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ABSTRACT 

In this thesis, the balancing control of a Tetrahedron robot using reaction wheels is 

investigated. Unlike previous approaches that similar configurations could only manage 

roll and pitch balancing simultaneously, this study proposes a Tetrahedron robot. This 

design enables the reaction wheels to contribute torque to all three principal axes of 

roll, pitch, and yaw concurrently. This approach offers advantages in terms of 

compactness and eliminates the requirement for perfect alignment with the principal 

axes. 

The primary objective is to achieve stable balancing of the Tetrahedron robot in all 

three directions with this reaction wheels arrangement. To this end, a control algorithm 

to balance the robot is based on the Linear Quadratic Regulator. This controller can 

prioritize angle and angular velocity states of the robot, facilitating efficient control in 

the presence of external disturbances. Additionally, counters within the microcontroller 

are employed to minimize processing time and guarantee consistent cycle time for 

motor control adjustments. 

The results demonstrate successful balancing of the tetrahedron robot in roll, pitch, and 

yaw directions, representing a significant advancement over previous configurations. 

The robot exhibits rapid settling times of 2.5 and 2.62 seconds for roll and pitch 

disturbances with a maximum error of 6.4 and 6 degrees, respectively. Yaw control 

achieves satisfactory heading maintenance with maximum disturbance of 10 degrees 

and a 7.8-second settling time. This work contributes a tetrahedron robot design with a 

compact reaction wheel arrangement and an LQR-based control algorithm. This design 

allows the robot to achieve effective balancing performance in all three principal axes, 

including yaw, which was previously unachievable with similar configurations. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background of the Study  

Because inverted pendulum systems are unbalanced in an upward position, they are a 

well-known control theory challenge. Because of its instability, this system is 

frequently utilized as a basic reference point for novel control theories and notions. 

Since the system's introduction in 1908, numerous configurations such as the cart-pole 

pendulum, reaction wheel pendulum, and wheeled pendulum (Bobrow et al., 2021a) 

have been the subject of extensive research for years. In addition, the inverted pendulum 

dynamics represent many types of real-world problems, including satellite control, the 

launch of a rocket, a bicycle, the Segway, and so on. 

Apart from the cart-pole inverted pendulums, that have linear motion to control cart, 

reaction wheel pendulum uses angular momentum from the rotating wheel to control 

the pendulum in upright position. This concept is used in satellites, where their attitude 

and stability are controlled by these reaction wheels. Each axis of the satellite is 

controlled by applying torque from the change in energy from the reaction wheel. 

Many balancing robots use the concept of symmetry to initiate the idea on their 3D 

shape such as Sphere and Cube. These robots with balancing algorithms can do various 

tasks and act as playground to test new concepts of balancing. First to introduced 3D is 

Sphere because of its symmetry on every principal axis. Another 3D is introduced 2012, 

named Cubli, made by Swiss Federal Institute of Technology Zurich in Switzerland, 

showed its ability to balance on any edge and corner. Using three reaction wheels, this 

unique 3D inverted pendulum can achieve such tasks. 

Tetrahedron, also known as a triangular pyramid, is the simplest polyhedron of all the 

others. This also is the only one that has fewer than 5 faces. Compared with the Cubli, 

the reaction wheels’ rotational axis is in line with each of principal axis. However, the 

rotational axis of three reaction wheels on Tetrahedron Robot will be contributed to all 

three principal axes. Hence, combining the concepts from reaction wheels that Cubli 

used, The Focus of this work is to balancing the Tetrahedron Robot with three reaction 
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wheels attached as the new testbed, with all three of reaction wheels contributed to Roll, 

Pitch, and Yaw axis. 

1.2 Statement of the Problem 

Previously mentioned, balanced systems have broad applications in the domain of 

aerospace, new energy, machinery industries and so on. The inverted pendulum is the 

simplest system for balancing problems. Existing systems that use reaction wheels to 

balance, such as the Stick Robot, can only control roll and pitch direction. So, it is a 

challenge in the sense of controlling the balance on both roll, pitch, and yaw direction. 

In addition, these abilities to control all three axes can contribute to the development of 

more advanced systems. 

A few different mechanisms have been proposed to control the balance on these axes. 

This demonstrates that this balancing problem can be balanced in a variety of 

mechanisms. However, previous research only based on the idea of using a single 

reaction wheel to control the balance on axis where the wheel is rotated on. Hence, a 

new mechanism which is better to balance the system using reaction wheels is presented 

to lower the degree of freedom of the system or the need for actuators in the future. The 

proposed mechanism will orient reaction wheels in a way that rotational axis is not 

directly on one of principal axes. Thus, Tetrahedron robot is introduced to this thesis as 

a new mechanism. 

Furthermore, this is very complicated since each of reaction wheel’s orientation had the 

coupling effect on the other two wheels. The dynamic model of tetrahedron robot will 

contain roll-pitch-yaw axes interaction all together from coupling effect along with their 

derivatives are associated with each other. Therefore, the control design will be far more 

challenging to control all three wheels all together.  

A respectable level of physics and mathematics knowledge is required from the robot 

to operate the dynamic model connected to the three reaction wheels. Walking through 

deriving the model, it is possible to achieve the balance on unstable equilibrium of the 

robot at the desired target with the use of coupling effect of the system. 

  



 

 3 

1.3 Research Question 

How to Develop a New Mechanism that Balances the Robot in Which All Reaction 

Wheels are Coupled to Roll-pitch-yaw Axis and Each Wheel is not Perpendicular to the 

Others? 

This new mechanism for tetrahedron robot was designed to be balanced using three 

reaction wheels and needed a control algorithm that fits with the newly proposed 

tetrahedron robot. 

1. How to develop a new mechanism that balances the robot in which all reaction 

wheels are coupled to roll-pitch-yaw axis and each wheel is not perpendicular to 

the others? 

1.4 Objectives of the Study 

The intent of this thesis is to balance the tetrahedron robot. To achieve this main 

objective, the following sub-objectives are required. 

1. To develop a new mechanism for tetrahedron robot using three reaction wheels 

balancing technique (three axes). 

2. To design a control algorithm that fits with the newly proposed tetrahedron 

robot with reaction wheels. 

1.5 Scope 

The scope of this thesis is as follow: 

• This new robot remains balancing with three axes within a tilted angle of 3 

degree on roll, pitch, and yaw direction.  

• The robot has a height less than or equal to 20 cm. 

• The width of the widest part of the robot is 20 cm. 

• An Initial inclined angle intents within range of 10 degrees. 

• The weight of the robot is not over 5 kg. 

• The robot has 3 DOFs (degrees of freedom), roll, pitch, and yaw. 

• The robot is controlled by three reaction wheels. 

1.6 Contribution 

Previous research reviewed so far only pairs a reaction wheel to balance one of principal 

axis. The new mechanism design will arrange reaction wheels in a way that rotational 

axis is not directly on one of principal axes but contributes to all three-control direction 
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of the robot. A control algorithm that appropriates with the newly proposed mechanism 

will be designed to balance the robot. This robot can balance in three directions: roll 

pitch and yaw, when disturbed within limited range, the robot can return to original 

stable position in all three directions.  
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CHAPTER 2 

LITERATURE REVIEW 

Inverted Pendulum is always considered, among others, as the most fundamental 

benchmark in Control Theory and Robotics. One of ways to balance this unstable 

system is to use Reaction Wheels. As more concepts evolve, more reaction wheels are 

used to have higher controllability by increasing degrees of freedom. The inverted cube 

is an example as it uses three reaction wheels to balance on its corner. Using reaction 

wheels, balancing tetrahedron robot which its symmetry properties like cube is 

interested in this thesis. This section shows related works and reviews past studies that 

are necessary to this thesis. 

2.1 Upright Pendulum Systems 

In contrast with a general pendulum in pendulum clock, the pivot point is under the 

center of the pendulum mass. Its concept has been a famous demonstration of using 

feedback control to stabilize the unstable systems. In the past, projects in the theme of 

robotics and mechatronics always selected the inverted pendulum as the test bench for 

validating their control algorithm. 

Despite its simplicity look, an inverted pendulum system is a typical nonlinear dynamic 

system, in which it’ll reach a stable equilibrium when pendulum is at pending position 

and an unstable equilibrium when pendulum is upright position (Bobrow et al., 2021a). 

