position (zero position) 
of the wheels.

Afterwards, the variable position controlling was tested. For this case, internal timers of the micro-
controller were used to produce a position change at a certain time interval. The position was changed 
as a step changed and the system was checked with different positions. However, the system could 
not recover after a particular value for the step changes, even the computer simulations showed that 
it could be recovered. This could be due to the following reasons.

• Step function is not a linear function which can limit the controller from recovering
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• When modelling, the non-linearity such as frictions on bearings and armature inductance of
the motor were neglected. This could lead increasing the non-linearities when a step change is
added

• The limitations of the actuator came in to play in real protytpe, which is not included in the
simulations

Therefore, a linear trajectory generator, when a step change was applied to the system was applied to
the control diagram. The final control diagram for the LQR controller then looked as in Figure 3.12.

c

Figure 3.12: Control diagram with position controlling

Subsequently, the controller was gain tested varying the weight of the gain matrix for the position of 
the wheels. Also, the system was tested varying the initial orientation of the TWBR and the pendulum 
to identify the region of recovery which could be attained by the controller.

Final Control

Afterwards, the SD card reader was added in to the control loop, to log instances of the states and the 
control input, in to the SD card. The data logging procedure consisted of following simple steps.

• Establishing SPI connection between SD card and microcontroller

• Open data logging file through SPI; if not available, create one

• Upload data into the file

• Close the file and the connection

Finally, putting up all together, the final control block diagram was made, which is shown in the
Figure 3.13. The robot is programmed to start stabilizing when an input from a micro switch is given.
Also, the step changes are occurred when a certain time interval is passed.
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Figure 3.13: Final control block diagram for the physical system
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CHAPTER 4

RESULTS AND DISCUSSION

As mentioned in the above chapter, the tests were done in two stages; computer simulations and real
time control. Therefore, this chapter is divided in to four stages where the first chapter shows the
results from stress tests, the second shows the results obtained through computer simulations, the
second represents the outcomes from experiments and in the third, the results are discussed.

4.1 Results of Von Mises Stress Tests

The stress tests for the acrylic structure of the robot was done using Solid-]works software. The
frame was fixed from the bottom where as the acrylic material was added to the frame, with the
corresponding parameters. A stress corresponding to the sum of the weights of body of TWBR and
pendulum was applied. Also, a weight stress corresponding to the weight of the components attached
to the structure was applied from the below. In addition, a stress corresponding to the weight of the
pendulum was added to the top plates of the structure.

Figure 4.1 shows the results from the stress test carried out. Sub-figure 4.1a shows the behaviour of
the stresses around the frame and sub-figure 4.1b shows the behaviour of the strains throughout the
frame.

(a) (b)

Figure 4.1:Results from Von Mises stress tests: (a) Stress, (b) Strain

According to the stress tests, a maximum of approximately 3.3×103Nm stress was applied on the top 
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where as a maximum of 3.0 × 103Nm was applied from the bottom. However, the yield strength of
the frame and the acrylic material was found to be 4.5× 107Nm, which confirmed that the structure
was strong enough.

The strain curve also suggests that the maximum strain that has occurred on the top and the bottom
is 6.45 × 10−7 which is neglegible at all. Therefore, the stress tests proved that the structure is firm
enough to be used as the frame of the robot.

4.2 Results of Computer Simulations

The computer simulations were carried out in Matlab and Simulink in different stages. A loop time
of 3ms (found through experiments) was used for the simulations. Initially, the system was tested for
its open loop poles whereas the poles were identified to be {0.0,−12.38, 8.33, 3.70,−3.23,−4.59}.
The two open loop poles in the right half plane confirmed that the system was unstable. Thereafter,
the controllability and obervability were tested to find out that the system is both controllable and
observable.