Inverted pendulum generally has 2 types of balancing methods, one is cart-pole 

controlled by linear motion, and another is reaction wheel that controls the rotating 

wheel, exchanging angular momentum with the pendulum in Figure 2.1. 

Figure 2.1 

Inverted Pendulum Mechanism: Cart-pole and Reaction Wheel 
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There are more instances of inverted pendulum models which normally use these 2 

types of mechanism. The double inverted pendulum on a cart uses a swing-up maneuver 

to make the pendulum up-right starting from resting state (Graichen et al., 2007a). 

While changing from resting state to up-right position, the problem is considered as a 

nonlinear feedforward control to make the pendulum at desired output position. To 

stabilize the swing-up movement, linear feedback control is used to accomplish the 

tasks in Figure 2.2. Experimental results were also performed. They were the proof of 

accuracy for the feedforward and feedback control algorithm. 

Figure 2.2 

Double Inverted Pendulum Cart-pole (Graichen et al., 2007b) 

 

Control on rotary motion is also used to balance an inverted pendulum. Rotary Inverted 

Pendulum uses the rotation movement on the disk to balance an inverted pendulum 

attached at the rim of the disk (Akhtaruzzaman & Shafie, 2010). Linear Quadratic 

Regulator (LQR) shows significant results that it can balance on the unstable 

equilibrium point as shown in Figure 2.4. Another similar work uses an alternative 

control approach, Sliding Mode Controller (SMC), to balance double inverted 

pendulum (Chouhan, 2020). However, one of disadvantages using SMC is it creates 

chattering effect which can be dangerous for mechanical systems as shown in Figure 

2.4. While the outcome of SMC is effective in simulation, it is not practical for 

complicated control schemes. Another variant of SMC, Higher Order SMC and Quasi-

SMC, were also implemented and comparison between them shown that effects of 

chattering still persist bet in acceptable range for more advanced SMC. 
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Figure 2.3 

Inverted Pendulum in Rotary Motion 

 

 

Figure 2.4 

SMC Demonstration on Double Inverted Pendulum 

 

The LQR algorithm is also used in the higher degree-of-freedom of its kind, Rotary 

Double Inverted Pendulum (RDIP). However, LQR alone cannot control the actual 

system, despite the simulation model (Sukontanakarn, 2011). As seen in Figure 2.5, 

adaptive LQR based on neural networks is offered to enhance the performance of the 

traditional LQR. 
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Figure 2.5 

Rotary Double Inverted Pendulum System 

 

2.2 Reaction Wheels Inverted Pendulum 

In most control algorithms to stabilize the classical inverted pendulum, horizontal 

forces on the support of pendulum are provided by cart mechanism. Using cart 

movement, it can be used to stabilize single or even multiple inverted pendulums. 

Unfortunately, the cart requires a decent amount of surface to operate a stabilized 

inverted pendulum. Furthermore, the actuators controlling the cart need to be placed in 

order to balance the inverted pendulum (Meyer et al., 2009b). Hence, another 

stabilization technique using moment exchange with a rotating inertia is used. This 

operates with a fixed pivot point and requires less operating area as shown in Figure 

2.6. 

Figure 2.6 

Schematics and Device of Reaction Wheel Inverted Pendulum System 
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In Aerospace Technology, reaction wheels are used to control the orientation of 

satellites, several configurations of reaction wheels are specified (Kök, 2012). Each 

reaction wheel torque will affect the axes of rotation of the robots. Thus, Standard 

Orthogonal 3-wheel configuration is the simplest one because each reaction wheel axis 

of rotation corresponds parallelly to the X, Y, and Z-axis of the satellites as shown in 

Figure 2.7. 

Figure 2.7 

Standard Orthogonal 3-wheel Configuration 

 

Another configuration of reaction wheel is the tetrahedron as shown in Figure 2.8. The 

advantage of this configuration is that torque produced from the reaction wheel is twice 

as much compared with single wheel. Normally, three reaction wheels is enough to 

control the satellites. But they use redundant fourth wheel as the common practice in 

satellite design. This comes with the penalty on large weight using this configuration 

(KARATAŞ, 2006). Since this is not the case in the thesis, only three reaction wheels 

are considered. 

Figure 2.8 

Tetrahedron Configuration of Four Reaction Wheels 
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The cross sectional geometry is also considered when creating reaction wheels (Kumar 

et al., 2015b). This paper uses STUDSAT-2 satellite for designing reaction wheel. The 

geometry introduced here has some of its advantages and disadvantages as shown in 

Figure 2.9. Reaction wheels used should be able to store the desired angular 

momentum, so the moment of inertia needed can be found using desired angular 

momentum and desired angular velocity. IMU sensor location also needs to be 

considered (Ramm & SjÖstedt, 2015). The optimal sensor placement needs to be far 

away from the reaction wheels, considering both electromagnetic induction from the 

motor, and the vibrations in the structure. 

Figure 2.9 

Different Geometry of Reaction Wheel 

 

In conventional inverted pendulum, the reaction wheel was attached to a rod that 

connected to pivot point, and that wheel uses the inverted pendulum to balance. The 

another 2D prototype of inverted pendulum was developed in the cube frame (Posada, 

2017). The prototype and electrical design were presented, in addition to the multiple 

elements to validate the selected choices as shown in Figure 2.10. Then, a PID and LQR 

controller were implemented on both theoretical and the testbed to compare the 

behavior. The author also made a good note on each step that was executed. 
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Figure 2.10 

Model of a Cube in 2D 

 

2.3 3D Reaction Wheels Inverted Pendulum Testbeds 

In real applications, three-dimensional space is more prefer balancing mechanism 

benchmark than a simple inverted pendulum even though both came from the same 

concepts. The three wheels stick robot is an example of a 3D inverted pendulum. It is 

designed to balance itself on a single rod based on inverted pendulum concept and uses 

of reaction wheels (Vadrukchid, 2022). This robot balance itself by using the angular 

momentum generated by three reaction wheel and make it standing straight. A design 

in mechanism, electrical, and control are presented in this research as shown in Figure 

2.11. The coupled effect between Roll and Pitch direction makes the LQR controller 

perfect for decoupled the system. The result shows that it can withstand an amount of 

disturbance and still balance itself upright. 

Figure 2.11 

Model of the Three-Wheel Stick Robot 

 



 

 12 

At Zurich, the Swiss Federal Institute of Technology, multiple accelerometers were also 

be used to determine a roll and pitch angle of a custom rigid body in this work (Trimpe 

& D’Andrea, 2010). This method is applicable to both static and dynamic scenarios of 

the body as shown in Figure 2.12. The estimated roll and pitch can be found using 

optimal linear estimator with least-squares techniques. In the two following years, the 

same institution published another fascinating balancing work. The Cubli is the 3D 

inverted pendulum testbed that can balance on its corner, its edge, jump up, and 

surprisingly walk on its own (Gajamohan et al., 2012). 

Figure 2.12 

The Balancing Cube, Balancing Using Accelerometer 

 

The nonlinear dynamics of the Cubli were derived using Kane’s equation that uses 

vector cross and dot products of vectors (Rambery et al., 2012). In the end, the reduced 

dynamics was used for control design. Two different control approaches were used, one 

was backstepping for parameter tuning, and other was feedback linearization for 

extended to control 3D case as shown in Figure 2.13 (Muehlebach & D’Andrea, 2016). 

The process of development of the Cubli, including its design choices, were presented 

in (Gajamohan et al., 2013). In 2016, another version of Cubli with more in-depth 

details was brought out as shown in Figure 2.14. The author focused on both theoretical 

and physical development of the cube. The hardware design is explained in detail and 

simple to follow though. PID and LQR were used to balance the cube, and were 

validated by both theoretical simulation and actual cube itself (Bjerke & Perhsson, 
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2016). On the same year, a review on mechanism of Cubli and control techniques that 

can be adapted to Cubli balancing problem. To summarize, modern predictive control 

(MPC) was suggested as to solve the braking mechanism, which is the biggest obstacle 

designing the robot (Singh et al., 2016). 

Figure 2.13 

The Cubli Balances on Corner 

 

Figure 2.14 

Another Version of Cubli 
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Other researchers took an alternative approach to balance this cubical robot. Lagrange’s 

method is used to derive the dynamic model of the Cubli and verified in theory by 

numerical simulation (Chen et al., 2017). The attitude and heading reference system 

(AHRS) and parallel PID controller were proposed to balance the robot. AHRS, 

replacing IMUs, was used to derive the angle and analyzed the controllability of the 

cube robot (Liao et al., 2020). Another used reinforcement learning that proves already 

in many fields of study, it can solve complex problems, including mechatronics as 

shown in Figure 2.15. The results were compared with traditional LQR algorithms. The 

outcome demonstrates that in the field of balanced control research, reinforcement 

learning may be an optional technique. (Tangnararatchakit, 2021). 

Figure 2.15 

The Inverted Cube with 3 Reaction Wheels Installed 

 

In 2023, a descendant of Cubli has been proposed as shown in Figure 2.16. A new 

modified name as the One-wheel Cubli has been presented (Hofer et al., 2023). It is a 

cube that has a unique beam attached to it. The distinctive point of this design is that 

only a single reaction wheel is required to balance the Cubli. By adding two masses at 

the end of a cantilever beam, rotational inertia in the pitch direction is significantly 

higher than the roll direction. This creates a separation in the underlying tilt dynamics 

and makes the system controllable. Controllability is maximized when the ratio of two 

principal inertia values equals to the square of the silver ratio. They also mention that 

the symmetric placements of IMUs on a regular polygon should be considered over 

non-symmetric placements. 
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Figure 2.16 

The One-Wheel Cubli 

 

2.4 Tetrahedron Geometry 

Tetrahedron is one of the three-dimensional shapes that has four triangular faces. 

Generally, one of the faces will be considered as the base, and the other three together 

form the pyramid. It has a triangular base and hence it is also called a triangular 

pyramid. It consists of 4 faces, 6 edges, in which all faces are identical triangles. 

Figure 2.17 

Tetrahedron Properties1 

 

2.5 Chapter Summary 

Overall, this chapter walks though the principal idea of all previous research, the 

inverted pendulum. Then, more research goes though balance method with reaction 

wheels. Lastly, the 3D testbeds are reviewed, and these give the main contribution of 

their works. 

  

 

1 from https://www.cuemath.com/geometry/tetrahedron/ 
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CHAPTER 3 

METHODOLOGY 

This chapter gives an overview of the timeline of the thesis. To begin with, the 

methodology of robot’s design is presented, with electrical components included, until 

finished the robot. Then, the dynamic model is determined from the actual robot using 

Lagrange method and rearranges into linearized state space of the system. Linear 

Quadratic Regulator is used for a control algorithm for this robot. Finally, control 

simulation and experiment are explained. 

3.1 Timeline 

Table 3.1 

Gantt Chart Task Schedule for the Master’s Thesis 

 

 

3.2 Conceptual Design 

Figure 3.1 and Figure 3.2 shows the conceptual design of the Tetrahedron Robot with 

three reaction wheels. The material for frame is initiated to be aluminum with thickness 

of 2 mm. This design gives more importance control on the roll and pitch direction of 

the robot, and to allow motor fitting, the reaction wheel rotational axis is set to be 
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around 60 degrees (1 − √3 − 2 triangle) measured from horizontal plane of the robot 

with 120 degrees apart from top view position. 

Figure 3.1  

The Conceptual CAD of Tetrahedron Robot 

 

Figure 3.2  

Reaction Wheels Orientation Inside The Conceptual Robot 

 

3.3 Mechanical Prototype Design 

After realizing the need to add more components and make structure more rigid, the 

revised design is created as shown in Figure 3.3. The design considers reducing sharp 

edges to reduce stress concentration, creating a more appealing design, and preventing 

accidents during testing. Reaction wheels diameter is selected to compensate between 

diameter and weight. Circuit board is placed at the top of the robot with hex columns 

to support the board. The space between the board and the structure is designed to put 

small wires connected from board to the motor. 
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Figure 3.3  

The Prototype Design in CAD 

 

The motor orientation is checked as same as in conceptual design as shown in Figure 

3.4. The motor alignment is shifted from the original center line in clockwise direction 

for 10 millimeters to make motors get as close as possible to the robot’s center of mass. 

The structure is separated into two parts: the top and bottom sheet. Later when the 

design is finalized in CATIA V5 CAD software, The prototype CAD design is created 

with a Polylactic acid (PLA) plastic material from a 3D printer as shown in Figure 3.5. 

The prototype is made to check the dimensions and has no components collision. 

Figure 3.4  

Reaction Wheels Orientation in Prototype Robot 
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Figure 3.5  

Checking Components Fit Within the Structure 

   

After checking that all components can be fitted within the structure, the actual robot is 

made using Aluminum grade 1 sheet with 2 mm thickness. It is cut and folded by a laser 

cutting and sheet metal bending machine with the result pieces as shown in Figure 3.6. 

Aluminum is great for withstanding vibration, so it is chosen. The bending degree are 

checked to ensure correct bending process as shown in Figure 3.7. As Top sheet needs 

to be 30-degree bend angle, and Bottom sheet needs to be 60-degree bend angle. 

Figure 3.6  

The Actual Robot Prototype Structure 
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Figure 3.7  

Checking the Bending Degree of Structure of Top and Bottom Sheet 

   

3.4 Electrical Design 

The microcontroller (MCU) is STM32, a flexible microcontroller that can manage to 

communicate with varied hardware. An IMU used is MPU6050, for measuring the 

orientation and other motion-related features of the robot orientations’ data. The sensor 

data is sent via I2C protocol. Each motor driving reaction wheel links to an encoder to 

keep track of motor shaft speed, and encoders are connected to the STM32. 

Motors used to drive reaction wheels are brushless DC (BLDC) motors. This motor, 

with a 100-line dual channel A and B encoder and a driver built-in is used. Power supply 

of 24 volts is used to supply power to motors. Motor speed is controlled using Pulse 

Width Modulation (PWM) and there is one signal wire to control the rotation direction. 

All data records can be transferred to analyze further by connecting microcontroller via 

serial port to laptop and print out to read. The overall schematic for electric is presented 

in Figure 3.8. 
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Figure 3.8 

Simplified Circuit Diagram 

 
3.5 Dynamic Model 

After finishing design and assembling the mechanicals and electrical components 

together, the complete robot is finished. Next step is to govern the dynamics model, 

describing the physical behaviors of this robot. The tetrahedron robot is made up of 

four rigid bodies: a frame structure and three reaction wheels. The other bodies, such 

as motors and microcontrollers, can be interpreted as part of one of these four bodies. 

The robot is assembled as shown in Figure 3.9 to finish the robot physical appearance. 

Figure 3.9 

The Tetrahedron Robot 
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3.5.1 Coordinates Representation 

Using the Lagrange methods to connect the action of forces on bodies with the motion 

of the robot is the primary technique employed in this thesis to build the dynamics 

model. The coordinate system of this robot is separated into three sub-systems: motor 

coordinates, frame coordinates and global coordinates. In the calculation process, motor 

coordinates are used to determine the rotational position and velocities from encoders. 

In which it will transform to frame coordinates, which have the gyro/accelerometer 

sensor. Finally, frame coordinates are moved to global coordinates for determining the 

dynamic model. 

Figure 3.10 

Three Coordinates System 

   

 (a) motor coordinates  (b) frame (blue) and global (black) coordinates 

In motor coordinates, each motor is placed 120-degree apart and tilts downward 60 

degrees measured from vertical axis as shown in Figure 3.11. In motor circuits, the 

manufacturer has an encoder built-in into the circuits. Thus, the position and velocity 

of the motor can be read out, which is also the same value as reaction wheels. For the 

frame coordinates, it has a gyro/accelerometer sensor attached to measure the Roll, 

Pitch and Yaw angle of the robot. Global coordinates will be used as reference with 

frame coordinates. 
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Figure 3.11 

Motor to Frame Coordinates Schematic Diagram  

     

𝜃𝑎, 𝜃𝑏, and 𝜃𝑐 are denoted as the counterclockwise angle between the reaction wheels 

and the rod at the bottom. 𝜏𝑎 ,  𝜏𝑏 ,  and  𝜏𝑐  are respectively torque of three reaction 

wheels which follow the same direction as counterclockwise angles. The green arrows 

indicate motor coordinates while the blue arrows are frame coordinates. 𝑋𝐵, 𝑌𝐵 and 𝑍𝐵 

represent x-axis, y-axis and z-axis of the frame coordinates. The resultant force for each 

axis of frame coordinates related to torque from all three motors is shown in equation 

(3.1) through (3.3). 