Results for Different Weighting Matrices

The behaviour the states and input by the controller was tested changing the weights of the input
weighting matrix and the state weighting matrix. These two matrices, along with the initial conditions
of the states, were set to the following values, at the start. (Equation 4.1). The values of initial
conditions are in 0 and 0s−1.

x0 =



0
4
1
0
0
0

 , Q =



10 0 0 0 0 0
0 5000 0 0 0 0
0 0 5000 0 0 0
0 0 0 100 0 0
0 0 0 0 100 0
0 0 0 0 0 100

 , R =
[
0.1
]

(Equation 4.1)

It can be seen from the above matrices that a lesser weight is given to the wheel position and a higher
weight is given to the input. The gain matrix also produced a lesser weight for wheel position, which
can be seen from Equation 4.2.

K =
[
10.0 −301.0 847.0 40.01 47.71 204.15

]
(Equation 4.2)

The simulation of the behaviour of states and the inputs were as shown in the Figure 4.2. It can be
observed that the wheel position and wheel velocities are not coming to a steady state, but the other
states have reached to zero within 2s.
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(a)

(b)

Figure 4.2: Behaviour of system for low weight for wheel position and high weight for

input, shown in simulations: (a) States, (b) Input

Afterwards, the input weighting matrix was changed from 0.1 to 10.0 to identify the changes happen-
ing to the states and the controller, on giving high priority to the input. The it could be identified that 
the states take a similar time to reach the steady state conditions. In addition, it could be seen that 
the wheel position also tries to come to an steady state near the zero position. But, the input voltage 
required was less than 3V, where the input had enough power to bring all the states to zero including 
the robot position. Figure 4.3 represents the behaviour of states and input after this change was done.
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(a)

(b)

Figure 4.3: Behaviour of system for low weight for wheel position and low weight for input,

shown in simulations: (a) States, (b) Input

Subsequently, the gains were changed in order to achieve a quicker response in the wheel position, in 
achieving to the steady state. For this case, the stand-alone weight of the wheel position was change 
to 5000. Then the state weighting matrix looked as in Equation 4.3.

Q =



5000 0 0 0 0 0
0 5000 0 0 0 0
0 0 5000 0 0 0
0 0 0 100 0 0
0 0 0 0 100 0
0 0 0 0 0 100

 (Equation 4.3)
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The results from this indicated that the wheel position was stabilized at zero within 3s. Nevertheless,
the peak input voltage used was less than 3V, where the input still could provide more power for the
system to come to the steady state faster. This behaviour is shown in Figure 4.4.

(a)

(b)

Figure 4.4: Behaviour of system for high weight for wheel position and high weight for

input, shown in simulations: (a) States, (b) Input

Next, as the motor had enough capacity to act quicker, the weight for the input matrix was reduced by 
ten time, to 1.0. Also, to make the robot positioning quicker, the weight on the robot position (wheel 
position) was doubled to 10000. This resulted in a better response where as the states were able to 
come to a steady state within 2.5s. However, this resulted in multiplying the required input by the 
motor by three. Yet the new peak input voltage could take a higher value. This behaviour is shown in 
Figure 4.5.
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(a)

(b)

Figure 4.5: Behaviour of system for high weight for wheel position and low weight for 

input, shown in simulations: (a) States, (b) Input

Afterwards, the weights for the velocities of the controller were changed to analyze the system be-
haviour. Equation 4.4 shows the newest weighting state matrix used in the simulation.

Q =



10000 0 0 0 0 0
0 5000 0 0 0 0
0 0 5000 0 0 0
0 0 0 1000 0 0
0 0 0 0 1000 0
0 0 0 0 0 1000

 (Equation 4.4)

By changing these values, the response became slower where the states took 3s to reach steady state.
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The peak of the input was reduced to 5V, where the displacement robot took to balance the system
was larger. Therefore, it was identified that increasing the weight for velocities was not beneficial.
Figure 4.6 shows this performance of the system.

(a)

(b)

Figure 4.6: Behaviour of system with high weights for velocities, shown in simulations: (a) 

States, (b) Input

Finally, the weights for the velocities states were lowered than the original values, in order to obtain 
a better system response. This made the states weighting matrix, input weighting matrix and the gain 
matrix to be as in Equation 4.5.
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Q =



10000 0 0 0 0 0
0 5000 0 0 0 0
0 0 5000 0 0 0
0 0 0 5 0 0
0 0 0 0 5 0
0 0 0 0 0 5

 , R =
[
1.0
]
, K =



100.00
−527.87
527.09
99.05
64.24
133.09



T

(Equation 4.5)

The latest behaviour of the states and input for these gain values are shown in Figure 4.7.

(a)

(b)

Figure 4.7: Behaviour of system for final gain values, shown in simulations: (a) States, (b)

Input

This made the states reach steady state within 2.4s, which was the fastest response so far. The peak 
input voltage was raise approximately near the 10V margin, which was sufficient enough. A margin
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of 2V was remained for higher angles to recover. The peak deflection of the wheel position was 8.1cm
where as the peak pendulum angle and body angle was also less than 7.50. This weighting matrices
and gain matrix were chosen as the optimal conditions.

Results for Different Initial Angles

The system was then tested to identify the maximum inclinations of the body and the pendulum which
the system can recover. First the simulations were done changing the increasing the initial angle of
the body from zero and having all the other states at zero. It was identified that the input voltage
exceeds the maximum that can be supplied to the motor, when the inclination of the body exceeds
14.40. This recovery took place in just 2.5s. The behaviour of the states and the input for this initial
condition is represented in Figure 4.8.

(a)

(b)

      Figure 4.8: Behaviour of system for 14.40 initial inclination of body, shown in simulations:

(a) States, (b) Input
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Subsequently, the initial values were all set to zero and the initial inclination of the pendulum was
gradually increased from zero. It was identified that at an inclination angle of 1.30, the input voltage
increases the maximum that can be supplied to the motor. Figure 4.9 shows the recovery at this
pendulum angle. The states recovered in 3s to their zero positions.

(a)

(b)

Figure 4.9: Behaviour of for system 1.30 initial inclination of pendulum, shown in simula-

tions: (a) States, (b) Input

Then the simulations were carried out to find out the maximum inclinations that could be recovered 
when the inclinations are either both positive or both negative. The maximum inclinations that could 
be recovered at the maximum input voltage were a body inclination of 11.00 and a pendulum inclina-
tion of 1.150. For this case also, the states took 3s to recover to steady state position. The behaviour 
of states and input for this cases are shown in Figure 4.10.
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(a)

(b)

Figure 4.10: Behaviour of system for maximum body and pendulum inclinations in the

same direction, shown in simulations: (a) States, (b) Input

Finally, the initial inclinations of the pendulum and the body of TWBR was changed so that they 
are inclined in opposite directions. It was identified that the input voltage exceeded the maximum 
when the pendulum was inclined 1.20 in one direction and the body was inclined 16.00 in the other 
direction. This recovery still took 3s. Figure 4.11 shows the behaviour for the above case.
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(a)

(b)

Figure 4.11:: Behaviour of system for maximum body and pendulum inclinations in opposite 

directions, shown in simulations: (a) States, (b) Input

Table 4.1: Maximum inclinations that the system can recover, obtained through simulations

Case Body angle (0) Pendulum angle (0)

When pendulum inclination is zero 14.4

When body inclination is zero 1.3

When inclined in same directions 11.0 1.15

When inclined in opposite directions 16.0 -1.2
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The Table 4.6 summarizes the maximum inclination of the lower and upper links that can be attained
by the system.