 ∑𝜏𝑋𝐵
= 𝜏𝑎 sin(60) − 𝜏𝑏 sin(60) sin(30) − τc sin(60) sin(30) (3.1) 

 ∑𝜏𝑌𝐵
=                       𝜏𝑏 sin(60) cos(30) − τc sin(60) cos(30) (3.2) 

 ∑𝜏𝑍𝐵
= −𝜏𝑎 cos(60) − 𝜏𝑏cos (6) − τc cos(60) (3.3) 

The relationship between torque of motor and frame coordinate can be represented with 

transformation matrix (𝑇𝐵𝑀) as shown in equation (3.4). 

 𝑇𝐵𝑀 = [

sin(60) − sin(60) sin (30) − sin(60) sin (30)

0 sin(60) cos (30) − sin(60) cos (30)
−cos (60) −cos (60) −cos (60)

] (3.4) 

And relations can simplify into equation (3.5). 

 [

𝜏𝑋

𝜏𝑌

𝜏𝑍

]

𝐵

= 𝑇𝐵𝑀 [

𝜏𝑎

𝜏𝑏

𝜏𝑐

]

𝑀

 (3.5) 
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After that, the transformation from frame to global coordinates can be shown using 

Figure 3.12. Frame coordinates 𝐵 -𝑋𝐵𝑌𝐵𝑍𝐵  and global coordinates 𝑂 -𝑋𝑂𝑌𝑂𝑍𝑂  are 

defined. The rotation that related between these two coordinates depends on the Roll 

angle (𝛼) for X-axis, the Pitch angle (𝛽) for Y-axis, and the Yaw angle (𝛾) for Z-axis. 

The rotation matrix, 𝑇𝑂𝐵 , relating the frame and global coordinate are shown as 

equation (3.6) through (3.9). 

Figure 3.12 

Frame to Global Coordinates Schematic Diagram  

 

 𝑅𝑋(𝛼) = [

1 0 0
0 cos (𝛼) −sin (𝛼)
0 sin (𝛼) cos (𝛼)

] (3.6) 

 𝑅𝑌(𝛽) = [
cos (𝛽) 0 −sin (𝛽)

0 1 0
sin (𝛽) 0 cos (𝛽)

] (3.7) 

 𝑅𝑍(𝛾) = [
cos (𝛾) −sin (𝛾) 0
sin (𝛾) cos (𝛾) 0

0 0 1

] (3.8) 
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Where the total rotation matrix or transformation matrix 

 𝑇𝑂𝐵 = 𝑅𝑍(𝛾)𝑅𝑌(𝛽)𝑅𝑋(𝛼) (3.9) 

3.5.2 Generalized Force 

The force acting for this system is a torque for each X, Y, and Z-axis. Torques are 

generated from reaction wheels rotating from motor reaction torque. Torque associates 

with X axis of roll is denoted as 𝜏𝛼 . For Y and Z axes are denoted as 𝜏𝛽 , and 𝜏𝛾 

respectively. To transform motor torques into global torques, it is shown in equation 

(3.10) below. 

 [

𝜏𝛼

𝜏𝛽

 𝜏𝛾

]

O

= −𝐼𝑊𝑇𝑂𝐵𝑇𝐵𝑀 [

𝜃𝐴̈

𝜃𝐵̈

𝜃𝐶̈

]

𝑀

 (3.10) 

Whereas: 

𝐼𝑤 denoted reaction wheel’s moment of inertia 

𝜃𝐴̈ denoted the wheel A angular acceleration. 

𝜃𝐵̈ denoted the wheel B angular acceleration. 

𝜃𝐶̈  denoted the wheel C angular acceleration. 

Since the wheels torques are directly resulted from each respective motor, they are 

varied by the voltage and angular velocity derived from DC motor equation as shown 

in Figure 3.13 and equation (3.11) below. 

Figure 3.13 

DC Motor Schematic 

 

Where 𝑖𝑎 is armature coil current (A) 
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 𝑅𝑎 is armature coil resistance (Ω) 

 𝐿𝑎 is armature coil inductance (H) 

 𝑉𝑎 or 𝑉𝑖𝑛 is motor armature / input voltage (V) 

 𝑒𝑎 or 𝑉𝑏 is back EMF voltage (V) 

 𝐾𝑇 is motor torque constant 

 𝐾𝑏 is back EMF constant 

 𝑇𝑚 or 𝜏 is torque from motor (𝑁 ∙ 𝑚) 

 𝜔𝑚 or 𝜃̇𝑤 is motor angular velocity (rad/s) same as wheels' 

For 𝑉𝑏 proportional with 𝜃̇, 

 𝑉𝑏 = 𝐾𝑏𝜃̇𝑤 (3.11) 

For 𝑇 proportional with 𝑖𝑎, 

 𝑇 = 𝐾𝑇𝑖𝑎 (3.12) 

From Kirchhoff Voltage Law, 

  𝑉𝑎 = 𝑖𝑎𝑅𝑎  +  𝐿
𝑑

𝑑𝑡
𝑖𝑎  + 𝑉𝑏   

Assume 𝐿 is very small compared to 𝑅𝑎, 

 𝑉𝑎 = 𝑖𝑎𝑅𝑎 + 𝑉𝑏 (3.13) 

Combine equation (3.10) - (3.12), 

 𝜏 =
𝐾𝑇

𝑅𝑎
𝑉𝑎  −

𝐾𝑇𝐾𝑏

𝑅𝑎
𝜃̇𝑤 (3.14) 

To simplify, we combined constant coefficients into 𝐾1 =
𝐾𝑇

𝑅𝑎
 and 𝐾2 =

𝐾𝑇𝐾𝑏

𝑅𝑎
 

 𝜏 = 𝐾1𝑉𝑎  − 𝐾2𝜃̇𝑤 (3.15) 

Then, to find motor A, B and C torques, which denoted as 𝜏𝑎,𝜏𝑏, and 𝜏𝑐, can be found 

using same equation as equation (3.15). Combine 𝜏 = 𝐼𝜃̇, we now have (𝑉𝑎 = 𝑉𝑖𝑛) 

  𝐼𝜃̈ = 𝐾1𝑉𝑖𝑛 − 𝐾2𝜃̇𝑤   

 𝜃̈ =
𝐾1𝑉𝑖𝑛 − 𝐾2𝜃̇𝑤

𝐼𝑤
 (3.16) 
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Figure 3.14 

Wheel Angular Acceleration Direction 

 

Wheels angular acceleration are shown in Figure 3.14 and in the equation (3.17) though 

(3.19) below. Assuming all wheels are in same shape, 𝐼𝑎 = 𝐼𝑏 = 𝐼𝑐 = 𝐼𝑤 = 𝐼𝑤𝑧
 because 

wheel rotates around Z-axis respect to wheels. 

 𝜃̈𝑎 =
𝐾1𝑉𝑎 − 𝐾2𝜃̇𝑎

𝐼𝑤
 (3.17) 

 𝜃̈𝑏 =
𝐾1𝑉𝑏 − 𝐾2𝜃̇𝑏

𝐼𝑤
 (3.18) 

 𝜃̈𝑐 =
𝐾1𝑉𝑐 − 𝐾2𝜃̇𝑐

𝐼𝑤
 (3.19) 

3.5.3 Kinetic Energy 

Because this robot concept is like the simple inverted pendulum, it is rotating around 

the pivot point, which located at the end of rod in frame body. Hence, the velocities 

contributed to kinetic energy are sourced from angular velocities alone, resulting as 

angular kinetic energy. Each moving body can be added up to get the desired total 

kinetic energy. 

 𝑇 = 𝑇𝐵 + ∑𝑇𝑤𝑖

3

𝑖=1

 (3.20) 

Where 𝑇𝐵 is structure’s kinetic energy and 𝑇𝑤𝑖 is the kinetic energy of the 𝑖-th reaction 

wheel, that is, A, B, and C. As shown in equation (3.21), for each reaction wheel inherits 

the total kinetic energy of reaction wheels and for the frame’s kinetic energy as shown 

in equation (3.22). 
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∑𝑇𝑤𝑖

3

𝑖=1

= ∑
1

2
𝐼𝑤𝜃̇𝑖

2

3

𝑖=1

 

=
1

2
𝐼𝑤(𝜃𝑎̇

2
+ 𝜃𝑏̇

2
+ 𝜃𝑐̇

2
) 

(3.21) 

 𝑇𝐵 =  
1

2
 (𝐼𝑥𝛼̇

2 + 𝐼𝑦𝛽̇2 + 𝐼𝑧𝛾̇
2) (3.22) 

The angular velocity and inertia are contributed to the kinetic energy for each body. For 

the frame, the moment of inertia for each axis is represented by 𝐼𝑥, 𝐼𝑦, and 𝐼𝑧, denoted 

the assigned axis in subscript. 