Results for Switching Wheel Positions

As for the final step on simulations, the system was tested for the maximum step change in wheel
position that the system can recover. This is was tested having all the initial conditions at zero. The
system could recover even for a 50cm step change in the robot position, but the motor had to have a
large power to produce this output. But due to the limitations in motor parameters, it was found that
the motor could only recover a step change of 12cm. This recovery took 3s stabilize in the new robot
position. Therefore, it was identified that a linear change should be applied to the system for a better
positioning and movement control. The behaviour of states and the input at a 12cm step change is
shown in Figure 4.12.

(a)

(b)

Figure 4.12 Behaviour of system for a 12cm step change to the robot, shown in simula-

tions: (a) States, (b) Input
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4.3 Experimental Results

This sub chapter is divided in to small parts where the first part depicts the outputs from filters applied
to the sensors and the rests of the parts include the performance of LQR controller on stabilizing,
position controlling and variable position controlling.

Results from Filters applied to the Sensors

As mentioned on the Chapter 3, the sensors were tested and filtered in order to obtain a better output
from the system. The first sensor that was filtered was the gyroscope inside the IMU, to obtain clear
set of values for the angular velocity of the body of TWBR. Figure 4.13 shows the original values
outputted by the gyroscope along with the filtered values.

Figure 4.13: Original and filtered measurements from the gyroscope

As seen from the graph, a manual input similar to a sine wave applied for the body and the data were 
logged. It can be seen that the output signal has been fully smartened, through the moving average 
filter. H owever, i t a lso can be identified that a de lay of  approximately 8ms has been occurred in  the 
data samples.

Thereafter, the filters a p plied t o  t h e m e asured a n gular v e locities o f  t h e p e ndulum a n d t h e wheels 
were tested. For the case of the wheel velocity, a similar manual wave was applied to understand the 
behaviour of the filtered o utput. This is shown in 4 .14. It can be seen from the graph that the original 
value had a massive noise which had an amplitude of approximately 7500s−1 and an approximate 
frequency of 3Hz. However, this was smartened with the help of the low pass filter applied down to 
zero amplitude noise. However, for this case, the filter r esulted i n a  s ignal d elay o f approximately 
16ms.
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Figure 4.14: Original and filtered measurements wheel velocity

Thereafter, the angular velocity filter of the pendulum was tested, applying a similar input. Figure
4.15 shows the original measurement and the filtered measurement.

Figure 4.15: Original and filtered measurements pendulum velocity

It could be identified that the original signal had a noise with an approximate frequency of 3Hz and
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an approximate amplitude of 1250s−1. This was also reduced to zero where as the filter delayed the
signal by approximately 14ms.

Loop Time Identification

A proper time fixed time interval for the controller to work had to be identified. Choosing a fixed
time made the estimations of the velocities more accurate. The calculation a proper time interval for
the loop time included the following parameters.

• Reading encoders: ten (< 10µs)

• Reading angle from IMU: timu,an (1300µs)

• Reading angular velocity from gyroscope: timu,gy (< 1250µs)

• Calculation of the inputs and outputs: tcal (< 30µs)

• Datalogging an integer: tsd,int (< 40µs)

• Datalogging a string (space included): tsd,str (< 20µs)

• Setting the output of the motor: tout (< 10µs)

Therefore the proper formula for the loop time was identified as the following:

Ts ≥ 2ten + timu,an + timu,gy + tcal + 5tsd,int + 4tsd,str + tout (Equation 4.6)

Therefore the maximum execution time was calculated as 2990µs where as a loop time of 3000µs
(3ms) was selected.

Performance of LQR in Stabilizing

Initially, the LQR controller was tested for stabilizing of the body and the pendulum in upright po-
sitions. For this case, the gains were adjusted so that a lower weight is given for the wheel position,
comparatively. The gain matrix after the robot achieving a proper stabilization looked as in Equation
4.7.

K =
[
3.467 −440.0 960.0 0.555 38.2 39.06

]
(Equation 4.7)

Figure 4.16 shows the behaviour of the position states and the input after a proper stabilization was
achieved.
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(a)

(b)

Figure 4.16: Behaviour of experimental system for stabilizing: (a) States, (b) Input

It can be seen from the behaviour of the wheel position that the controller does not try to maintain a 
fixed position. However, the body orientation and the pendulum orientation are maintained near the 
zero level, i.e. upright. The plot of the input applied shows that the motor has constantly produced an 
oscillatory input to maintain the balance, where as the input is not oscillating when the wheel position
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is changed. Table 4.2 shows the mean and standard deviation of the oscillated states and the input.

Table 4.2: Mean and standard deviation of measured states and input for stabilization

Mean Standard Deviation

Wheel Position (cm) -4.19 19.82

Body Position (0) -0.41 6.20

Pendulum Position (0) -0.39 2.86

Input (V) -1.2 3.92

From the above results, it can be identified that the balance of the TWBR and the pendulum are kept,
but the position of the robot is not maintained.

Performance of LQR on Positioning at Zero

Then the gain for the wheel position and the wheel velocity was increased to obtain a better position
control of the robot. After a few adjustments done to the gains of other states as well, a oscillatory
position control could be achieved. This was identified as the most optimized control that could
be achieved by the proposed controller, LQR. This was also identified as satisfactory for position
controlling. Equation 4.8 shows the final gains obtained through experiments.

K =
[
5.0 −325.0 940.0 0.9 38.6 39.6

]
(Equation 4.8)

The behaviour of the input and the states of an attempt of the controller to position control the system
at zero position is shown in Figure 4.17.

The control input fed by the motor to the system seems to be oscillatory through out the controlling
process, as it is trying to maintain a zero position while balancing the system. The pendulum angle is
also maintained very close to zero where the maximum amplitude of the oscillations is less than 1.50.
The orientation of the body is maintained without letting it rise more than 4.00. The wheel position
is vibrating around the zero position and a peak amplitude of 2cm can be observed. The mean and
standard deviation of the measured values of states and input are listed in Table 4.3.
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(a)

(b)

Figure 4.17: Behaviour of experimental system for position control at initial position: (a)

States, (b) Input

From the table, it can be identified that the position of the robot has been almost maintained at zero 
position. It also can be identified that the body orientation and pendulum orientation have been more 
stable, and the deviation of the input from zero is also lower than the above case.
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Table 4.3: Mean and standard deviation of measured states and input for position controlling

Mean Standard Deviation

Wheel Position (cm) 0.01 0.81

Body Position (0) 0.46 2.68

Pendulum Position (0) 0.13 0.93

Input (V) 0.04 2.88

Performance of LQR on Variable Positioning: Short Range

Then, the position states and the input were measured applying a small step change of 30cm (8.57rad) 
to the robot. However the input was fed as a linear change which had a gradient of 10cms−1. This 
value was found experimentally as the maximum, so that the robot can react for both small and long 
step changes given to the robot. Figure 4.18 represents the performance of the states and the input 
due to a short range position change.

It can be seen from the graph that the robot stays at zero position initially, and when the input is 
given, it starts to follow the position. However, the following is not perfect where as the robot tries 
to balance the body and the pendulum by moving backward, which moving forward. The system has 
reached the 30cm mark, but with a negative steady state error. The input of the system seems to be 
oscillatory while stabilizing at original position and 30cm position where as the oscillations of large 
amplitude cannot be seen when moving forward and backward. However, vibrations of a very small 
amplitude can be seen while the robot is moving, as it tries to balance the system. The mean and 
standard deviation of the measured values of states and input, after reaching the new position, are 
listed in Table 4.4.

Table 4.4: Mean and standard deviation of measured states and input after reaching new

position (short range)

Mean Standard Deviation

Wheel Position (cm) 29.22 0.74

Body Position (0) 0.57 1.72

Pendulum Position (0) 0.00 1.15

Input (V) -0.674 2.08

It can be seen from the Table 4.4 that there has been an steady state error of 0.78cm when the new
position of 30cm is reached. However, the new position is maintained and the stabilization has been

59



done while the position is changing and when the position change has been done. It also can be
identified that there is a steady state error in input which may have caused for the steady state error in
wheel position.