3.5.4 Potential Energy 

The same pivot point, used in kinetic energy, can also be used for reference point in 

potential energy too. Since the body frame of robot rotates around that point, the 

potential energy from the system comes solely from frame’s center of mass, including 

all three reaction wheels. Roll and pitch direction can contribute to potential energy as 

shown in Figure 3.15, it can be shown in the equation below. 

Figure 3.15 

Potential Energy Schematics 

 

 𝑉 = 𝑚𝑔𝑙 cos(𝛼) cos(𝛽) (3.23) 

3.5.5 Lagrange Equations 

To find the dynamics model of system with Lagrange method, we need to find the 

system’s potential and kinetic energy. Since we know both earlier, the Lagrangian (𝐿) 

is the difference between these energies. 
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𝐿 = 𝑇 − 𝑉 

= 𝑇𝐵 + 𝑇𝑤 − 𝑉 
(3.24) 

The dynamic equations, explaining the system behaviors, can be obtained by the 

following Lagrange equations as shown below. 

  
𝜕𝐿

𝜕𝑞𝑖
−

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑞̇𝑖
) + 𝜆

𝜕𝑓

𝜕𝑞𝑖
= 0 (3.25) 

Where 𝑞𝑖  is the interested 𝑖-th generalized coordinate of the system. 𝑓  is the force 

generalized in that 𝑖-th direction. The direction, distances, or angles, that are interested 

in, is assigned the systems’ six generalized coordinates as follow: 

 𝑞6×1 =

(

  
 

𝑞1

𝑞2
𝑞3

𝑞4
𝑞5

𝑞6)

  
 

=

(

  
 

𝛼
𝛽
𝛾
𝜃𝑎

𝜃𝑏

𝜃𝑐)

  
 

 (3.26) 

And the force that constrained the motion for each generalized coordinate is torque 

respect to that coordinate. For each of coordinates will represent separated but may 

couple one dynamic equation. 

 𝜆
𝜕𝑓

𝜕𝑞𝑖
=

(

  
 

𝜏𝛼

𝜏𝛽

𝜏𝛾

𝜏𝑎
𝜏𝑏

𝜏𝑐)

  
 

 (3.27) 

When combining equation (3.21) - (3.27), we get the dynamic model of the systems, 

each for generalized coordinates, which total of six dynamic equations. 

𝛼̈ =
4𝑚𝑔𝑙 cos(𝛽) sin(𝛼) − 2(√3 cos(𝛽) cos(𝛾) + sin(𝛽))𝐾𝑥𝑎𝑉𝑎

4𝐼𝑥

+
(−2 sin(𝛽) + cos(β) (√3 cos(𝛾) − 3 sin(𝛾)))𝐾𝑥𝑏𝑉𝑏

4𝐼𝑥

+
(√3 cos(𝛽) cos(𝛾) − 2 sin(𝛽))𝐾𝑥𝑐𝑉𝑐

4𝐼𝑥
+

(2√3 cos(𝛽) cos(𝛾) + 2 sin(𝛽))𝐾𝑦𝑎𝜃̇𝑎

4𝐼𝑥

+
(−√3 cos(𝛽) cos(𝛾) + 2 sin(𝛽) + 3 cos(𝛽) sin(𝛾))𝐾𝑦𝑏𝜃̇𝑏

4𝐼𝑥

+
(−√3 cos(𝛽) cos(𝛾) + 2 sin(𝛽) − 3 cos(𝛽) sin(𝛾))𝐾𝑦𝑐𝜃̇𝑐

4𝐼𝑥
 

 (3.28) 
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𝛽̈

=
4𝑚𝑔𝑙 cos(𝛼) sin(𝛽) + 2(cos(𝛽) sin(𝛼) + √3(− cos(𝛾) sin(𝛼) sin(𝛽) + cos(𝛼) sin(𝛾)))(𝐾𝑥𝑎𝑉𝑎 − 𝐾𝑦𝑎𝜃̇𝑎)

4𝐼𝑦

+
(sin(𝛼) (2 cos(𝛽) + sin(𝛽) (√3 cos(𝛾) − 3 sin(𝛾))) − cos(𝛼) (3 cos(𝛾) + √3 sin(𝛾)))(𝐾𝑥𝑏𝑉𝑏 − 𝐾𝑦𝑏𝜃̇𝑏)

4𝐼𝑦

+
(cos(𝛼) (3 cos(𝛾) − √3 sin(𝛾)) + sin(𝛼) (2 cos(𝛽) + sin(𝛽)(√3 cos(𝛾) + 3 sin(𝛾))))(𝐾𝑥𝑐𝑉𝑐 − 𝐾𝑦𝑐𝜃̇𝑐)

4𝐼𝑦
 

 (3.29) 

𝛾̈

=
2(cos(𝛼) (cos(𝛽) − √3 cos(𝛾) sin(𝛽)) − √3 sin(𝛼) sin(𝛾))(𝐾𝑥𝑎𝑉𝑎 − 𝐾𝑦𝑎𝜃̇𝑎)

4𝐼𝑧

+
(cos(𝛼) (2 cos(𝛽) + sin(𝛽) (√3 cos(𝛾) − 3 sin(𝛾))) + sin(𝛼) (3 cos(𝛾) + √3 sin(𝛾)))(𝐾𝑥𝑏𝑉𝑏 − 𝐾𝑦𝑏𝜃̇𝑏)

4𝐼𝑧

+
(sin(𝛼) (−3 cos(𝛾) + √3 sin(𝛾)) + cos(𝛼)(2 cos(𝛽) + sin(𝛽) (√3 cos(𝛾) + 3 sin(𝛾))))(𝐾𝑥𝑐𝑉𝑐 − 𝐾𝑦𝑐𝜃̇𝑐)

4𝐼𝑧
 

 (3.30) 

 𝜃̈𝑎 =
𝐾𝑥𝑎𝑉𝑎 − 𝐾𝑦𝑎𝜃̇𝑎

𝐼𝑤
 (3.31) 

 𝜃̈𝑏 =
𝐾𝑥𝑏𝑉𝑏 − 𝐾𝑦𝑏𝜃̇𝑏

𝐼𝑤
 (3.32) 

 𝜃̈𝑐 =
𝐾𝑥𝑐𝑉𝑐 − 𝐾𝑦𝑐𝜃̇𝑐

𝐼𝑤
 (3.33) 

 

3.5.6 State-space Representation 

With state-space representation, instead of a set of equations that’s complicated to deal 

with, it also can deal with system that’s coupled. It is used for linear systems, that will 

be used later. For 𝑘 order system, state variables: 𝑥1, 𝑥2, 𝑥3, . . . , 𝑥𝑘, and control inputs: 

𝑢1, 𝑢2, . . . , 𝑢𝑙, the state vector 𝒙(𝑡) = (
𝑥1(𝑡)

⋮
𝑥𝑘(𝑡)

) and input vector 𝒖(𝑡) = (
𝑢1(𝑡)

⋮
𝑢𝑙(𝑡)

) will 

have general form in 𝒙̇ =
𝑑𝒙

𝑑𝑡
= 𝑓(𝒙, 𝒖, 𝑡). For the measured outputs: 𝑦1, 𝑦2, … , 𝑦𝑚 has 

output or observation vector 𝒚(𝑡) = (
𝑦1(𝑡)

⋮
𝑦𝑚(𝑡)

), and 𝒚(𝑡) = 𝑓(𝒙(𝑡), 𝒖(𝑡), 𝑡). With the 

robot’s state-space, input and output of the system will be as shown in Table 3.2. 
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Table 3.2 

States, Inputs, and Outputs of the System 

Variables State Input Output 

Robot Orientation (𝜶, 𝜷, 𝜸) ✓  ✓ 

Robot Angular Velocity (𝜶̇, 𝜷̇, 𝜸̇) ✓   

Reaction Wheels Angle (𝜽𝒂, 𝜽𝒃, 𝜽𝒄) ✓  ✓ 

Reaction Wheels Angular Velocity (𝜽̇𝒂, 𝜽̇𝒃, 𝜽̇𝒄) ✓   

Motor Voltage (𝑽𝒂, 𝑽𝒃, 𝑽𝒄)  ✓  

 

3.5.7 Linearized State-space 

Finding a nonlinear function’s gradient in each variable and translating it into a linear 

relation at that location or point is the process known as linearization. The previous 

dynamic equations model earlier are now reorganized as input vector 𝒖 and output state 

vector 𝒙 in equation (3.34). 