(a)

(b)

Figure 4.18: Behaviour of experimental system for short-range change in position: (a) 

States, (b) Input
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Performance of LQR on Variable Positioning: Long Range

(a)

(b)

Figure 4.19: Behaviour of experimental system for short-range change in position:   

(a) States, (b) Input

Subsequently, a 75cm step change was applied, which was changed to a linear change of slope of 
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10cms−1. This was done to check the stability of the system in a continuous motion. The behaviour 
of the states and input after this long range position change is shown in Figure 4.19.

It could be identified f rom t he g raph t hat, t he r obot keeps i ts s tability o n t he p endulum a nd b ody of 
TWBR throughout the position change and after the position change is achieved. However, in this 
case a positive steady error could be observed. In addition, oscillations of low frequency can be seen 
in the robot position, where it tried to balance itself when moving forward. For this scenario, the 
high frequency low amplitude oscillations could be seen in the input provided by the motor, when the 
robot it moving forward. The mean and standard deviation of the measured values of states and input, 
after reaching the new position, are listed in Table 4.5.

Table 4.5: Mean and standard deviation of measured states and input after reaching new

position (long range)

Mean Standard Deviation

Wheel Position (cm) 78.12 2.05

Body Position (0) 0.57 2.86

Pendulum Position (0) 0.57 0.57

Input (V) -0.27 2.29

The mean value of wheel position after reaching new position confirms that there has been a steady
error of 3.12cm after reaching the new target position. The steady error in the input supplied to
the motor also confirms this fact. The mean and standard deviations of body and pendulum angles
suggests that the stabilization has been achieved, but the oscillations have been increased due to the
long run of the robot.

Identification of Maximum Recovery Angles

Experiments were carried out in order to identify the maximum recovery angles by the robot, similar
to that in simulations. The following table shows the angles of the TWBR and the pendulum that can
be recovered by the controller. The above experiments are carried out while having all the velocity
states near to zero.
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Table 4.6: Maximum inclinations that the system can recover, obtained through experiments

Case Body angle (0) Pendulum angle (0)

When pendulum inclination is zero 12.0

When body inclination is zero 1.5

When inclined in same directions 8.0 1.0

When inclined in opposite directions 13.0 -1.5

Performance of the System at Different Velocities

In the above text, it was mentioned that he robot uses a maximum acceptable velocity of 10cms−1 in
the traversing direction. However, the performance was of the system was tested at different speeds
which are lower and higher than the chosen value.

First, the speed was set at 20cms−1 to identify the behaviour of the robot. Figure 4.20 exhibit the
behaviour of the three positions and the states after traversing at the new speed. It can be seen from
the positions plot that the robot position is taking a higher time to recover with respect to the ramp
setpoint. It is also seen at that the inclination of the self-balancing robot increases up to 200 in order
to achieve a stabilization. Furthermore, the second plot depicts that at some point, the voltage input
to the motor reaches 12V , which is its maximum.

Thereafter, the gradient of the ramp (robot velocity) was changed to 5cms−1. Figure 4.21 shows the
behaviour of states and input for this low speed. It can be seen that the robot tries to follow the ramp
faster while balancing, therefore still the oscillations can be seen in the robot position with respect to
the desired position. The body inclination and pendulum inclination fluctuate with lower amplitude
in this case. It also can be seen that the peak input voltage used in stabilization and traversing at a set
speed of 5cms−1 is less than 10V , while when the oscillations of robot position are high, the peak
reduces to 5V .
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(a)

(b)

Figure 4.20: Behaviour of experimental system at 20cms-1 robot velocity: (a) States, (b) Input

64



(a)

(b)

Figure 4.21: Behaviour of experimental system at 5cms-1 robot velocity: (a) States, (b) Input
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4.4 Discussion

The results obtained in the above sub-chapters are discussed and compared in the following text.