 𝒙̇ =
𝑑𝒙

𝑑𝑡
= 𝑓(𝒙, 𝒖) (3.34) 

By linearizing about 𝒙 and 𝒖̅, a steady-state point, this can alter the approximation. 

Consequently, changing 𝒖 → 𝒖̅ + Δ𝒖 and 𝒙 → 𝒙̅ + Δ𝒙. 

 
𝑑(𝒙̅ + ∆𝒙)

𝑑𝑡
= 𝑓(𝒙̅ + ∆𝒙, 𝒖̅ + ∆𝒖) (3.35) 

With Δ𝒙 = 𝒙 − 𝒙, Δ𝒖 = 𝒖 − 𝒖̅. 

Using a Taylor's series expansion with only the first and the second term because 

(𝑥 − 𝑥̅)𝑖 → 0 when 𝑖 = 2, 3, 4, … . 

 𝑑(𝒙 + ∆𝒙)

𝑑𝑡
= 𝑓(𝒙 + ∆𝒙, 𝒖̅ + ∆𝒖) ≈  𝑓(𝒙, 𝒖̅) +

𝜕𝑓

𝜕𝑥
|

 
 

𝒙, 𝒖̅
(𝒙 − 𝒙) +

𝜕𝑓

𝜕𝑢
|

 
 

𝒙, 𝒖̅
(𝒖 − 𝒖̅) 

(3.36) 

Since both 𝑥̅ and 𝑢̅ are equal to zero, 𝑓(𝑥̅, 𝑢̅) = 0 if the values of 𝑥̅ and 𝑢̅ are selected 

under steady-state conditions. Lastly, the equation can be rewritten to the linearized 

form shown in the equation below. 

 𝒙̇ = 𝑨𝒙 + 𝑩𝒖 (3.37) 

Thus, the dynamic equation that linearized at steady-state point can represent in state-

space matrix 𝑨 and input matrix 𝑩 for state-space matrix. 
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𝑨 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 1 0 0 0 0 0 0 0 0 0 0

𝑚𝑔𝑙

𝐼𝑋
0 0 0 0 0 0

√3𝐾2𝑎

2𝐼𝑋
0

−√3𝐾2𝑏

4𝐼𝑋
0

−√3𝐾2𝑐

4𝐼𝑋
0 0 0 1 0 0 0 0 0 0 0 0

0 0
𝑚𝑔𝑙

𝐼𝑌
0 0 0 0 0 0

3𝐾2𝑏

4𝐼𝑌
0

−3𝐾2𝑐

4𝐼𝑌
0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 −
𝐾2𝑎

2𝐼𝑍
0 −

𝐾2𝑏

2𝐼𝑍
0 −

𝐾2𝑐

2𝐼𝑍
0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0
−𝐾2𝑎

𝐼𝑤
0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0
−𝐾2𝑏

𝐼𝑤
0 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0
−𝐾2𝑐

𝐼𝑤 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (3.38) 

 

𝑩 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0

−√3𝐾1𝑎

2𝐼𝑋

√3𝐾1𝑏

4𝐼𝑋

√3𝐾1𝑐

4𝐼𝑋
0 0 0

0
−3𝐾1𝑏

4𝐼𝑌

3𝐾1𝑐

4𝐼𝑌
0 0 0

𝐾1𝑎

2𝐼𝑧

𝐾1𝑎

2𝐼𝑧

𝐾1𝑎

2𝐼𝑧
0 0 0

𝐾1𝑎

𝐼𝑤
0 0

0 0 0

0
𝐾1𝑏

𝐼𝑤
0

0 0 0

0 0
𝐾1𝑐

𝐼𝑤 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (3.39) 

The whole form of state-space is displayed below after the state and input matrix have 

been obtained as shown in equation (3.40). 
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[
 
 
 
 
 
 
 
 
 
 
 
 
 
𝛼̇
𝛼̈
𝛽̇

𝛽̈
𝛾̇
𝛾̈

𝜃̇𝐴

𝜃̈𝐴

𝜃̇𝐵

𝜃̈𝐵

𝜃̇𝐶

𝜃̈𝐶]
 
 
 
 
 
 
 
 
 
 
 
 
 

= 𝐴

[
 
 
 
 
 
 
 
 
 
 
 
 
𝛼
𝛼̇
𝛽

𝛽̇
𝛾
𝛾̇
𝜃𝐴

𝜃̇𝐴

𝜃𝐵

𝜃̇𝐵

𝜃𝐶

𝜃̇𝐶]
 
 
 
 
 
 
 
 
 
 
 
 

+ 𝐵 [

𝑉𝑎
𝑉𝑏

𝑉𝑐

] (3.40) 

3.6 Linear Quadratic Regulator 

Since the system is now linearized, it is reasonable to use a linear-type controller to 

control the balancing of the robot. Linear Quadratic Regulator (LQR) can give an 

optimal gain based on adjustable priority of given states order needed to be controlled 

and energy spent to control those states. It works by having a cost function to tell how 

the states can converge to the desired output. 

For linear controller function, 

 𝑢 = −𝐾𝑥 (3.41) 

The optimal gain (𝐾) that helps minimize cost function (𝐽), 

 𝐽 = ∫[𝑥(𝑡)𝑇𝑄(𝑡)𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅(𝑡)𝑢(𝑡)]𝑑𝑡

∞

0

 (3.42) 

Where 𝑄 is state-weighted matrix and 𝑅 is the input-weighted matrix. In which both 

matrices are symmetrical. Then the optimal gain 𝐾 for input control from (3.41) is 

found using the equation xxx 

 𝐾 = 𝑅−1𝐵′𝑀 (3.43) 

With the solution matrix, 𝑀, obtained by solving a Riccati’s equation. 

 𝐴′𝑀 + 𝑀𝐴 − 𝑀𝐵𝑅−1𝐵′𝑀 + 𝑄 = 0 (3.44) 

3.7 Control Simulation 

The control gain (𝐾) is then input to the predefined linearized state-space of robot’s 

system in MATLAB Simulink. Inputs and Outputs of the system are monitored and 

plotted after the simulation ended. The schematic to monitor states and inputs is 

presented as shown in Figure 3.16. 
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Figure 3.16 

Simulation Schematics 

 

To set the simulation in MATLAB Simulink, the Simulink model as shown in Figure 

3.17 is created with closed-loop linear controller to state space. The monitored states 

and inputs are shared into the workspace of the program to be plotted in MATLAB 

plotter. 

Figure 3.17 

Simulink Model of the Tetrahedron Robot 

 

3.8 Control Experiment 

The control experiment will use the actual robot to monitor the orientation of the 

system. After connecting the power supply, manual initial hand upright orientation as 

shown in Figure 3.18 is done to mark the reference point for the robot as zero reference. 

Another purpose of this manual orientation is to start IMU calibrate and balancing. 

Then the USB-to-TTL connected between the robot and USB COM port at computer is 
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used to read serial printout while the robot is balancing. After that, the log file is saved 

and then visualized with Microsoft EXCEL plotter. 

Figure 3.18 

Manual Hand Orientation 
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CHAPTER 4 

RESULT AND DISCUSSION 

The chapter presents the results on the following: LQR control gain design, simulating 

the behavior of system with MATLAB’s Simulink, and experimenting with the real-

world scenario with actual robot. 

4.1 Control Gain Design 

From the state space equations in (3.38) and (3.39), the moment of inertia of the robot 

and reaction wheels need to be found. 

4.1.1 Moment of Inertia Constant Estimation 

To estimate the moment of inertia of this robot, this thesis uses CAD Software to 

calculate the systems’ moment of inertia for each principal axes. With X, Y, and Z axes 

in global coordinate in addition to reaction wheels. However, it must know the mass of 

every component of the assembly file. The mass is found using a digital scale, as shown 

in Figure 4.1 as an example measurement. The whole robot is also measured to check 

the correct sum up of all parts. 

Figure 4.1 

Weighting the Actual Parts 

   

 (a) Measure the motor of robot (b) Measure whole robot 
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The moment of inertia of the parts in CAD software are calculated by the weight and 

reference distance, in which the weight is not reflected in the actual robot parts. After 

adding the actual weight into each part, the software can now calculate the desired 

moment of inertia from any reference point, in this case it is at the bottom robot’s shaft 

tip as shown in Figure 4.2. 

Figure 4.2 

Get the Robot Moment of Inertia at Reference Point 

 

The reaction wheel’s moment of inertia is achieved in the same way. The other inertia 

parameters for state-space can be obtained, including the robot’s weight and the 

distance from its center of mass to the pivot point 𝑂. They are displayed in Table 4.1. 

Figure 4.3 

Get the Reaction Wheel Moment of Inertia 
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Table 4.1 

Inertia Constants 

Constant Parameter Value 

𝐼𝑜𝑥
 10,646,859.14 × 10-9 kg/m2 

𝐼𝑜𝑦
 10,646,859.21 × 10-9 kg/m2 

𝐼𝑜𝑧
 1,785,497.82 × 10-9 kg/m2 

𝐼𝑤 73,101.81 × 10-9 kg/m2 

𝑚 1015.10 × 10-3 kg 

𝑙 123.34 × 10-3 m 

𝑔 9.81 m/s2 

Next, all inertia constants are entered into the state-space of equations (3.38) and (3.39) 

using the parameters from Table 4.1. The following displays A and B matrices in 

numeric form. 

 

𝑨 =

[
 
 
 
 
 
 
 
 
 
 
 

0 1 0 0 0 0 0 0 0 0 0 0
115.35 0 0 0 0 0 0 148.82 0 −74.41 0 −74.41

0 0 0 1 0 0 0 0 0 0 0 0
0 0 115.35 0 0 0 0 0 0 128.88 0 −128.88
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 −512.35 0 −512.35 0 −512.35
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 −25028 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 −25028 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 −25028]

 
 
 
 
 
 
 
 
 
 
 

 (4.1) 

 

𝑩 =

[
 
 
 
 
 
 
 
 
 
 
 

0 0 0
−31.15 15.57 15.57

0 0 0
0 −26.97 26.97
0 0 0

107.23 107.23 107.23
0 0 0

5238.03 0 0
0 0 0
0 5238.03 0
0 0 0
0 0 5238.03]

 
 
 
 
 
 
 
 
 
 
 

 (4.2) 
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At first, the state-weighted matrix 𝑄 and input-weighted matrix 𝑅 from section 3.6 of 

the LQR controller are necessary. The initial state-weighted and input-weighted 

matrices used for simulation are shown in equations (4.3) and (4.4). Because every state 

is equally important to be stable, each state's weight value is equal to one. For LQR to 

prioritize minimizing all the control effort uniformly in the system, input-weighted 

matrix (𝑅) are set to one. 

 

𝑸 =

[
 
 
 
 
 
 
 
 
 
 
 
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 

 (4.3) 

 
𝑹 = [

1 0 0
0 1 0
0 0 1

] (4.4) 

The control gain 𝐾 from LQR is then obtained from the MATLAB build-in function 

with given parameters: 𝐴, 𝐵, 𝑄 and 𝑅. 

 𝐾 =

[
 
 
 
 
 
 
 
 
 
 
 

−11986 5992.8 5992.8

−1116.0 557.99 557.99

−1.274 ∙ 10−6 −10380 10380

−1.186 ∙ 10−7 −966.47 966.47

1038.3 1038.3 1038.3

164.17 164.17 164.17

−1.0 −5.104 ∙ 10−10 −3.162 ∙ 10−11

−9.8894 −0.0433 −0.0433

−3.858 ∙ 10−10 −1.0 −1.396 ∙ 10−10

−0.0433 −9.8894 −0.0433

−1.35 ∙ 10−10 −3.101 ∙ 10−10 −1.0

−0.0433 −0.0433 −9.8894 ]
 
 
 
 
 
 
 
 
 
 
 

 (4.5) 

4.2 Simulation 

The control gain from LQR method from equation (4.5) was then used in the simulation 

to check the performance of control gain in MATLAB Simulink. To show the 

performance of the system to balance, an interrupt input of 5 degrees in Roll angle is 

initiated. The results show that for Roll and Pitch directions, they have a very fast 

settling time at 0.57 and 0.86 seconds. However, the result of this gain shows a very 

long settling time for Yaw direction at 7.42 seconds as shown in Figure 4.4. 
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Figure 4.4 

Simulation Results Using Initial Control Gain 

 

The reason for this is because all the states have equal importance. The robot cannot 

balance in yaw unless it can balance in roll and pitch first. Thus, Roll and pitch 

directions are more important to balance than yaw direction. The modification 

nevertheless maintains a higher balancing weight in those directions. Further, 

Minimizing the control effort for each unique control input is given equal weight by 

LQR. It’s not possible to control all states with equal weight. Hence, 𝑄  and 𝑅  are 

adjusted to be as in equation (4.6) and (4.7). 

 

𝑸 =

[
 
 
 
 
 
 
 
 
 
 
 
65000 0 0 0 0 0 0 0 0 0 0 0

0 15000 0 0 0 0 0 0 0 0 0 0
0 0 40000 0 0 0 0 0 0 0 0 0
0 0 0 1200 0 0 0 0 0 0 0 0
0 0 0 0 20000 0 0 0 0 0 0 0
0 0 0 0 0 1000 0 0 0 0 0 0
0 0 0 0 0 0 0.0007 0 0 0 0 0
0 0 0 0 0 0 0 0.0009 0 0 0 0
0 0 0 0 0 0 0 0 0.0007 0 0 0
0 0 0 0 0 0 0 0 0 0.0009 0 0
0 0 0 0 0 0 0 0 0 0 0.0007 0
0 0 0 0 0 0 0 0 0 0 0 0.0009]

 
 
 
 
 
 
 
 
 
 
 

 (4.6) 
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𝑹 = [

85 0 0
0 85 0
0 0 85

] (4.7) 

The control gain 𝐾 as shown in (4.8) from LQR is then obtained from the MATLAB 

build-in function with new 𝑄 and 𝑅. 

 

The result for yaw direction is now better. The settling time of roll and pitch remains 

nearly the same as previous simulation. Yaw’s settling time is now approaching steady 

faster in 1.89 seconds as shown in Figure 4.5. 

Figure 4.5 

Simulation Results Using Good Simulation Gain 

 

 𝐾 =

[
 
 
 
 
 
 
 
 
 
 
 

−11513 5756.6 5756.6

−1072.1 536.03 536.03

−2.849 ∙ 10−5 −9970.3 9970.3

−2.653 ∙ 10−6 −928.34 928.34

984.59 984.59 984.59

155.69 155.69 155.69

−0.003 −2.279 ∙ 10−12 −5.609 ∙ 10−12

−9.5570 −1.282 ∙ 10−4 −1.282 ∙ 10−4

−6.318 ∙ 10−12 −0.003 −1.43 ∙ 10−12

−1.282 ∙ 10−4 −9.5570 −1.282 ∙ 10−4

−3.677 ∙ 10−12 −1.653 ∙ 10−11 −0.003

−1.282 ∙ 10−4 −1.282 ∙ 10−4 −9.5570 ]
 
 
 
 
 
 
 
 
 
 
 

 (4.8) 
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4.3 Experiment 

When using the good gain from equation (4.8) directly to the actual robot, the yaw 

direction is oscillated. So, the gain value in yaw direction is adjusted to make the robot 

more stable and can return to its initial yaw angle position. 

4.3.1 Using Simulation Gain 

In the first experiment, the gain in equation (4.8) is used to test in actual robot. Roll 

displacement angle using good gain from simulation is shown in Figure 4.6. Pitch 

displacement angle using good gain from simulation is shown in Figure 4.7. In Figure 

4.8, yaw displacement angle using good gain from simulation is shown. 