In the first place, the Von Mises stress and train curves confirmed that the frame made from black
acrylic is hard enough to sustain the weights of the pendulum, the motors and other electrical compo-
nents. A neglegible amount of displacement could have occurred due to the the weights acting on the
robot, which is less than 0.1mm.

The results of filters applied to the encoder and IMU measurements show that the filters can delay
the signal up to 16ms. This seems unacceptable compared to the loop time (Ts) of 3ms, however, the
final results indicated that the delay was not causing major issues for driving the whole system, but
with oscillations.

The initial results from simulations which was carried out for stabilizing the body and pendulum
shows a gain value of K = [10.0,−301.0, 847.0, 40.01, 47.71, 204.15]. The gain values obtained for
the same case through experiments are K = [3.467,−440.0, 960.0, 0.555, 38.2, 39.15]. These values
indicate that there is a small difference in weights given to the positions of the wheel, body and the
pendulum. Also, the gain for the body velocity seems to be high in the case of experiments, where as
the simulations have produced very high gain values for the other two velocity states. Also, the final
gains obtained through the simulations were K = [100.0,−527.87, 527.09.0, 99.05, 64.24, 133.09]
where as the final gains obtained from the simulations areK = [5.0,−325.0, 940.0, 0.9, 38.6, 39.15].
Comparing these gain vectors, it can be further identified that the position gains of the simulations
are higher except for the pendulum. In addition, it can be also noted that the gain for body velocity
is doubled in simulations whereas the gains for other two velocity states are very high, compared to
that of experiments.

The plots from the simulations for stabilization of the body and pendulum shows that the controller
is not aware about the robot (wheel) position, however the input is reduced to zero when the stability
is achieved. It also can be seen that no oscillations of the input or the other states of body and the
pendulum, even through the wheel velocity is varying in order to compensate for that of the wheel
position. However, when comparing the experimental plots, it can be identified that the position of
the robot keeps varying as the controller has not given a big weight on it. But, small oscillations can
be seen on the body and pendulum orientations. In addition, in order to keep the system stable, the
input fed to the motor have oscillated at a higher frequency. These oscillations have reduced when
the robot is moving backward and forwards, in order to compensate the wheel position. However, it
could be identified that the two methodologies have outcomes of few differences.

According to the plots of states and input for the final gains obtained through simulations, the whole
system comes to an steady state in less than 2.5s. The input has peaked to its maximum and brought
all the states to zero. However, the experimental results on this scenario has shown a different result. It
can be identified that the robot position is brought to zero and has been trying to maintain the position
at zero with oscillation on all three position states. However, these oscillations on body position and
pendulum position can be identified as minimal where the oscillation on the input have reached nearly
half of the maximum input. It could be understood that the overall results in maintaining one position
show a difference in simulations and experiments, for this scenario as well.

When changing the position of the robot, the simulation results showed a big pulse in input given to
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the system, in order to achieve the position change and stabilize. However, this could not be clearly
seen due to the big oscillations in the experimental results.

Comparing the set of results obtained for the maximum recovery angles of the system, it could be
seen that the variations of peak angles among the four scenarios are similar in the two test methods.
Nonetheless, the maximum recovery angles of the TWBR seems to be higher in simulations while it
is opposite in the case of pendulum angle.

Therefore, it could be identified that the simulation results and experimental results showed some
differences for each case compared. These differences could have occurred due to the following
reasons.

• Delays produced from the filters used for velocity measurements

– The delays may have caused the experimental systems to have higher weights for the po-
sitions, where as the delays have to be compensated by another process. Thus, this higher
proportional gains of the positions may have caused the system to have oscillations while
balancing and positioning.