Figure 4.6 

Roll Displacement Angle of Gain from Simulation 

 

Figure 4.7 

Pitch Displacement Angle of Gain from Simulation 
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Figure 4.8 

Yaw Displacement Angle of Gain from Simulation 

 

Even though the robot can stay upright due to balancing in roll and pitch direction, yaw 

is not quite balanced. The result shows that the tetrahedron robot experiences an 

oscillation in yaw direction. The reason can be because of the actual robot system 

behavior cannot capture within the linearized state matrix 𝐴. The parameters of inertia 

of some parts of the robot, e.g. nuts, bolts, small wires, are less than the digital scale 

can measured. 

Another thing is that, from input matrix in equation (3.39), all control inputs are coupled 

with all orientations’ direction. Thus, the oscillation in yaw direction can cause the other 

two directions to oscillate too. To solve this unstable behavior, the feedback input gain 

is adjusted on the yaw direction to make the robot enter stability in yaw direction. Both 

yaw angle and yaw’s angular velocity are increased to compensate for more stability in 

this direction. 

4.3.2 Adjusted Control Gain in the Actual Robot 

After adjusting the gain by observing from robot’s behavior, the good gain as shown in 

equation (4.9) can maintain its original orientation while also balanced in upright 

position. 
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 𝐾 =

[
 
 
 
 
 
 
 
 
 
 
 

−510.0 305.0 305.0

−5.0 2.5 2.5

−1 ∙ 10−7 −412.5 412.5

−1 ∙ 10−7 −3.21 3.21

0.81 0.81 0.81

0.1 0.1 0.1

−1 ∙ 10−7 −1 ∙ 10−7 −1 ∙ 10−7

−18.0 9.0 9.0

−1 ∙ 10−7 −1 ∙ 10−7 −1 ∙ 10−7

9.0 −18.0 9.0

−1 ∙ 10−7 −1 ∙ 10−7 −1 ∙ 10−7

9.0 9.0 −18.0 ]
 
 
 
 
 
 
 
 
 
 
 

 (4.9) 

 

The experiment in roll when disturbed shows that the robot can orient back into its 

original direction with the settling time of 1.22 seconds as shown in Figure 4.9. Pitch 

displacement angle using adjusted gain is shown in Figure 4.10 with the settling time 

of 3.42 seconds. Yaw displacement angle using adjusted gain is shown in Figure 4.11 

with the settling time of 5.1 seconds. 

Figure 4.9 

Roll Displacement Angle of Good Actual Gain 

 

Figure 4.10 

Roll Displacement Angle of Good Actual Gain 
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Figure 4.11 

Roll Displacement Angle of Good Actual Gain 

 

 

4.4 Maximum Disturbances Angle 

To test out how much disturbance the robot with LQR controller can go back to 

balanced position, each direction of control is disturbed in 5-degree steps. The step is 

increased up until the robot loses its balance or the robot is not able to return to initial 

angle position before getting disturbed. 

4.4.1 Maximum Disturbance on Roll Direction 

At around 5 degrees disturbance of roll direction as shown in Figure 4.12, the robot can 

maintain its orientation and return with settling time of 2.1 seconds. At around 10 

degrees disturbance of roll direction as shown in Figure 4.13, the robot tries to maintain 

its orientation, but it overshoots. Then, the robot is unbalanced and collapses. 

Figure 4.12 

Disturb 5-degree on Roll Direction 
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Figure 4.13 

Disturb 10-degree Overshoot on Roll Direction 

 

So, the angle between 5 and 10 degrees are tested with 1 degree apart and find out that 

the maximum degree disturbance in roll direction is around 6.40 degrees with the 

settling time of 2.5 seconds as shown in Figure 4.14. 

Figure 4.14 

Max Disturbance of 6 Degree on Roll Direction 

 

4.4.2 Maximum Disturbance on Pitch Direction 

At around 5 degrees disturbance of pitch direction as shown in Figure 4.15, the robot 

can maintain its orientation and return with settling time of 2.1 seconds. At around 8 

degrees disturbance of pitch direction as shown in Figure 4.16, the robot tries to 

maintain its orientation, but it overshoots. Then, the robot is unbalanced and collapses 

at rest with pitch angle around 57 degrees. 
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Figure 4.15 

Disturb 5-degree on Pitch Direction 

 

 

Figure 4.16 

Disturb 10-degree Overshoot on Pitch Direction 

 

 

So, the pitch angle between 5 and 8 degrees are tested with 1 degree apart and find out 

that the maximum degree disturbance in pitch direction is around 6 degrees with the 

settling time of 2.62 seconds as shown in Figure 4.17. 
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Figure 4.17 

Max Disturbance of 6 Degree on Pitch Direction 

 

4.4.3 Maximum Disturbance on Yaw Direction 

At around 5 degrees disturbance of yaw direction as shown in Figure 4.18, the robot 

can maintain its orientation and return with settling time of 6.3 seconds. At around 10 

degrees disturbance of yaw direction as shown in Figure 4.19, the tetrahedron robot can 

still secure its heading and manages to return with settling time of 6.8 seconds, longer 

than previous 5 degrees. 

Figure 4.18 

Disturb 5-degree on Yaw Direction 
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Figure 4.19 

Max Disturbance of 10 Degree on Yaw Direction 

 

When the yaw disturbance angle reaches 12 degrees as shown in Figure 4.20, the robot 

starts to rotate back and forth before collapses. This marks the limit of disturbance in 

yaw direction at 10 degrees. 

Figure 4.20 

Oscillation on Yaw Direction When Disturbed at 12 Degrees 
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CHAPTER 5 

CONCLUSIONS 

5.1 Conclusion 

This thesis “Design and Control of a Tetrahedron Robot Using Reaction Wheels” has 

two study objectives as follow: 

1. To develop a new mechanism for tetrahedron robot using three reaction wheels 

balancing technique. 

2. To design a control algorithm that fits with the newly proposed tetrahedron 

robot with reaction wheels. 

Which will be summarized with respect to each objective. 

5.1.1 New Tetrahedron Robot Using Three Reaction Wheels 

From designing the Tetrahedron robot by orienting the motor into three principal axes 

of the tetrahedron robot, this robot can maintain its roll, pitch, and yaw orientations. 

The positioning of other components is also placed close to robot center of mass to 

minimize the torque generated from reaction wheels to maintain its balance and 

heading. 

The Dynamic model of tetrahedron robot is obtained by use of Lagrange method. It 

uses the system energy to governing dynamic model equations. Thus, it doesn’t need to 

deal with complicated vector direction of force as in Newton’s method. The obtained 

dynamic models can then be used to design control algorithms to balance and maintain 

its orientation. 

The actual tetrahedron robot structure is designed to be light weight and makes its center 

of mass aligned in the middle of the body. This helps the robot to balance itself in the 

unstable equilibrium point. 

5.1.2 Control Algorithm Fitted with Tetrahedron Robot 

This tetrahedron robot could not perform desired behavior without its controller. The 

robot performs balancing using a linear quadratic regulator (LQR) as linear control 

method. LQR is considered because of its ability to rearrange states and inputs priority. 

Focusing on angle and angular velocity in roll. Pitch, and yaw direction, the robot has 

efficient control with the disturbances. To minimize the disruption and ensure fast 
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processing of actual robots, counters in microcontroller is used. The counter maintains 

constant cycle time for the robot to adjust the voltage of motor to compensate with its 

orientation. 

With three reaction wheels balancing technique, it can maintain its upright position 

related to roll and pitch, and its heading related to yaw. Although initially appearing to 

be somewhat complex, the control rule is relatively compact and can balance itself into 

reference points of both roll, pitch, and yaw directions. In addition, the robot is also 

able to maintain its heading in yaw direction with an acceptable error range. In roll 

direction, the maximum disturbance angle is 6.4 degrees with the settling time of 2.5 

seconds. For pitch direction, the robot can return with 2.62 seconds settling time from 

the maximum disturbance angle of 6 degrees. The maximum disturbance of yaw 

direction is 10 degrees with the settling time of 7.8 seconds. 

The tetrahedron is designed in such a way that the reaction wheels are aligned to 

contribute torque to roll, pitch, and yaw. This makes the robot able to balance roll and 

pitch, while also able to maintain its heading in yaw direction. 

5.2 Recommendations 

1. The robot is suggested to have a built-in battery to reduce complications of the 

power wires connected to the robot. 

2. The higher quality of materials used to create body frame may be considered to 

reduce the weight and increase strength to withstand the impact when robot is 

collapsed from experiment. 
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