• Neglected parameters when modelling

– The frictions of the bearings, the armature inductance and the viscosity of the friction,
and small parameters such as air resistance were neglected when deriving the system
dynamics. These assumptions made may also have allowed the real prototype to increase
the weights for the positions in order to counteract the neglected parameters. Also, the
non-linearities added may have caused the system be different from that of the model,
and oscillate due to the high position gains.
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CHAPTER 5

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion

In a world of technological enhancement and rapid development, there prevails still a need to identify
the opportunities and drawbacks of the existing control systems and introduce new control strategies.
The double inverted pendulum is an experimental system used for this task, where as the stabilization
of double inverted pendulums have been tested using linear controllers. However, to identify more
applications of linear control, there is a need to understand the ability of a linear controller to motion
control a complex systems like double inverted pendulum. Therefore, this research was focused on
developing a mobile double inverted pendulum. This was designed in the form of a two wheeled
balancing robot, where an inverted pendulum was hinged on the top. The initial target of the robot
was to stabilize the serially linked two wheeled balancing robot and the pendulum in their upright
positions, while staying still at one place and moving forward and backward. The system dynamics
were modelled using Lagrange equations where the dynamics were linearized in order to apply a lin-
ear controller. These modelled equations were simulated applying the linear control technique, LQR,
to identify the controllers performance on stabilizing at a steady position. The controller was also
tested for position control. Following that, the system was experimentally built and the performance
of the controller were tested in controlling and position controlling.

It was identified that the LQR controller is applicable for position control of this sixth order system,
even the complete dynamics show non-linearities. The simulations confirmed that the controller can
be used to adjust the position based following a non-linear function analogous to the step function.
However, the limitations of the input of the physical experimental systems prevented this behaviour,
allowing the position to be adjusted following a linear function.

A main issue that was faced while deriving the system dynamics, in first place, was the difficulty to
estimate the correct parameters of the physical system such as the moment of inertia and frictions. In
addition, the motor parameters such as armature inductance and viscosity friction were also difficult
to measure. Another issue that was faced when carrying out the experiments were the noisy mea-
surements outputted by the sensors; the IMU and the encoders. Even though a series of filters were
used to enhance the quality of each measurement, the enhancement caused delayed which prohibited
the experimental system from acting smoothly. These issues also lead to the differences between the
performance of the two test methods; the simulation and the experiment.

Concluding the above text, it could be identified that the linear controllers such as the LQR can be
used in varieties of experimental systems and real world systems, which are both linear and non-linear
(up to a certain range). The existing linear control systems can be applied to the linearized versions
of the non-linear systems in identifying potential abilities of them. It also could be identified that the
two types of performance tests mismatched their output partially due to several reasons, which could
be overcome by the methodologies and recommendations mentioned in the sub chapter below.
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5.2 Recommendations

As understood in above sub chapter, there are few issues faced by the system designed. As an opening
note, the components in the mechanical system can be undergone to precise measurements in order to
derive an exact set of dynamics of the system. The environment tested also could be defined in order
to achieve more precise models. This can enhance the performance of the simulations.

The experimental system could be further developed in several ways. To achieve minimum noises and
disturbances in the outputs measured by the sensors, the measurements can be estimated by a linear
observer such as the Kalman filter. This would have omitted the delays on the sensor measurements.
Furthermore, considering the control input applied to the experimental system, the motor can be
current controlled in order to achieve better system response. This leaves out the need to measure
motor parameters such as armature resistance and armature inductance. Therefore, it will make the
system to behave similar to the modelled system, and therefore the simulations. The performance of
the experimental system also can be enhanced by using different techniques to measure the outputs
and drive the inputs as well. For example, a synchronous motor can be used to drive the system where
as different measurement techniques such as distance measurement sensors and absolute encoders can
be used in measuring outputs.

As a final note, to analyze the performance of the whole non-linear system, non-linear and other
robust controllers can be used to run the system and identify more potential accomplishments of the
apparatus.
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